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PROBLEMS | ALGEBRA

1. Arithmetic and Geometric Progressions

Preliminaries

Let a,, d and S, be, respectively, the nth term, the common
difference and the sum of the first n terms of an arithmetic pro-
gression. Then

a,=a,+d(n—1) (N
and
Sn _ (a, +2an)"= [201+d;’1'—1)] n . (2)

If u, ¢ and S, are the ath term, the common ratio and the
sum of the first n terms of a geometric progression, then

Uy =u,q""? (3)
and
_Upg—uy _ 4y (g"—1)
Sn— q_ll— lq__l . (4)

Finally, if § is the sum of an infinite geometric series with
g < 1then

. u
S————l__‘q. 5)
1. Prove that if positive numbers a, b and ¢ form an arithmetic
progression then the numbers
1 1 |
VitVe' Ve+tVa' VetV

also form an arithmetic progression.

2. Positive numbers a,, a,, ..., a, form an arithmetic progres-
sion. Prove that
| | I n—1
= =+ == =+...+ = = = = .
Val + Vaz Vaz'f‘ }/(13 l/-an—l + Van Va1+ Varx
3. Prove that if numbers a,, a,, ..., a, are different from zero

and form an arithmetic progression then

;+;+—‘*+---+ L _n—|

410, Qa3 agay Qp-18;  @a;
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4. Prove that any sequence of numbers a,, a,, ..., @, satisfying
the condition
1 1 ~ n—1

+ooF

a3a, azas agly an - lan a,ap

for every n >3 is an arithmetic progression.

5. Prove that for every arithmeti¢ progression a,, a,, a,, ...,
a, we have the equalities

a,—2a,+a;=0,
—3&2—}—3613—614 291 »
a,—4a, +6a,—4a,+a;,=0;
and, generally,
a.l_Crllaz +C121.a3— et (_l)”—l C?luvl-_an"i_ (_l)" Czan-i-l =0

(where n > 2).
Hint. Here and in the problem below it is advisable to apply
the identity C%=C%_, + C%i=1 which can be readily verified.

6. Given an arithmetic progression a,, ..., @,, dy+1 - - - Prove that
the equalities

—Clai+ ...+ (—1) Clahy =0
hold for n > 3. '
7. Prove that if the numbers log;x, log,x and log,x(x=1)
form an arithmetic progression then
n? == (kn)iog.m,

8. Find an arithmetic progression if it is khown that the ratio
of the sum of the first n terms to the sum of the An subsequent
terms is independent of n.

9. The numbers x,, x,, ..., x, form an arithmetic progression.
Find this progression if ,
n+x+... +x,=a X344 =0
Hint. Here and in the problem below use the equality

124204 3, = 30E DD,

© 10. The number sequence 1, 4, 10, 19, ... satisfies the condition
that the differences of two subsequent terms form an arithmetic
progression. Find the nth term and the sum of the first n terms
of this sequence. : : :
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11. Consider the table

.........

Prove that the sum of the terms in each row is equal to the
square of an odd number.

12. Given the terms a,.,,=A and a,_,=B of a geometric
progfession a,, a,, a,, ..., find a, and a, (A50). :

13. Let S, be the sum of the first n terms of a geometric pro-
gression (S,=0, ¢==0). Prove that

- ‘ Sn _ S2n—sn

S?n—sn——ssn"szn )

14. Knowing the sum S, of the first n terms of a geometric
progression and . the-sum S, of the reciprocals of these terms find
the product Il, of the first n terms of the progression.

15. Find the sum
14+ 2x+ 32 4x2 4 ... +(n 1) X"
16. Find the sum
, A1+ 10D L ]
if the last summand is an n-digit number.
17. Find the sum
' nx—+(n—1)x*4 ... +2x" "1 4 15"
18. Find the sum

1 3 5 - 2n—1
gtetwt .t
19. Prove that the numbers 49, 4489, 444889, ... obtained by

inserting 48 into the middle of the preceding number are squares
of integers.

20. Construct av geometric progression
1, q, ¢, ..., ¢, ...

with | ¢| < | whose every term differs from the sum of all subsequent
terms by a given constant factor 4. For what values of £ is the
problem solvable?
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21. An infinite number sequence x,, %, X5 ...y Xpo ... (X, 5%0)
satisfies the condition

(g + . )R X)) =
= (X Xy + XaXg+ oo Xy Xn)?

for any n>3. Prove that the numbers x,, x,, ..., X, ... form an
infinite geometric progression.
Hint. Use the method of complete induction.

22. Given an arithmetic progression with general term a, and
a geomefric progression with general term b,. Prove that a, <0,
for n>2 if a,=b,, a,=0b, a,7a, and a, >0 for all natural
numbers #.

23. Prove that if the terms of a geometric progression a,
a,, ..., @, ... and of an arithmetic progression b,, b,, ..., b,, ...
satisfy the inequalities

4 >0, 2>0, b—b>0

then there exists a number o such that the difference log, a,—b,
is independent of n.

2. Algebraic Equations and Systems of Equations

Preliminaries

In the problems below the original systems of equations should
be simplified and reduced to equivalent systems whose all solu-
tions either are known or can readily be found. In some cases
it is necessary to introduce redundant equations which are a priori
satisfied by the solutions of the original systems but may have,
in the general case, some extraneous solutions. Then the values
of the unknowns thus obtained must be tested by substituting
them into the original systems.

In some problems one should use Vieta’s theorem for the equation
of the third degree

X+ px+qx+r=0. (n

The theorem establishes the following relations between the coef-
ficients p, ¢ and r of the equation and its roots x,, x, and x;:

Xt Xyt Xg=—Py  XyXgFXpky + XaXy =G,  XXgXg=—1. (2)

Formulas (2) are derived by equating the coefficients in the
equal powers of x on both sides of the identity x® + px® 4-gx +r =
= (x—x,) (x—%;) (x—xg).
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24. Find all real solutions of the system of equations
L+y=1, |
XY+ 2t +y*=2.
25. Solve the system of equations
Cxy+yt=4,\
x+xy+y=2.|
26. Find the real solutions of the system of equations
x*+ y®=5a3, l
Ry+xyt=a® |
provided a is real and different from zero.

27. Solve the system of equations
28 I
y x '
Ll
28. Solve the system of equations
x4 xtyt +yt =91,
E—xy+yr=T. }
29. Solve the system of equations
B—y=19(x—yp), |
Oy =7(x+y). |
30. Find all real solutions of the system of equations
2(x +y) = 5xy, }
8 (x* 4-y®) =65.
81. Find the real solutions of the system of equations
(£ +9) (—y) =9, |
(x—y) (2 +47)=5. |
32. Find all real solutions of the system of equations

x+y=1,

Xyt =7. }
38. Solve the system of equations

x+y=1, 1

»4yp=31 |



12 PROBLEMS IN ELEMENTARY MATHEMATICS
34. Find the real solutions of the system of équ'atio'ns
x‘+y‘—x2y2: 13,
x2—y? L 2xy=1, }
satisfying the condition xy>0.
- 35. Solve the system of "equations
x4+ D@+ 1) =10,
o (x+y) ry—1)=3. }
Hint. Put xy=v and x+y=u.
36. Solve the system of equations
() =6,
(x2—y?) —i{: l.
37. Solve the system of equations
X2+ y* =axy,
x4+ y‘v‘——- bx?yf. }
38. Solve the equation o
— 2 _ 2
(S5 + (53) (342 5o
by factorizing its left member. ’ ' '
39. Solve the equation
24 8oi0(5-2).

40. Solve the slystem of equations

x+y , xy _ RS
Xy +x—{—y._a+a"

=t ++-
41. Find all the solutions of the equation
(x*—4.5)* + (x—5.5)* = 1.
42. Solve the system of equations
|x—1]+]y—5]=1, }
y=>5+[x—~1]*

* The absolute value of a number x (denoted as [x|) is the non-negative
number determined by the conditions

%] { —x for x < 0,
X|l=
x for x=0.

SO DU
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43. For what real x and y does the equality

: 55+ 8y + 8xy 4 2y—2x+2=0
hold?

44. Find all real values of x and y satisfying the equation
x*+4xcos(xy)+4=0.
45. Find the real solutions of the system

r+y+z=2 |
2xy—22=4. |
46. For what value-of a does the system
x4yt =2,
X+yt+z=a }

possess a single real solution? Find this: solution.
47. Prove that for every (complex, in the general case) solu-
tion of the system ' ‘
ﬂ+w+W+i=m

4yt Xy

" = b?
the sum x® 4 y® is real for any real a and b, a==0.
48. Solve the system of equations
ax+by+cz=a+b+c, )
bx+cy+az=a-+b+ec, }
cx+ay+bz=a+b+c,

on condition that a, & and ¢ are real and a—}—b—{—c:,éo
49, Solve the system of equatlons

xt+ay+z=a, }
X+y+az=a’.

50. What relationship must connect the numbers a,, a,, a, for
the system

x+(l4a)yt+z=1,
x+y+(l+a3)z=l

to be solvable and have a unique solution?

(I+a)x+y+z=1, }
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51. Solve the system of equations
ax+by+ce4dt =p,
—bx +ay+dz—ct =gq,
—cx—dy+az -+ bt =r,
—dx +cy—bz+4at =s,
where the coefficients a, b, ¢ and d satisfy the condition
a4t d 540, '
52. Solve the system of equations
4+2%+3%+4n+.“+na=av]
AXy A Xy + 2254+ 3% .. (n—1) x, =a,. |
(n—Dx,+nx, +%,4+2%,+ ... +(n—2)x,=a,. i
)

......................

2%, 4 3xg +4x, + 5%+ ...+ 1x, =a,.
53. Prove that if
xl—}—xz—l—x3=0. ]
X+ x5+ x,=0, .

Xo9 + X190 + %, =0,

Xio T ¥4 %, =0, J
then

Xy Xy= ... =Xgpg= X190 =0.
54, Solve the system of equations
X d-xy L xz—x=2,
Y4xy+yz—y=4, }
224 xz2+yz—z2=06,
55. Solve the system of equations

x+y—z=7,
x4 yp—22=37,
Bry—22=1.
56. Solve the system of equations
2 _g
xty 7
wwz _ 6
y+z_ 5’ [
xyz __ 3
z+x 2° J
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57. Solve the system of equations

w-rrr4w=2,
V4w t+u=2,
w4 ut+ov=2.

58. Solve the system of equations

x?txz 422 =4,
Yiyz+z2=1.
59. Find the solutions of the system of equations

ﬂ+w+w:h}

XoXg. .. Xp |

X =dn
X1Xg...X
.._xz_".—_:az'
X3 X x,,_l__
|
if the numbers «,, ..., @, and x,, ..., x, are positive.

60. Solve the system of equations

(x+y+2)(x+ay42)=12,
(x+y+2) (x+y+az) =m?,
where a, k, | and m are positive numbers and k% (2 +.m? > 0.
61. Find the real solutions of the system of equations

u+y+auw+y+ﬂ=m.]

X4y 422 =14,

x+4y+2z=6,
H+W=W%Hﬁ}

62. Solve the system of equations

Y +xy+xz+yz=>0,

X4 xy+xz24yz =a,
zz+xy+xz+yz=c, }

assuming that abc == 0.
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63. Solve the system of equations

x(y+2)=a,
y(+x) =0, }
z(x+y)=c,

where abc 0. _ )
64. Find the real solution of the system of equations

. Y +2°=2a(yz+2x+ xy),
28+ x° =20 (yz + 2x + xy), }

§ x4y =2 (yz +2x + xy).
65. Solve the system of equations
y+2»+z-au+yM2+xL}

z2+2y+x=b(y+2)(x+y),
X+22+y=c(z+x)(y+2).
66. Solve the system of equations
X+y+z=9,
RS U
¥ty tz=1
' Xy -+ xz-+yz=27.
67. Solve the system of equations
x+y+z=a,
Xy +yz +xz=a’,
_ xyz =as.
68. Show that the system of equations
2x+y+2=0, }

yz+zx +xy—y* =0,
xy+22=0
has only the trivial solution x =y=2=:0,
69. Solve the system of equations
x+ytz=n,
x2+y2+zz=a2‘ }
¥yttt =ad
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70, Let:(x, y, 2) be a solution of the system of equations
Xty+tz=a, -
x2+y2+z2:b2,
1 1 1 1
Tty tz=<7
Find the sum

¥4yt 422
71. Solve the system of equations

x+ytz=2,
PG+ +@+atE+0+ @0 x4+ =1, }

BY+2)+y (24 %) + 2 (x +y) =—b.
72. Solve the system of equations

X +(y—2)=a,
¥+ (—2r=b, }
Z+(x—yP=c

73. Solve the system of equations

x2_]_y2 :22!
e—DE—y=2.

xy+yz -+ z2x =47, }
74. Find all real solutions of the system of equations

V=T I(
2y?
e )

75. Find the real solutions of the system of equations

2
2x2:xl+x_l ’
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76. Show that if a, b, ¢ and d are pairwise unequal real num
bers and x, y, z is a solution of the system of equations

l4+x+y+2=0, }

a-+t+bxtcy+dz=0,
a® + b*x 4y +d?z =0,

then the product xyz is positive.

In the equations below, if the index of a radical is even, con-
sider only the values of the unknowns for which the radicand is
non-negative and take only the non-negative value of the root.
When the index is odd the radicand can be any real number (in
this case the sign of the root coincides with the sign of the ra-

dicand).
77. Solve the equation
Via+xr4+4y/ @a—xF=5y —x*
78. Solve the equation
V=Y (T—xp=9T—x.

79. Solve the equation

V=24V =54V y+2+3V —5=1/%.
80. Solve the equation
l/x-l—l/}-—l/x—-l/} - ]/
81. Solve the equation
Y ¥ 8 -|-8x 7
Vx+ 2z
82. Find all real roots of the equation
Vx—T+ x5 1=x}/2.
83. Solve the equation
Vi—4a+16=2Vx—2a+4—Vx.

For what real values of a is the equation solvable?
84. Solve the system of equations

VTI—To—V T—T6x =2 (x+ ). }

+Vx

+Vx+T=

x2+y*—i-4xy=%
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85. Solve the system of equations
s—y=5(/ Pg— Y 55), }
Vx—Vy=3.
86. Solve the system of equations
X 3
]/ X _?7 }
X+yx4y=9.
87. Solve the system of equations

y-H x—y
Vil 2y g, }
x+xy+y=T.
88. Find all real solutions of the system

4 S Xty 12

x—y
xy=15.

| 89. Solve the system of equations

2sz—12 F1_ x2417

X _ X ]_i
sti=Vats—%

90. Solve the system of equations

s+ ViE—g  x—VE—p 17 }

—Ve—p 3+ VE—g P
X(x-+9)+V ¥+ xy+4 =52

91. Solve the system of equations

vV 3 2x T 3= 5 x+5, }

3x—2y=>5.
92, Find the real solutions of the system of equations
4 v L BT
g+ VE—ty+1="A—,
x2y—5 2

® g @#T9
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93. Solve the system of equations

(x— y)Vy—Q }
x+y)Vx=3Vy.

94 Solve the system of equations
Vity—Vi—g=a,
Vet +Vel—y=a

95. Solve the system of equations

xVx—yVy = a(Vf~V7)} .
x“’—i—xy-}—yz—bz (a?O, b>0).

2 } (a>0).

3. Algebraic Inequalities -

Preliminaries

Here are some mequalltles which are used for solving the prob-
lems below.
For any real a and & we have

@00 >2|ab]. W
Inequality (1) is a consequence of the obvious inequality (a 4 6)2>0.
Relation (1) turns into an equality only if |a|=]b].
If ab > 0, then dividing both sides of inequality (1) by ab we
obtain

b
F+ize e
If u>=0 and v>0, then, putting u=a* and v=0% in (1) we

obtain
u+v >V . 3)

In inequalities (2) and (3) the sign of equality appears only for
a=b and (u=v).
In addition, let us indicate some properties of the quadratic

trinomial
y=ax*+bx+c . “4)

which are used in some problems below,
The representation of trinomial (4) in the form

yma(rs )t o
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implies that if the discriminant of the trinomial satisfies thc
condition
D=b—4ac <0

(in this case the roots of the trinomial are nonreal), then, for
all x, ths trinomial takes on values of the same sign which
_, coincides with the sign of the coeificient a in the second power of X.

If D=0 the trinomial vanishes only for x=——'§%v'a'n‘d retains

its sign for all the other values of x.
Finally, if D> 0 (in this case the trinomial has real distinct
roots x, and x,), it follows from the factorization

G,
y=a—x) (r—x,),
that the trinomial attains the values whose sign is opp051te to
that of a only for x satisfying the condition
X, < x < X,

For all the other values of x different from x, and x, the trino-
mial has the same sign as a.

Thus, a trinomial always retains the sign of the coefficient in x*
except for the case when its roots x, and x, are real and

X XX,
96. Find all real values of r for which the polynomial
(rF—Nx*+2(r—1x+1

is positive for all real x.
97. Prove-that the expression

(345)-0(544) 0

is non-negative for any real x and y different from zero. .
98. For what values of a is the system of inequalities

x+ax 2

'—3< —x+1

<2

fulfilled for all x?

99. Prove that for any real numbers a, b, ¢ and d the ine-
quality
a' 4 b* +¢* + d* > 4abed

is valid.
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100. Find all the values of a for which the system
x4y 4201,
x—y+a=0 }
has a unique solution. Find the corresponding solutions.

101. Find the pairs of integers x and y satisfying the system
of inequalities

y—|—2x |45 >0, ]
y+|x—1]<2.

102. Prove that the inequality

1 1 Lo
iritiget ot 27

holds for every integer n > 1.
103. Prove that the inequality

1 1 1
m+l+m+2+ ° '+m+(2m+1) >1

is valid for every positive inleger m.
104. Show that for any natural n we have

1 1 1
sttt T <
105. Prove that

n—1

(nh2>n"
for n> 2.

106. Prove that, given three line segments of length a> 0,
b>0 and ¢ >0, a triangle with these segments as sides can be
constructed if and only if pa®-+ gb®* > pgc* for any numbers p
and ¢ satisfying the condition p+4+g=1.

107. Prove that for any real x, y and z we have the inequality
dx(x+y)(x+2)(x+y+2)+ 22 =0.
108. Prove that the inequality
x24-2xy 432+ 2x+6y+4>1

holds for any real x and y.

109. Prove that if 2x+4y=1, the inequality

ﬁ+w>%

is fulfilled.

-
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110. What conditions must be imposed on the number d > 0
for the inequality
. d24- R2—r3
0< —'—2*dR—'—< 1
to be valid for R>=r > 0?

111. Prove the inequality

9
at+b+c’

1,1, 1
Tt T2
where a, b and ¢ are positive.

112. Prove that if a, b and ¢ are numbers of the same sign
and a < b<c, then

ad (bz_cz) + b3 (Cz___a2) +cs (az_bz) < 0.

113. Prove that if a;, a,, a,, ..., a, are positive numbers and
a,a,a, ... a,=1, then

M+4+a)(I4a,)(1+4+a,) ... (14a,)=2"
114, Prove that if a4b=1 then

a‘+b4>%.
115. Prove that the polynomial
—xttxt—x 41

is positive for all real x.
116. Prove that if [x] <1 the inequality

(I—=x)"+(+x) <2
is fulfilled for any integer n>2.
117. Prove that
| X8 + X0+ oo X0, | << %(xH—xg—l— e x4+
+@tat ... +a),

where x;, X,, ..., X, and a,, a,, ..., a, and ¢ are arbitrary real
numbers and e > 0.

118. For what real values of x is the inequality
1—Vi— 42 -3
fulfilled?
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119 Prove that for all positive x and y and positive 1ntegers
m and n (n>=m) we have the inequality _

VsV Ly
120. Prove the inequality

l/a.}.]/a-L AVa <« T I+ Vaatl 4‘1 a>0.
121. Prove the inequality

2— l/2+1/2-|-V2+...+V2_,
¥ ViV

provided the numerator of the left member of the inequality
contains n radical signs and the denominator contains n—1 radi-

cal signs: .
122, Prove that for any real numbers a,, a,, ..., a, and-
b,, by, ..., b, satisfying the relations
ai+a3+...+az=1,
bi+bi+ ... +bi=1,
the inequality |a,b, +ab,+ ... +a,b,|< 1 is valid.
123, Prove that if the numbers x,, x,, ..., x, are positive and
satisfy the relation '

>

XXy oo Xp=1,
then
X4 X+ +x, =0

4. Logarithmic and Exponential Equations,
Identities and Inequalities

Preliminaries

The definition of the logarithm of a number N to a base a

states that
alvde N =N, (N

Here N is any positive number, a is an arbitrary. base and
a>0, as* 1.

The solution of some. problems below .is based on fhe following
formula for converting from logarlthms to a base a to the loga-
rithms to a base b:

logp N~
= Togpa * @)

log, N
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The formula is proved by taking the logarithms to the ‘base b
of the both sides of identity (1). In particular, for N =b formu-
la (1) impHes- v
1
loga b= m . - ‘ (3)
124. Selve. the equation

logex 2log, x _
Togta Tog , a logi/a_x log, x.
b
125. Solve the equation
log,2log 5 2 =log , 2.

18 84

126. Solve the equation
log, (971 +7) =2+ log, (37 + 1),
127. Solve the equation
log,, (-%) +logik =1.
128. Prove that the equation’
log,, (%> log2x + l-og;x: 1 o
has only one root satisfying the imequality x > 1. Find this root.

129. Solve the equation
log

at Vx

T——{—log“alog_}Qx-;O.u L

130. What conditions must be imposed on the numbers a and
b for the equation

1+ log, (2loga—x)log, b

- 'logb;
to have at least dne solution? Find all the solutions of this
equation

. Solve the equation *

1/1°ga Vax+ log, i/ ax+]/loga +1ogx1/ Z_a.

132. Solve the equation

IOg(Vm‘f“ l)_3
log?/x-a—lio HRe

* Here and henceforward the roots are understood as mentioned on page 18.
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133. Solve the equation

| 4 loga(p—2) _ 2—10Bp-q*
logg (x+¢q)  logp—g (x+q)

134. Solve the equation
logy+ x 1/ log, 5V'5 +logy=5V5 =— V6.
135. Solve the equation
(0.4)]og’ x+1 _ (6'25)2-10gx‘.

136. Solve the equation

(p>4q>0).

1+logx4l%x=(log logn—1) log, 10.
How many roots has the equation for a given value of n?
137. Solve the equation
logsin x2-10gsinxa+1=0.
138. Solve the system of equations
m&u+w—M&u—w=L}

Xy — 9.
139. Solve the system of equations '
X% — yb’
log _x_=log—cx} (@as=b, ab#0).
‘y log. y

140. Solve the system of equations
log, x - 3loes v =7,
¥ =51
141, Solve the system of equations
5
yxlogyx:xT’ }
log, ylog, (y—3x)=1.
142. Solve the system of equations
a*ty = ab,
2log, x=log 1 ylog, ;. J
b

143. Solve the system of equations
3 (2 logynx—logLy) =10, ]
X

xy=81.
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144. Solve the system of equations
l
log,, x (l—cEx_?+ log, y) = log, x,
log, x log, (x+ y) = 3 log, x.
145. Solve the system of equations
xlog,ylogy 2=y} y(1—log, 2),
lOgy: 2 logy-—2 x=1.
146. Solve the system of equations
log, x4 log, y+log,z=2,
log, y -+ log, 24 log, x =2, }
log, z + logygx + log;s y=2.
147. Solve the system of equations
1
log,.; (y—x)+ log, - =—2, |
x4yt =25, J
148. Solve the equation
1
4x__3x"—:12' — 3X+T_22x—1-
149. Find the positive roots of the system of equations
xx+)’ :yx‘}'7
xty=1. }
150. Solve the system of equations
¥ - a¥ = 2b,
a*+y =¢ } (@>0).
Under what conditions on b and ¢ is the system solvable?
151. Find the positive solutions of the system of equations
X =y,
yx+y =x2nyn,
where n > 0.
1562. Solve the system of equations

(Bx+y)*r=9,
*~1/ 324 = 18x* 4 12xy + 2. }
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153. Find the positive roots of the system of equations

X =y*,
xP =y, }
where pg > 0. :
154, Solve the system of equations
¥ =y,
pr=q, }

assuming that x>0, y >0, p>0 and ¢ > 0.
155. Prove that

log,,,a+log._,a=2log,,,alog._,a,
if a24+b2=c? and a> 6, 6>0, ¢>0.

156. Simplify the expression
(log, a—log, b)*+ (log 1a—loga b)"’ R (log v a—log . o )
b2 J

b 2"

log log a
157. Simpilify the expression a '°¢¢ where all the ]ogarithms
are taken to the same base b
158, Let log,6=A and log,b=B. Compute logcb where ¢ is
the product of n terms of a- geometrlc progression with common
ratio ¢ and the first term a.

159. Provethat if the relation :
loge V' logg N— logb N
log, N~ logy N—log, N

is fulfilled for a given positive N =+ 1 and three positive numbers
a, b and c, then b is the mean proportional between @ and ¢, and
the relation is fulfilled for any positive N1,

160. Prove the identity v
log, N log, N - log, N log, N +log. N log,
161: -Prove: the identity

logax _ ¢ | .
m—l—}‘logab.

162. Solve the inequality
log x+log,x > 1.
5

N — logg N log, NV l°gc
Cl0gap N

" a

163. Solve the inequality
xlogextl > a%  (a > 1),
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164. Solve the inequality

- log, x4 log, (x+1) < log, (2x+6) (a>1).
. 165. Solve the inequality FRET.

’ log, (x*—5x+46) <0

166. Solve the inequality

1
fog, x ™ log;
167. Solve the inequality

x—l<l

h ’k2—log§x—log, x'_% < 0.

168. For what real x and a is the inequality
S log';x—l—logx2+2005a<0
valid? . , : .
169. Solve the ineguality

log% [log, (x*—5)] > 0.

5. Combinatorial Anﬁlysis and Newton's Binomial Theorem

Preliminaries

The humber of permutations of n things taken m at a time is
given by the formula

P(n, my=n(n—1)...(n—m-+1). S (1y

* The number of permutations of n things taken all at a tlme is
equal to factorial n: :
nl=1.2.3. (2)

The number of combinations of n elements, m at a time, is de-
fined by the formula

Cln, m)= n(n—-l)(r];;-.%)..‘...r(:—rn-}-l) ___P(;{!m). (3)
: There is a relation of the form
C(n, m)=:C(n, n—m).
dﬂi@p positive integers n and any x and- a ‘we have binomial for ‘
ula
i x+ay=x"+C(n, Nax"*+C(n, 2a*x""24 ...+
+Cn, n—2)a"?x*+C(n, n--1)a" "t x+4a”, 4
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whose general term is equal to
C(n, k)akx"-*, (5)

Formula (4) implies the equalities

1+C(n, )+C(n, 2)+...+C(n, n—2)+C(n, n—1)+1=2"
and

1—C(n, 1)+C(n, 29—C(n, 3)+...+(—1)*=0.
170. Find m and n knowing that
Cin+1, m+1):Cn+1, m:C(n+1, m—1)=5:5:3.
171. Find the coefficient in x® in the binomial expansion of
(1 4+ x2—x?)°,

172, Find the coefficient in x™ in the expansion of the expres-

sion
(12 (L 28+ (L 2)

in powers of x. Consider the cases m < k& and m > k.

173. In the expansion, by the binomial formula, of the expres-
sion xV}—I—% " the binomial coefficient in the third term is by
44 larger than that in the second term. Find the term not con-
taining x. ,

174. In the expansion of the expression

(1 1x +%>lo .
find the term not containing x.

175. Find out for what value of & the (&4 1)th term of the
expansion, by the binomial formula, of the expression

(1+V 3
is simultaneously greater than the preceding and the subsequent
terms of the expansion?

176. Find the condition under which the expansion of (14 a)?
in powers ot a (where n is an integer and a=40) contains two
equal consecutive terms. Can this expansion contain three equal
consecutive terms?

177. Find the total number of dissimilar terms obtained after
the expression
N+Hx,+x+...+x,
has been cubed.
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178. Let py, p,, . . ., p, be different prime numbers and g=p,p,. . . pn. -
Determine the number of the divisors (including 1 and g) of g.

179. Prove that if each coefficient in the expansion of the exp-
ression x (14 x)" in powers of x is divided by the exponent
of the corresponding power, then the sum of the quotients thus

obtained is equal to
on+1 |

n4+1 °
180. Prove that

C(n, Dx(1—x)""142C(n, 2)x*(1—x)""2+... +
4-kC (n, k) x¥(1—x)""*+ ... +nC(n, n)x" =nx,

where n > 0 is an arbifrary integer.

181. In how many ways can a pack of 36 cards be split in two
so that each portion contains two aces?

182. How many five-digit telephone numbets with pairwise dis-
tinct digits can be composed?

183. Given a set of 2n elements. Consider all the possible par-
titions of the set into the pairs of elements on condition that the
partitions solely differing in the order of elements within the
pairs and in the order of the pairs are regarded as coincident.
What is the total number of these partitions?

184. Determine the number of permutations of n elements taken
all at a time in which two given elements a and b are not adja-
cent.

185. Eight prizes are distributed by a lottery. The first parti-
cipant takes 5 tickets from the urn containing 50 tickets. In how
many ways can he extract them so that (1) exactly two tickets
are winning, (2) at least two tickets are winning.

186. m points are taken on one of two given parallel lines and
n points on the other. Join with line segments each of the m
points on ‘the former line to each of the n points on the latter.
What is the number of points of intersection of the segments if
it is known that there are no points in which three or more seg-
ments intersect.

187. n parallel lines in a plane are intersecied by a family of
m parallel lines. How many parallelograms are formed in the net-
work thus formed?"

188. An alphabet consists of six letters which are coded in
Morse code as

e . . . .
' vy y s
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A ‘word: was -transmitted without spaces between the letters so
“tHat the resultant continuous line of dots and dashes contairned
12 characters. In how many ways can that word be read?

6. Problems ini Forming Equations

189. In multiplying two numbers one of which exceeds the
other by 10 the pupil reduced, by mistake, the tens digit in the
product by 4. When checking the answer by dividing the product
thus obtained by the smaller of the factors he obtained the quo-
tient 39 and the remainder 22. Determine the factors.

190. Two cyclists simultaneously start out from a point A and
proceed with different but constant speeds to a point B and
then return without stopping. One of them overtakes the other
and meets him on the way back at a point a kilometres from B.
Having reached A he starts for B and again meets the second

cyclist after covering -,l;»th the distance between A and B. Find
the distance from A to B.

'191. Two cars simultaneously start out from a point and pro-
ceed in the same direction, one of them going at a speed of
50 km/hr and the other at 40 km/hr. In half an hour a third car
starts out from the same point and overtakes the first car 1.5
hours after catching up with the second car. Determine the speed
of the third car.

192. A pedestrian and a cyclist start out from pomts A and B
towards one another. After they meet the pedestrian continues to
.go. in the direction from A to B while the cyclist turns and
also goes towards B. The pedestrian reaches B ¢ hours. later than
the cyclist. Find the time period between the start and meeting
if the speed of the cyclist is # times that of the pedestrian.

193. Walking without stopping a postman went from a point A4
through a point B to a point C. The distance from A to B was
covered with a speed of 3.5 km/hr and from B {o C .of 4 km/hr.
‘To get back .from C to A in the same time following the:sdme
route with a constant speed he was to walk 3.75 km per hour.
However, after walking at that speed and reaching B he stopped
Jor 14 minutes and then, in order to reach A at the appointed
time he had to move from B to A walking 4 km per hour. Find
the distances between A and B and between B and C.

~ 194. The distance from a point A to a point B is 11.5 km.
The road between A and B first goes uphill, then horlzontally
and then downhill. A pedestrian went from A to B in 2 hours
and 54 minutes but it took him 3 hours and 6 minutes to get
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back from B to A. His speeds were 3 km/hr uphill, 4 km/hr on
the horizontal part of the road and 5 km/hr downhill. Determine
the length of the horizontal part.

195. In a motorcycle test two motorcyclists simultaneously
start out from A to B and from B to A, each driving at a con-
stant speed. After arriving at their terminal points they turn back
without stopping. They meet at a distance of p km from B and
then, in ¢ hours, at ¢ km from A. Find the distance between
A and B and the speeds of the motorcyclists.

196. An airplane was in flight from A to B in a straight line.
Due to a head wind, after a certain time, it reduced its speed to
v km/hr and therefore was ¢, minutes late. During a second flight
from A to B the airplane for the same reason reduced its speed
to the same level but this time d km farther from A than in the
first flight and was ¢, minutes late. Find the original speed of
the airplane.

197. There are two pieces of an alloy weighing m kg and
- n kg with different percentages of copper. A piece of the same
weight is cut from either alloy. Each of the cut-off pieces is alloyed
with the rest of the other piece which results into two new
alloys with the same percentage of copper. Find the weights of
the cut-off pieces.

198. Given two pieces of alloys of silver and copper. One of
them contains p% of copper and the other contains ¢% of cop-
per. In what ratio are the weights of portions of the alloys if the
new alloy made up of these portions contains r% of copper? For
what relationships between p, ¢ and r is the problem solvable?
What is the greatest weight of the new alloy that can be obtai-
ned if the first piece weighs P grams and the second Q grams?

199. Workers A and B have been working the same number of
days. If A worked one day less and B 7 days less then A would
earn 72 roubles and B 64 roubles 80 kopecks. If, conversely,
A worked 7 days less and B one day less B would earn 32 roub-
les and 40 kopecks more than A. How much did in fact either
worker earn?

200. Two bodies move in a circle in opposite directions, one of
them being in a uniform motion with linear speed v and the
other in a uniformly accelerated motion with linear accelera-
tion a. At the initial moment of time the bodies are at the same
point A, and the velocity of the second one is equal to zero. In
what time does their first meeting take place if the second meet-
ing occurs at the point A?

2323
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201. A tank was being filled with water from two taps. One of
the taps was first open during one third of the time required for
filling the tank by the other tap alone. Then, conversely, the
second tap was kept open for one third of the time required to
fill the tank by using the first tap alone, after which the tank was

i—z full. Compute the time needed to fill the tank by each tap se-

parately if both taps, when open together, fill the tank in 3 hours
and 36 minutes.

202. A cylindrical pipe with a piston is placed vertically into
a tank of water so that there is a column of air & metres high
between the piston and the water (at the atmospheric pressure).
The piston is then elevated b metres above the water level in the
tank. Compute the height of the column of water in the pipe if
it is known that the column of liquid in a water barometer is ¢
metres high at the atmospheric pressure.

203. A cylindrical pipe with a moving piston is placed verti-
cally into a cup of mercury. The mercury level in the pipe is
12 ¢cm above that in the cup, and the column of air in the pipe

between the mercury and the piston is 29% cm high. The piston

is then moved 6 cm downward. What is the resultant height of
the column of mercury if the external air pressure is 760 mm Hg?

204. At a certain moment a watch shows a 2-minutes lag although
it is fast. If it showed a 3-minutes lag at that moment but gained
half a minute more a day than it does it would show true time
one day sooner than it actually does. How many minutes a day
does the watch gain?

205. Two persons deposited equal sums of money in a savings
bank. One of them withdrew his money after m months and received
p roubles, and the other withdrew the money after n months and re-
ceived ¢ roubles. How much money did either person deposit and
what interest does the savings bank pay?

206. In a circle of radius R two points uniformly move in the
same direction. One of them describes one circuit ¢ seconds faster
than the other. The time period between two consecutive meetings
of the points is equal to T. Determine the speeds of the points.

207. A flask contains a solution of sodium chloride. 7lz—th part

of the solution is poured into a fest tube and evaporated until
the percentage of sodium chloride in the test tube is doubled.
The evaporated solution is then poured back into the flask. This
increases the percentage of sodium chloride in the flask by p%.
Determine the original percentage of sodium chloride.
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208, Two identical vessels, each of 30 litres, contain a total of
only 30 litres of alcohol. Water is added to the top of one ves-
sel, the resulting mixture is added to the top of the other vessel
and then 12 litres of the new mixture are poured from the second
vessel into the first. How much alcohol did each vessel contain
originally if after the above procedure the second vessel contains
2 litres of alcohol less than the first?

209. Three travellers A, B and C are crossing a water obstacle
s km wide. A is swimming at a speed of v km/hr, and B and C
are in a motor boat going at v, km/hr. Some time after the start
C decides to swim the rest of the distance, his speed being equal
to that of A. At this moment B decides to pick up A and turns
back. A then takes the motor boat and continues his way with
B. All the three travellers simultaneously arrive at the opposite
bank. How long did the crossing take?

210. A train left a station A for B at 13:00. At 19:00 the
train was brought to a halt by a smow drift. Two hours later the
railway line was cleared and to make up for the lost time the
train proceeded at a speed exceeding the original speed by 20%
and arrived at B only one hour later. The next day a train
going from A to B according to the same timetable was stopped
by a snow drift 150 km farther from A than the former train.
Likewise, after a two-hour halt it went with a 20% increase of
speed but failed to make up for the lost time and arrived at B
1 hour 30 minutes late. Find the distance between A and B.

211. A landing stage B is a kilometres up the river from A.
A motor boat makes trips going from A to B and returning to 4
without stopping in T hours. Find the speed of the boat in still
water and the speed of the current if it is known that once, when
returning from B to A, the motor boat had an accident at a dis-
tance of b km from A which delayed it for T, hours and reduced
its speed twice so that it went from B to A during the same
time as from A to B.

212. A tank of a volume of 425 m® was filled with water from
two taps. One of the taps was open 5 hours longer than the
other. If the first tap had been kept open as long as the second
and the second tap as long as the first, then the first tap would
have released one half the amount of water flowed out from the
second. If both taps had been opened simultaneously the tank
would have been filled in 17 hours.

Taking into account all these conditions determine how long the
second tap was open.

213. According to the timetable, atrain is to cover the distan-
ce of 20 km between A and B at a constant speed. The train

2*
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covered half the distance at that speed and then stopped for
three minutes; in order to arrive at B on schedule it had to
increase the speed by 10 kmy/hr on the remaining half of the trip.
Another time the train was delayed for 5 minutes after passing
half the way. At what speed must the train go after the stop in
order to arrive at B on schedule?

214. Two airplanes simultaneously take off from A and B.
Flying towards each other, they meet at a distance of a kilo-
metres from the midpoint of AB. If the first airplane took off &
hours later than the second, they would meet after passing half
the distance from A to B. If, conversely, the second airplane took
off b hours after the first, they would meet at a point lying at
the quarter of that distance from B. Find the distance between 4
and B and the speeds of the airplanes.

215. A motor boat and a raft simultaneously start out downstream
from A. The motor boat covers 96 km, turns back and arrives at
A in 14 hours. Find the speed of the motor boat in still water
and the speed of the current if it .is known that the two craft met
at a distance of 24 km from A when the motor boat was returning.

216. Two bodies simultaneously start out in the same direction
from two points 20 metres apart. The one behind is in uniformly
accelerated motion and covers 25 metres during the first second

and % of a metre more in the next second. The other body isin

uniformly decelerated motion and passes 30 metres in the first
second and half a metre less in the next second, How many se-
conds will it take the first body to catch up with the second?

217. A boat moves 10 km downstream and then 6 km upstream.
The river current is 1 km/hr. Within what limits must the rela-
tive speed of the boat lie for the entire trip to take from 3 to
4 hours?

218, The volumes of three cubic vessels A, B and C are in the
ratio 1:8:27 while the amounts of water in them are in the ratio
1:2:3. After water has been poured from A into B and from B

into C, the water level in the vessels is the same. 128-,;‘— litres

of water are then poured out from C into B aiter which a cer-
tain amount is poured from B into A so that the depth of water
in A becomes twice that in B. This results in the amount of wa-
ter in A being by 100 litres less than the original amount. How
much water did each vessel contain originally?

219. Find a four-digit number using the following conditions:
the sum of the squares of the extreme digits equals 13; the sum
of the squares of the middle digits is 85; if 1089 is subtracted
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from the desired number, the result is a number expressed by the
same digits as the sought-for number but written in reverse order.

220. Two points move in a circle whose circumference is / metres
at the speeds v and w < wv. At what moments of time reckoned
from the start of the first point will successive meetings of the
points occur if they move in the same direction, and the first
point starts f seconds before the second and is a metres behind
the second point at the initial moment (e < [)?

221. A piece of an alloy of two metals weighs P kg and loses
A kg in weight when immersed in water. A portion of P kg of
one of the metals loses B kg in water and a portion of the same
weight of the other metal loses C kg. Find the weights of the
components of the alloy and test the solvability of the problem
depending on the magnitudes of the quantities P, A, B and C.

222. Log rafts floated downstream from a point 4 to the mouth
of a river where they were picked up by a towboat and towed

across a lake to a point B 17§ days after the departure from A.

How long did it take the towboat to bring the log rafts to B across
the lake if it is known that, alone, the towboat goes from A to
B in 61 hours and from B to A in 79 hours and that in towing
the relative speed of the towboat is reduced twice?

223. The current of a river between A and B is negligibly small
but between B and C it is rather strong. A boat goes downstream
from A to C in 6 hours and upstream from C to A in 7 hours.
If between A and B the current were the same as between B and C
the whole distance from A to C would be covered in 5.5 hours.
How long would it take to go upstream from C to A in the
latter case?.

224. A vessel contains a p% solution-of an acid. a-litres of the
solution are then poured out and the same quantity of a 9% solu-
tion of the acid is added (¢ < p). After mixing this operation is
repeated £—1 times which results in-a r% solution. Fmd the
volume of the vessel.

225. A roubles -are invested in a savings bank which pays an
interest of p%. At the end of every year the depositor takes out
B roubles. In how many years will the rest be three times the
original sum? Under what conditions is the problem solvable?

226. A forestry has a p% annual growth rate of wood. Every
winter an amount x of wood is obtained. What must x be so that
in n years the amount of wood in the forestry becomes ¢ times
the original amount a?
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227. One of n identical cylindrical vessels is full of alcohol and
the others are half-full with a mixture of water and alcohol, the

concentration of alcohol in each vessel being %th that in the pre-

ceding one. Then the second vessel is filled to the top from the
first one after which the third is filled from the second and so on
to the last vessel. Find the resultant concentration of alcohol in
the last vessel.

228. Consider a quotient of two integers in which the divisor
is less by unity than the square of the dividend. If 2 is added
to the dividend and to the divisor the value of the quotient will

exceed %— but if 3 is subtracted from the numerator and deno-

minator, the quotient will remain positive but less than 11_0' Find
the quotient.

7. Miscellaneous Problems

Algebraic Transformations
229. Compute the sum

1 1 1
AT D T DeTy T T et et s

230. Simplify the expression
(x+a)(x2+a?) ... ("' 4a®7Y).
231. Simplify the expression
(—ax+a®) (xt—ax?+ad) ... (¥ —a®" %7 4a?").

232, Given two sequences of numbers

Ay Qgy ovey Oy,
by, by, ..., by,

prove that

ab, +ab,+ ... +ab,=(a,—a,) S, +(@,—a;)) S, + ...
e (@—a) Se - aS,,
where S,=b,+b,+ ...+ by.
233. Show that the equality
a4 b*4-c*=bc+ac+ab,

where a, b and ¢ are real numbers, implies a=b=c.
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234. Prove that if a®-4 6%+ ¢® =3abc then either
@+ P+ct=bc+catab or at+-b-+c=0.
235. Show that if
a+a+ ... +ay=rp,
bBi+bi+ ... +oi=¢",
ab,+ab,+ ... +ab,=pg
and pg 0, then a,=Ab,, a,=Ab,, ..., a,=Ab, where A=2 . (Al
the quantities are supposed to be real.) !

236. It is known that the number sequence a,, a,, a,, ... satisfies,
for any n, the relation

an"‘l—_Qan—l’_an—l: l'
Express a, in terms of gy, a, and n.

237. The sequence of numbers a,, a,, a;, ..., a,, ... satisfies
for n > 2 the relation

a, =~ (a + |3) an—l—_aﬁan—zr

where o and P(ax==fp) are given numbers. Express a, in terms
of a, B, @, and a,.

BEZOUT'S THEOREM. PROPERTIES OF ROOTS
OF POLYNOMIALS

238. The roots x, and x, of the equation x2—3ax -+ a®= 0 satisfy
the condition x?+ x%=1.75. Determine a.

239. Given the equation x? 4 px 4 ¢=0, form a quadratic equation
whose roots are

y=x34+x; and y,=x}4 x5
240. Let x, and x, be the roots of the equation
ax?*4bx+c=0 (ac=s<0).
Without solving the equation express the quantities

D) o+ and  2) x4+
X3 Xg
in terms of the coefficients a, b and c.

241. What conditions must be imposed on the real coefficients
a,, b, a,, b,, a, and b, for the expression

(@, + 0,7 + (2, + b,%)* + (a5 + byx)®

to be the square of a polynomial of the first degree in x with
real coefficients?
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242. Prove that the roots of the quadratic equation x* 4 px+g=0
with real coefficients are negative or have a negative real part
if and only if p >0 and ¢ > 0.

243, Prove that if both roots of the equation
xEA-px4-g=0
are positive, then the roots of the equation ¢y*-(p—2rq)y +
r+<15pr=0 are positive for all r>0. Is this assertion true for
244, Find all real values of p for which the roots of the equation
(p—3) x*—2px+6p=0
are real and positive,

245, For any positive A all the roots of the equation
at+bx+c+a=0
are real and positive. Prove that in this case @ =0 (the coefficients
a, b and ¢ are real).

246, Prove that both roots of the equation x*4-x+ 1 =0 satisfy
the equation

X3 x37+L L x3P+2 — (),
where m, n and p are arbitrary integers,
247, The system of equations
Cale gt rty—h=0, }
X—y+Ar=0
has real solutions for any A. Prove that a=0,

248. Prove that for any real values of a, p and ¢ the equation

1 i 1
D

x—p ' x—q a?

has real roots.
249, Prove that the quadratic equation
a2t (P+-a?—c) x4+ 02=0
cannot have real roots if a4-b>c¢ and |a—b| <ec.
250. It is known that x;, x, and x, are the roots of the equation
X —2x24+x+1=0.

. Form. a new . algebraic equation whose roots are the numbers
Y= XpXgy Yy =X3Xy, Y3= X1Xs- -
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251. It is known that x,, x, and x, are the roots of the equation
x%—x2—1=0.
Form a new equation whose roots are the numbers
Yio=Xo+ %3 Yo=Xg+ X1 Yy =X+ %,
252. Express the constant term ¢ of the cubic equation
x34ax®*+bx+c=0
in terms of the coefficients a and b, knowing that the roots of the
equations form an arithmetic progression.
253. Let it be known that all roots of an equation
X3+ pxtdgx +r=0 V

are positive. What additional condition must be imposed on its
coefficients p, ¢ and r so that the line segments of lengths equal
to the-raots are the sides of a triangle?

Hint. Consider the expression

(x, + xz—'xa) (%5 + 23— %) (x5 + X, —%).
254. The equations
' X4 pix-Fg,=0
and -
x+ PuX 4Gy = 0
(p, 5= Py ¢ q,) have a common root. Find this root and also the
other roots of both equations.
255. Find all the values of A for which two equations
A —x—(+1)=0
and
A —x— (A1) =0
have a common root. Determine this root.
256. All the roots of the polynomial
. Px)=x"+px+gq
with real coeificients P and q (g 0) are real. Prove that p < 0.
257. Prove that the equation
X4ax*—b=0
where a and b (b>>0) are real has one and only one positive root.
258. Find all the real values of a and & for which the equations
x3t+axt4+18=0
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and
x¥+bx412=0
have two common roots and determine these roots,
259. Prove that

YV 20+ 14V2 + Y/ 201412 —4.

260. Let a, 6 and ¢ be pairwise different numbers,
Prove that the expression

a*(c—b)+b*(a—c)+c* (b—a)

is not equal to zero.

261. Factorize the expression
(x4 y+2 —r—ys— 2.

262. Prove that if three real numbers a, b and c¢ satisfy the

relationship |
1,1, 1
CRN i =

then two of them are necessarily equal in their absolute values
and have opposite signs.

263. Find out for what complex values of p and ¢ the binomial
x*—1 is divisible by the quadratic trinomial x* px--q.

264. For what values of a and n is the polynomial x" —ax"-! +
+ax—1 divisible by (x—1)??

265. The division of the polynomial p(x) by x—a gives the
remainder A, the division by x—b gives the remainder B and the
division by x—c gives the remainder C. Find the remainder poly-
nomial obtained by dividing p(x) by (x—a)(x—b)(x—c) on con-
dition that the numbers a, b and ¢ are pairwise difterent.

MATHEMATICAL INDUCTION

The following problems are solved by the method of complete
mathematical induction. To prove that an assertion is true for
every natural n it is sufficient to prove that (a) this assertion is
true for n=1 and (b) if this assertion is true for a natural number
n then it is also true for n-1.

266. Prove that

43464104, 8ln nth)_s(ilets
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267. Prove that
_n(a+1)(2n4-1)
124224-324... +n2——6—————.

268. Prove that

1 1 1 _ n(n+3)
oxa Toxaxa Tt nntD(n+r2)  d(r+hH(n+2"

269. Prove De Moivre’s formula
(cos @ + i sin @)* =cos ng + i sin ney.

270. Prove that for any positive integer n the quantity a,,=a—"}-;?b'i
where a=l+12/5 and b:l—";5 is a positive integer.
271. Prove that if real numbers a,, a,, ..., @, ... satisfy the

condition — 1 < ¢, <0, i=1, 2, ..., then for any n we have the
inequality
(1+a)(l4+a)...1+a)=14a,+a,+...Fa,.

272. The generalized nth power of an arbitrary number a (de-
noted by (a),) is defined for non-negative integers n as follows: if
n=0 then (a),=1 and if n >0 then (@), =a(a—1)...(a—n—+1).
Prove that for the generalized power of a sum of two numbers we
have the formula

(@+b), =C5(a)e (b),+ Ci (@) (B)y_y+ - . +Ch(a), (0)o
which generalizes Newton’s binomial theorem to this case.

THE GREATEST AND LEAST VALUES

To find the least value of a quadratic trinomial

y=ax*+bx-+c (1)
for a> 0 it is represented in the form
b\2 b®—dac
y=a (x—l—%) —— (2)

The first summand on the right-hand side being non-negative for
any x and the second summand being independent of x, the tri-
nomial attains its least value when the first summand vanishes.
Thus, the least value of the trinomial is

b2 —4dac

Yo=——"- (3
It is assumed for

X=Xg=— 5. (4)
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A similar technique yields the greatest value of a trinomial
y=ax*+bx+c for a <O0.

273. Two rectilinear railway lines AA" and BB’ are mutually
perpendicular and intersect at a point C, the distances AC and
BC being equal to a and b. Two trains whose speeds are, respec-
tively, v, and v, start simultaneously from the points A and B
toward C. In what time after the departure will the distance bet-
ween the trains be the least? Find this least distance.

274. Two stations A and B are on a rectilinear highway passing
from west to east, B lying 9 km to the east of A. A car starts
from A and moves uniformly eastwards at a speed of 40 km/hr.
A motorcycle simultaneously starts from B in the same direction
and moves with a constant acceleration of 32 km/hr?* Determine
the greatest distance between the car and motorcycle during the
first two hours of motion.

Hint. 1t is advisable to plot the graph of the distance between
the car and motorcycle against the time of motion.

275. Find the greatest value of the expression
logi x + 1210g§x10g2§-
when x varies between 1 and 64.
276. Find the greatest value of the function
y=azsz (@>0, b>0).

277. Find the least value of the expression

1+ x2
l4+x

for x>=0.
278. Find the least value of the function
9 () =[x—a|+|x—b|+|x—c|+|x—d],

where a < b <c¢ <d are fixed real numbers and x takes arbitrary
real values.
Hint. Mark a, b, ¢, and d on a number scale.

COMPLEX NUMBERS
279. Find all the values of 2z satisfying the equality
24|z|=0 '

where |z| denotes the modulus of the complex number z.
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280. Find the complex number z satisfying the equalities

2—12 ___5_ z—4
z—8 —8

1:1.

81. Compute the product

[ () [+ T+ () D+ ()7

'282. Among the complex numbers z satisfying the condition,
|z—25i|<C 15,
find the number having the least argument. Make a drawing.

283. Find the condition for a complex number a- bi to be rep-
resentable in the form

I—ix

a-+bi= [Tix’

where x is a real number?

284. Find the greatest value of the moduli of complex numbers
2 satisfying the equation

-

285. Through a point A n rays are drawn which form the angles
2% with each other. From a point B lying on one of the rays at

a distance d from A a perpendicular is drawn to the next ray.
Then from the foot of this perpendicular a new perpendicular is
drawn to the neighbouring ray and so on, unlimitedly. Determine
the length L of the broken line thus obtained which sweeps out
an infinity of circuits round the point A. Also investigate the
variation of L as the number n is increased and, in particular, the
case when n approaches infinity.

286. A six-digit number begins with 1. If this digit is carried
from the extreme left decimal place to the extreme right without
changing the order of the other digits the new number thus obtained
is three times the original number. Find the original number.

287. Prove that if a natural number p=abc where a, b and ¢
are the decimal digits is divisible by 37 then the numbers g = bca
and r =cab are also divisible by 37.

288. Prove that the sum of the cubes of three successive integers
is divisible by 9.

289. Prove that the sum
S,=n*+3n2+5n+3
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is divisible by 3 for any positive integer n.

290. 120 identical balls are tightly stacked in the form of a
regular triangular pyramid. How many balls lie at the base of the
pyramid?

291. k smaller boxes are put in a box. Then in each of the
smaller boxes either & still smaller boxes are put or no boxes and
so on, Determine the number of empty boxes if it is known that
there are m filled boxes,



GEOMETRY
A. PLANE GEOMETRY

Preliminaries

Here are some basic relations between the elements of a triangle
with sides a, b and ¢ and the respective opposite angles A, B and C.

1. Law of sines:
a b c

A= B —smC = 2R

where R is the radius of the circumscribed circle.
2. Law of cosines:

at=b2-+¢t—2bccos A.

For computing the area S of a triangle use the following for-

mulas:
1

S=—2—aha,

where a is a side of the triangle and 4, is the altitude drawn to
this side;
S=Vp(p—a)(p—0b)(p—c) (Heron’s formula)

a+t+b+c
2 :

where p=
S=%ab sinC;

S=rp,

where r is the radius of the inscribed circle.

1. Computation Problems

292. In a triangle ABC the angle A is twice as large as the
angle B. Given the sides b and ¢, find a.

293. The legs of a right triangle are equal to 6 and c. Find the
length of the bisector of the right angle.

294. Given two sides @ and b of a triangle, find its third side
if it is known that the medians drawn to the given sides intersect
at a right angle. What are the conditions for the triangle to exist?
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295. The vertex angle of a triangle with lateral sides of lengths
a and b (a < b) is trisected. by siraight lines whose segments inside
the triangle form the ratio m:n(m <n). Find the lengths of the
segments.

296. Intersect a given triangle ABC by a straight line DE pa-
rallel to BC so that the area of the triangle BDE is of a given
magnitude k2. What relationship between %% and the area of the
triangle ABC guarantees the solvability of the problem and how
many solutions has the problem? '

- 297. Through a point lying inside a triangle three straight lines
parallel to its sides are drawn. The lines divide the triangle inta
six parfs three of which are triangles with areas S,, S, and S,,
respectively. Find the area of the given triangle.

298. Given the sides b and ¢ of a triangle. Find the third side
x knowing that it is equal to the altitude drawn to it. Under
what condition connecting & and ¢ does the triangle exist?

299. In a triangle ABC the altitudes AA,, BB, and CC, are
drawn, and the points A,, B, and C, are joined. Determine the
ratio of the area of the triangle A,B,C, to that of the triangle
ABC if the angles of the triangle ABC are given.

300. In a triangle ABC through the point of intersection of the
bisectors of the angles B and C a straight line parallel to BC is
drawn. This line intersects the sides AB and AC at points M and N
respectively. Find the relationship between the line segments MN,
BM and CN.

Consider the following cases:

(1) both bisectors divide interior angles of the triangle;

(2) both bisectors divide exterior angles of the triangle;

(3) one of the bisectors cuts an interjor angle and the other cuts
an exterior angle.

When do the points M and N coincide?

301. Inside an equilateral triangle ABC an arbitrary point P
is taken from which the perpendiculars PD, PE and PF are dropped
onto BC, CA and AB respectively. Compute

PD+ PE+ PF
BD+CEF AF "

302. Find the ratio of the area of a triangle ABC to the area
of a triangle whose sides are equal to the medians of the triangle
ABC.

303. In a triangle with sides @, b and ¢ a semicircle is inscribed
whose diameter lies on the side ¢. Find the radius of the semi-
circle,
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304. Determine the acute angles of a right triangle knowing that
‘the ratio of the radius of the circumsecribed circle to the radius
of the inscribed cirele is 5:2.

305. About a given rectangle circumscribe a new one with given
area m?. For what m is the problem solvable?

306. On the side AB of the rectangle ABCD find a point E from
which the sides AD and DC are seen at equal angles. What rela-
tionship between the sides guarantees the solvability of the problem?

307. Find the area of an isosceles trapzzoid with altitude A if
its nonparallel sides are seen from the centre of the circumscribed
circle at angles o.

308. Given the upper and lower bases a and b of a trapezoid.
Find the length of the line segment joining the midpoints of the
diagonals of the trapezoid.

309. Each vertex of a parallelogram is connected with the mid-
points of two opposite sides by straight [ines. What portion of the
area of the parallelogram is the area of the figure “bounded by
these lines? '

310. P, Q, R and S are respectively the midpoints of the sides
AB, BC, CD, and DA of a parallelogram ABCD. Find the area
of the figure bounded by the straight lines AQ, BR, CS and DP
knowing that the area of the parallelogram is equal to a®.

311. Given the chords of twa arcs of a circle of radius R, find
the chord of an arc equal to the sum of these arcs or to their
difference.

312. The distance between the centres of two intersecting circles
of radii R and r is equal to d. Find the area of their common
portion.

313. Three circles of radii r, r, and R are pairwise externally
tangent. Find the length of the chord cut off by the third eircle
from the internal common tangent of the first two circles.

314. Two circles of radii R and r (R > r) are iniernally tangent.
Find the radius of the third circle tangent to the two given circles
and to their common diameter.

315, Three equal circles are externally tangent to a circle of
radius r and pairwise tangent to one another. Find the areas of
the three curvilinear triangles formed hy these circles.

316. On a line segment of length 2a+42& and on its parts of
lengths 2a and 26 as diameters semicircles lying on one side of
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the line segment are constructed. Find the radius of the circle
tangent to the three semicircles.

317. Given two parallel straight lines and a point A between
them. Find the sides of a right triangle with vertex of the right
angle at the point A and vertices of the acufe angles on the given
parallel lines if it is known that the area of the triangle is of a
given magnitude &2.

318. n equal circles are inscribed in a regular n-gon with side
a so that each circle is tangent to two adjacent sides of the polygon
and to two other circles. Find the area of the star-shaped figure
formed in the centre of the polygon.

319. Through a point C of an arc AB of a circle two arbitrary
straight lines are drawn which intersect the chord AB at points
D and E and the circle at points F and G. What position does
the point C occupy on the arc AB if it is possible to circumscribe
a circle about the quadrilateral DEGF?

320. Circles are inscribed in an acute angle so that every two
neighbouring circles are tangent. Show that the radii of the circles
form a geometric progression. Find the relationship between the
common ratio of the progression and the magnitude of the acute
angle.

321. A light source is located at a point A of a plane P.
A hemispherical mirror of unit radius is placed above the plane
so that its reflecting inner side faces the plane and its axis of
symmetry passes through the point A4 and is perpendicular to the
plane P. Knowing that the least angle between the rays reflected
by the mirror and the plane P is equal to 15° determine the
distance from the mirror to the plane and the radius of the illu-
minated circle of the plane P.

322. The centres of four circles of radius r are at the vertices
of a square with side a. Find the area S of the common part of
all circles contained inside the square.

323. A trapezoid is divided into four triangles by its diagonals.
Find the area of the trapezoid if the areas of the triangles adjacent
to the bases of the trapezoid are equal to S, and S,.

324. Express the diagonals of an inscribed quadrilateral of a
circle in terms of its sides. Based on this result, deduce the Ptolemy
theorem which states that the product of the diagonals of a
quadrilateral inscribed in a circle is equal to the sum of the
products of the two pairs of opposite sides.
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2. Construction Problems

325. Given two circles of different radii with no points in common
and a point A on one of them. Draw a third circle tangent to the
two given circles and passing through the point A. Consider various
possible cases of location of the point A on the circle.

326. Given a circle and a straight line with point A on it.
Construct a new circle tangent to the given line and circle and
passing through the point A. Consider in detail how many so-
lutions the problem has in various particular cases.

327. Given a straight line and a circle with point 4 on it.
Construct a new circle tangent to the given line and circle and
passing through the point A. Consider in detail how many solu-
tions the problem has in various particular cases.

328. Construct a right triangle, given the hypotenuse ¢ and the
altitude h drawn to it. Determine the lengths of the legs of the
triangle and find the relationship between A and ¢ for which the
problem is solvable,

329. Given the lengths of the sides AB, BC, CD and DA of a
plane quadrilateral. Construct this quadrilateral if it is known
that the diagonal AC bisects the angle A.

330. Reconstruct the triangle from the points at which the extended

bisector, median and altitude drawn from a common vertex intersect
the circumscribed circle.

331. Draw three pairwise tangent circles with centres at the
vertices of a given triangle. Consider the cases when the circles
are externally and internally tangent.

332. Inscribe a triangle ABC in a given circle if the positions
of the vertex A and of the point of intersection of the altitude Ag
with the circle and the direction of the altitude A, are known.

333. Intersect a trapezoid by a straight line parallel to its base
so that the segment of this line inside the trapezoid is trisected
by the diagonals.

334. Construct a square, given a vertex and two points lying
on two sides not passing through this vertex or on their extensions.

335. Through a point M lying on the side AC of a triangle ABC
draw a straight line MN cutting from the triangle a part whose

area is —115- that of the whole triangle. How many solutions has the
problem?

336. Make a ruler and compass construction of a rectangle with
given diagonal inscribed in a given triangle.
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337. About a given circle circumscribe a triangle with given
angle and given side opposite this angle. Find the solvability
condition for the problem.

338. Given a straight line CD and two points A and B not
lying on it. Find a point M on the line such that

/ AMC=2 / BMD.

3. Proof Problems

339. Prove that a median of a triangle is less than half-sum of
the sides it lies between and greater than the difference of this
hali-sum and half the third side.

340. Prove that in any triangle ABC the distance from the centre
of the circumscribed circle to the side BC is half the distance
between the point of intersection of the altitudes and the vertex A.

341. Prove that the sum of the distances from any point lying

inside an equilateral triangle to the sides of the triangle is a con- -

stant independent of the position of the point.

342, Prove that in any triangle a shorter bisector of an interior
angle corresponds to a longer side.

343. Prove that if P, Q and R are respectively the points of
intersection of the sides BC, CA and AB (or their extensions) of
a triangle ABC and a straight line then

PB QCRA _
PCQARB ™
344, In a right triangle ABC the length of the leg AC is three

times that of the leg AB. The leg AC is trisected by points K
and F. Prove that

L AKB+ L AFB+ / ACB=1 .

345. Let a, b, ¢ and A be respectively the two legs of a right
triangle, the hypotenuse and the altitude drawn from the vertex
of the right angle to the hypotenuse. Prove that a triangle with
sides 4, ¢+ h and a-+ b is right.

346. In an isosceles triangle with base a and congruent side b
the vertex angle is equal to 20°. Prove that a® -4 b® = 3ab®.

347. Prove that an angle of a triangle is acute, right or obtuse
depending on whether the side opposite this angle is less than,
equal to, or greater than the doubled length of the corresponding
median.

1.




PROBLEMS. PLANE GEOMETRY 52

348. In an isosceles triangle ABC the vertex angle B is equal
to 20° and points Q and P are taken respectively on the sides
AB and BC so that / ACQ =60° and / CAP=>50°. Prove that
L APQ =80

349. Prove that if the sides a, b and ¢ of a triangle are connected
by the relation @?=0b2+ bc then the angles A and B subtended by
the sides a and b satisfy the equality S/ A=2 /B.

350. A triangle AOB is turned in its plane about the vertex O
by 90° the new positions of the vertices A and B being, respec-
tively, A, and B,. Prove that in the triangle OAB, the median of
the side AB, is an altitude of the triangle OA,B (analogously, the
median of the side A,B in the triangle OA,B is an altitude of
the triangle OAB,).

351. Prove that the sum of the products of the altitudes of an
acute triangle by their segments from the orthocentre to the cor-
responding vertices equals half-sum of the squares of the sides.
Generalize this assertion to the case of an obtuse triangle.

352. Let the lengths a, b and ¢ of the sides of a triangle satisfy
the condition a < b <c¢ and form an arithmetic progression. Prove
that ac=6Rr where R is the radius of the circumscribed circle of
the triangle and r is the radius of the inscribed circle.

353. Prove that the square of the bisector of an angle in a
triangle is equal to the difference of the product of the sides includ-
ing this angle and the product of the segments of the base. What
is the meaning of this equality for the case of an isosceles triangle?

354. In a triangle ABC two equal line segments BD =CE are
set off in opposite directions on the sides AB and AC. Prove that
the ratio in which the segment DE is divided by the side BC is
the reciprocal of the ratio of the side AB to the side AC.

355. From a vertex of a triangle the median, the bisector of
the interior angle and the altitude are drawn. Prove that the
bisector lies between the median and the altitude.

356. Prove that the straight line which is the reflection of a
median through the concurrent bisector of an interior angle of a
triangle divides the opposite side into parts proportional to the
squares of the adjacent sides.

357. On the sides of a triangle ABC points P, Q and R are
taken so that the three straight lines AP, BQ and CR are con-
current. Prove that

AR-BP.CQ=RB.PC-QA.
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358. Prove that the radius R of the circumscribed circle of a
triangle and the radius r of the inscribed circle satisfy the relation

I*=R*—2Rr
where [ is the distance between the centres of these circles.

359. Prove that in any triangle the ratio of the radius of the
inscribed circle to the radius of the circumscribed circle does not

|
exceed 5 -

360. Prove that for any right triangle we have the inequality
0.4<% < 0.5 where r is the radius of the inscribed circle and 4
is the altitude drawn to the hypotenuse.

361. Prove that for any acute triangle we have the relation
k,+k,+k.=r+R where k,, k, and k, are the perpendiculars
drawn from the centre of the circumscribed circle to the corres-
ponding sides and r (R) is the radius of the inscribed (circum-
scribed) circle.

Hint. Express the left-hand and right-hand sides of the required
equality in terms of the sides and the angles of the triangle.

362. The vertices A, B and C of a triangle are connected by
straight lines with points A,, B, and C, arbitrarily placed on the
opposite sides (but not at the vertices). Prove that the midpoints
of the segments AA;, BB, and CC, do not lie in a common straight
line.

363. Straight lines DE, FK and MN parallel to the sides AB,

AC and BC of a triangle ABC are drawn through an arbitrary
point O lying inside the triangle so that the points F and M are

on AB, the points E and K are on BC and the points N and D

on AC. Prove that

AF A BE | CN
aEtectea—!

364. A square is inscribed in a triangle so that one of its sides
lies on the longest side of the triangle. Derive the inequality
V' 2r < x < 2r where x is the length of the side of the square and
r is the radius of the inscribed circle of the triangle.

365. Prove that the midpoints of the sides of a triangle, the
feet of the altitudes and the midpoints of the segments of the
altitudes from the vertices to the orthocentre are nine points of
a circle. Show that the centre of this circle lies at the midpoint
of the line segment joining the orthocentre of the triangle with
the centre of the circumscribed circle and its radius equals half
the radius of the circumscribed circle.
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366. From the foot of each altitude of a triangle perpendiculars
are dropped on the other two sides. Prove the following asser-
tions: (1) the feet of these perpendiculars are the vertices of a
hexagon whose three sides are parallel to the sides of the triangle;
(2) it is possible to circumscribe a circle about this hexagon.

367. Prove that in a right triangle the sum of the legs is equal
to the sum of the diameters of the inscribed and circumscribed
circles.

368. Prove that in a right triangle the bisector of the right
angle is simultaneously the bisector of the angle between the median
and altitude drawn to the hypotenuse.

369. Two triangles ABC and A,B,C, are symmetric about the
centre of their common inscribed circle of radius r. Prove that the
product of the areas of the triangles ABC, A,B,C, and of the six
other triangles formed by the intersecting sides of the triangles
ABC and A,B,C, is equal to r.

370. Prove that the difference of the sum of the squares of the
distances from an arbitrary point M of a plane to two opposite
vertices of a parallelogram ABCD in the plane and the sum of
the squares of the distances from the same point to the other two
vertices is a constant quantity.

371. On the sides of a triangle ABC equilateral triangles ABC,,
BCA, and CAB, are constructed which do not overlap the triangle
ABC. Prove that the straight lines AA,, BB,, and CC, are con-
current.

372. On the sides AB, AC and BC of a triangle ABC as bases
three similar isosceles trlangles ABP, ACQ and BCR are construc-
ted, the first two triangles lying outside the given triangle and
the third being on the same side of BC as the triangle ABC. Prove
that either the figure APRQ is a parallelogram or the points A,
P, R, Q are in a straight line.

373. A point O of a plane is connected by straight lines with
the vertices of a parallelogram ABCD lying in the plane. Prove
that the area of the triangle AOC is equal to the sum or diffe-
rence of the areas of two adjacent triangles each of which is for-
med by two of the straight lines OA, OB, OC and OD and the
corresponding side of the parallelogram. Consider the cases when
the point O is inside and outside the parallelogram.

374. In a trapezoid ABCD the sum of the base angles A and D
is equal to % Prove that the line segment connecting the
midpoints of the bases equals half the difference of the bases.
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375. Prove that the sum of the squares of the diagonals of a
trapezoid is equal to the sum of the squares of its sides plus twice
the product of the bases.

376. Prove that the straight line joining the midpoints of the
bases of a trapezoid passes through the point of intersection of
the diagonals.

377. Prove that if the line segment connecting the midpoints
of opposite sides of a quadrilateral equals half-sum of the other
two sides, then the quadrilateral is a trapezoid.

378. Prove that if the diagonals of two quadrilaterals are res-
pectively equal and intersect at equal angles, then these quadri-
laterals have the same area.

379. Prove that at least one of the feet of the perpendiculars
drawn from an arbitrary interior point of a convex polygon to
its sides lies on the side itself but not on its extension.

380. Prove that the bisectors of the interior angles of a paral-
lelogram form a rectangle whose diagonals are equal to the diffe-
rence of two adjacent sides of the parallelogram.

381. Given a parallelogram, prove that the straight lines con-
secutively joining the centres of the squares constructed outside
the parallelogram on its sides also form a square.

382. Prove that if in an arbitrary quadrilateral ABCD the bi-
sectors of the interior angles are drawn, then the four points at
which the bisectors of the angles A and C intersect the bisectors
of the angles B and D lie on a circle.

383. Twa tangent lines are drawn to a circle. Prove that the
length of the perpendicular drawn from an arbitrary point of the
circle to the chord joining the points of tangency is the mean
proportional between the lengths of the perpendiculars drawn from
the same point to the tangent lines.

384. Prove that the feet of the perpendiculars dropped from an
arbitrary point of a circle onto the sides of the inscribed triangle
lie in a straight line.

385. Three equal circles intersect in a point. The other point
of intersection of every two of the circles and the centre of the
third circle lie on a straight line. Prove that the three straight
lines thus specified are concurrent.

386. Two circles are internally tangent at a point A, the seg-
ment AB being the diameter of the larger circle. The chord BK
of the larger circle is tangent to the smaller circle at a point C.
Prove that AC is the bisector of the angle A of the triangle ABK.
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387. A circle of radius r is inscribed in a sector of a circle of
radius R. The length of the chord of the sector is equal to 2a.
Prove that

111
TR

388. Two tangent ljnes are drawn to a circle. They intersect a
straight line passing through the centre of the circle at points A
and B and form equal angles with it. Prove that the product of
the line segments AC and BD which are cut off from the given
(fixed) tangent lines by any (moving) tangent line is a constant
quantity.

389. Prove that the sum of the squares of the lengths of two
chords of a circle intersecting at a right angle is greater than the
square of the diameter of the circle and the sum of the squares
of the four line segments into which the chords are divided by
the point of intersection is equal to the square of the diameter.

390. Prove that if a chord of a circle is trisected and the end-
points of the chord and the points of division are joined with the
centre of the circle, then the corresponding central angle is divi-
ded into three parts one of which is greater than the other two.

391. Prove that if two intersecting chords are drawn from the
endpoints of a diameter of a circle, then the sum of the products
of each chord by its segment from the endpoint of the diameter
to the point of intersection is a constant quantity.

392. From each of two points of a straight line two tangent
lines are drawn to a circle. Circles of equal radii are inscribed in
the angles thus formed with the vertices at these points. Prove
that the centre line of the circles is parallel to the given line.

393. The diameter of a semicircle is divided into two arbitrary
parts, and on each part as diameter a semicircle lying inside the
given semicircle is constructed. Prove that the area contained be-
tween the three semicircular arcs is equal to the area of a circle
whose diameter is equal to the length of the perpendicular erected
to the diameter of the original semicircle at the point of division.

394. Prove that if two points lie outside a circle and the straight
line passing through them does not intersect the circle, then the
distance between these two points is greater than the difference
between the lengths of the tangent lines drawn from the given
points to the circle and less than their sum. Show that either the
former or the latter inequality is violated if the straight line in-
tersects the circle.

395. Through the midpoint C of an arbitraty chord AB of a
circle two chords KL and MAN are drawn, the points K and M
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lying on one side of AB. Prove that QC=CP where Q is the
point of intersection of AB and KN and P is the point of inter-
section of AB and ML.

396. A circle is arbitrarily divided into four parts, and the
midpoints of the arcs thus obtained are connected by line segments.
Show that two of these segments are mutually perpendicular.

397. Prove that for any closed plane polygonal line without
seli-intersection there exists a circle whose radius is % the peri-

meter of the polygonal line such that none of the points of the
polygonal line lies outside this circle.

398. Can a triangle be equilateral if the distances from its ver-
tices to two given mutually perpendicular straight lines are exp-
ressed by integers?

399. On one side of a straight line at its points 4 and B two
perpendiculars AA,=a and BB,=b are erected. Prove that for
constant a and b the distance from the point of intersection of
the straight lines AB, and A,B to the straight line AB is also
constant irrespective of the position of the points 4 and B.

400. A circle is inscribed in a right angle with point A as ver-
tex, B and C being the points of tangency. Prove that if a tan-
gent line intersecting the sides AB and AC at points M and N
is drawn to this circle, then the sum of the lengths of the seg-

ments MB and NC is greater than %(AB—}—AC) and less than
5 (AB+ AC).

401. Prove that if a circle of radius equal to the altitude of an
isosceles triangle rolls upon the base of the triangle, then the length
of the arc cut off from the circle by the congruent sides of the
triangle remains constant. Is this assertion true for a scalene tri-
angle?

402, Prove that the ratio of the diagonals of an inscribed qua-
drilateral of a circle is equal to the ratio of the sums of the pro-
ducts of the sides passing through the endpoints of the diagonals.

403. Prove that the sum of the squares of the distances from a
point on a circle to the vertices of an equilateral inscribed triangle
is a constant independent of the position of the point on the
circle.

404. Prove that if a circle is internally tangent to three sides
of a quadrilateral and intersects the fourth side, then the sum of
the latter and the side opposite to it is greater than the sum of
the other two sides of the quadrilateral.
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405. Prove that if a circle is internally tangent to three sides
of a quadrilateral whose fourth side does not intersect the circle,
then the sum of the fourth side and the side opposite it is less
than the sum of the other two sides of the quadrilateral.

406. Two equal semicircles whose diameters lie in a common
straight line are tangent to each other. Draw a tangent line to
them and inscribe a circle tangent to this line and to the two
semicircles. Then inscribe another circle tangent to the first one
and to the semicircles after which inscribe one more circle tangent
to the second one and to the semicircles and so on, unlimitedly.
Using this construction prove that the sum of the fractions

1 1 1 1 1
etnetaatoe T taesn

tends to unity for n— oo, that is
1 1 1
m—l—m—l—... +n——(n+l)+"':l'

407. An elastic ball of negligible dimensions rests at a point A
at a distance a from the centre of circular billiards of radius R.
To what point B of the cushion must the ball be directed so that
it returns to the point A after being reflected twice from the cu-
shion?

408. A ray of light is issued from a point A lying inside an
angle with reflecting sides. Prove that the number of reflection of
the ray from the sides is always finite. Determine this number if
the angle is equal to a and the initial ray is directed at an angle B
to one of the sides. Under what conditions does the reflected ray
again pass through the point A?

4. Loci of Points

409. Two fixed points A and B and a moving point M are taken
on a circle. On the extension of the line segment AM a segment
MN =MB is laid off outside the circle. Find the locus of points V.

410. Given two parallel straight lines and a point O between
them. Through this point an arbitrary secant is drawn which in-
tersects the parallel lines at points A and A’. Find the locus of
the endpoints of the perpendicular of length OA erected to the
secant at the point A’.

411. Find the locus of points for which the sum of their dis-
tances from two given straight lines m and [ is equal to the length a
of a given line segment. Consider the cases of intersecting and
parallel lines.
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‘412. Find the locus of points for which the difference of their
distances from two given straight lines m and ! is equal to a line
segment of given length. Consider the cases of parallel and inter-
secting lines.

413. Two line segments AB and CD are taken in the plane.
Find the locus of points M for which the sum of the areas of the
triangles AMB and CMD is equal to a constant a2

414. Given a circle K and its chord AB. Consider all the in-
scribed triangles of the circle with given chord as base. Find the
locus of orthocentres of these triangles.

415. Inside a given circle a point A not coincident with the
centre is fixed. An arbitrary chord passing through. the point A4 is
taken, and through its endpoints two tangent lines to the circle
intersecting at a point M are drawn. Find the locus of points M.

416. Prove that the locus of points M, for which the ratio of
their distances from two given points A and B equals

p
77 h

is a circle with centre on the straight line AB.
Express the diameter of this circle in terms of the length a of
the line segment AB. Also consider the case

L.
q

417. Given a line segment AB and a point C on it. Each pair
of equal circles one of which passes through the points 4 and C
and the other through the points C and B has, besides C, another
common point D. Find the locus of points D.

418. A polygon is deformed in such a way that its sides remain
respectively parallel to given directions whereas all its vertices
but one slide along given straight lines. Find the locus of posi-
tions of that vertex.

419. Given a circle K of radius r and its chord AB whose
length is 2e. Let CD be a moving chord of this circle with length 2b.
Find the locus of points of intersection of the straight lines
AC and BD.

420. Through a point P lying in a given circle and a point Q
belonging to a given straight line an arbitrary circle is drawn
whose second point of intersection with the given circle is R and
the point of intersection with the given straight line is S. Prove
that all the straight lines RS thus specified have a common point
lying on the given circle,
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5. The Greatest and Least Values

421, Given two parallel straight lines and a point A4 between
them at distances @ and & from the lines. The point A is the
vertex of the right angles of the right triangles whose other two
vertices lie on either parallel line. Which of the triangles has the
least area? -

422. Given a right triangle with acute angle a. Find the ratio
of the radii of the circumscribed and inscribed circles and deter-
mine the value of o for which this ratio attains its minimum.

423. A right triangle with legs @, and b, is cut off from a qu-
adrilateral with sides ¢ and 6. How must the quadrjlateral of ma-
ximum area with sides parallel to those of the initial quadrilateral
be cut off from the remaining part of the quadrilateral?

424. Two points A and B are taken on a side of an acute
angle. Find a point C on the other side of the angle such that
the angle ACB attains its maximum value. Make a ruler and com-
pass construction of the point C.

426. On a given straight line [ find a point for which the diffe-
renice of its distances from two given points A and B lying on
one side of the straight line attains its minimum value, and also
a point such that this difference attains the maximum value.

426. Through a point A inside an angle a straight line is drawn
which cuts off from the angle a triangle with the least area. Prove
that the segment of this line between the sides of the angle is
bisected at the point A.

427, Prove that among all triangles with common vertex angle
@ and given sum a+b of the lengths of the sides including this
angle the isosceles triangle has the least base.

428. Among all triangles with equal bases and the same vertex
angle find the triangle having the greatest perimeter.

429. In a triangle ABC an arbitrary point D is taken on the
base BC or on its exfension, and circles are circumscribed about
the triangles ACD and BCD. Prove that the ratio of the radii
of these circles is a constant quantity. Find the position of the
point D for which these radli attain their least values.

430. Cut off two equal circles having the greatest radius from
a given triangle. -
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B. SOLID GEOMETRY

Preliminaries

Here is a number of formulas to be used for computing volumes
and surface areas of polyhedrons and solids of revolution, the
notation being as follows: V, volume; S,,;, lateral surface area;
S, area of base; H, altitude.

Pyramid: V=%.

Frustum of a pyramid:

V=%(SI+S2+Vm. where S, and S, are the areas of the
upper and lower bases.

Right circular cone: V= , where R is the radius of the

base; S,,;=mnR!, where [ is the slant height.
Right circular cylinder: V=nR*H, where R is the radius of the
base; S,;4=2nRH.

Frustum of a cone: Vz% (R} + R:+R,R,), where R, and R,
are the radii of the bases; S,;;=n (R, + R,)!, where [ is the slant
height.

Sphere: VzénRs; S=4nR? where R is the radius of the
sphere.

\ . 2nR%h . .

Spherical sector: V=—3—, where R is the radius of the sphere
and h is the altitude of the zone forming the base of the sector.

Spherical segment: V=%nh2(3R——h); S;.t=2nRh, where R is
the radius of the sphere and h is the altitude of the segment.

nR2H

1. Computation Problems

431. The volume of a regular triangular prism is equal to V
and the angle between the diagonals of two faces drawn from one
vertex is equal to a. Find the side of the base of the prism.

432. From the vertex S of a regular quadrangular pyramid the
perpendicular SB is dropped on the base. From the midpoint O
of the line segment SB the perpendicular OM of length & is drawn
to a lateral edge and the perpendicular OK of length 6 is dropped
on a lateral face. Compute the volume of the pyramid.

433. Find the lateral area of a regular n-gonal pyramid of
volume V if the radius of the inscribed circle of its base is equal
to the radius of the circumscribed circle of the parallel section
drawn at a distance 4 from the base.
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434, A regular pentagonal pyramid SABCDE is intersected by
the plane passing through the vertices A and C of the base and
the midpoints of the lateral edges DS and ES. Find the area of
the section if the length of the side of the base is equal to ¢ and
the length of the lateral edge is equal to b.

435. A regular triangular pyramid is cut by the plane passing
through a vertex of the base and the midpoints of two lateral
edges. Find the ratio of the lateral area of the pyramid to the
area of the base if it is known that the cutting plane is perpen-
dicular to the lateral face opposite that vertex.

436. A pyramid of total surface area S is cut off from a regular
quadrangular prism by a plane passing through a diagonal of the
lower base and a vertex of the upper base. Find the total surface
area of the prism if the vertex angle of the triangle in the section
is equal to a.

437. Compute the volume of a regular triangular pyramid kno-
wing that the face angle at the vertex is equal to a and the ra-
dius of the circumscribed circle of the lateral face is equal to r.

438. A regular quadrangular pyramid with side of its base equal
to a is cut by a plane bisecting ils dihedral angle at the base
which is equal to 2a. Find the area of the section.

439. Above the plane ceiling of a hall having the form of a
square with side a a roof is made which is constructed in the
following way: each pair of adjacent vertices of the square forming
the ceiling is joined by straight lines with the midpoint of the
opposite side and on each of the four triangles thus obtained
a pyramid is constructed whose vertex is projected into the mid-
point of the corresponding side of the square. The elevated parts
of the faces of the four pyramids form the roof. Find the volume
of the garret (i.e. the space between the ceiling and the roof)
if the altitude of each pyramid is equal to k.

440. Find the dihedral angle formed by two lateral faces of
a regular triangular pyramid if the dihedral angle formed by its
lateral face and base is equal to «a.

441. In a regular triangular pyramid SABC the face angle at
the vertex is equal to & and the shortest distance between a lateral
edge and the opposite side of the base is equal to d. Find the
volume of the pyramid.

442, The base of a pyramid is an isosceles trapezoid in which
the lengths of the bases are equal to a and & (a > &) and the angle
between the diagonals subtended by its lateral side is equal to ¢.
Find the volume of the pyramid if its altitude dropped from the



64 PROBLEMS IN ELEMENTARY MATHEMATICS

vertex passes through the point of intersection of the diagenals
of the base and the ratio of the dihedral angles whose edges are
the parallel sides of the base is 2:1.

443. An angle BAC of 60° is taken in a plane P. The distances
from a point S to the vertex A, the side AB and the side AC are
erspectively 25 c¢cm, 7 cm and 20 cm. Find the distance between
the point S and the plane P.

444. A regular hexagonal pyramid with face angle at the vertex
equal to a is intersected by a plane passing at an angle B to the
base through its longest diagonal. Find the ratio of the area of
the plane section to the area of the base.

445. All the three face angles of a trihedral angle are acute
and one of them is equal to a. The dihedral angles whose edges
are the sides of this face angle are equal to p and y respectively.
Find the other two face angles.

446. Compute the volume of a regular pyramid of altitude A
knowing that its base is a polygon for which the sum of the inte-
rior angles is equal to nn and the ratio of the lateral area of the
pyramid to the area of the base is equal to 4.

447. Consider a cube with edge a. Through the endpoints of
each triple of concurrent edges a plane is drawn. Find the volume
of the solid bounded by these planes.

448. A regular hexahedral pyramid is intersected by a plane
parallel to its lateral face and passing through the centre of the
base. Find the ratio of the area of the plane section to the area
of the lateral face.

449. Through each edge of a tetrahedron a plane parallel to the
opposite edge is drawn. Find the ratio of the volume of the pa-
rallelepiped thus formed to the volume of the tetrahedron.

450. On the lateral faces of a regular quadrangular pyramid
as bases regular fetrahedrons are constructed. Find the distance
between the exterior vertices of two adjacent tetrahedrons if the
side of the base of the pyramid is equal to a.

451, Through a point on a diagonal of a cube with edge a
a plane is drawn perpendicularly to this diagonal.

(1) What polygon is obtained in the section of the faces of the
cube by the plane?

(2) Find the lengths of the sides of this polygon depending
on the distance x from the centre of symmetry O of the cube to
the cutting plane.

452. Consider the projection of a cube with edge a onto a plane
perpendicular to a diagonal of the cube. What is the ratio of the
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area of this projection to the area of the section of the cube by
the plane passing through the midpoint of the diagonal perpendi-
‘cularly to it?

453. Given a regular quadrangular pyramid with altitude A4 and
side of the base a. Through a side of the base of the pyramid and
the midpoint of a lateral edge not intersecting this side the plane
section is drawn. Determine the distance from the vertex of the
pyramid to the cutting plane.

454. Given a regular tetrahedron SABC with edge a. Through
the vertices of the base ABC of the tetrahedron three planes are
drawn each of which passes through the midpoints of two lateral
edges. Find the volume of the portion of the tetrahedron lying
above the three cutting planes.

455, A rhombus with diagonals AC=a and BD =5 is the base
of a pyramid SABCD. The lateral edge SA of length g is perpen-
dicular to the base. Through the point A and the midpoint K of
the edge SC a plane parallel to the diagonal BD of the base is
drawn. Determine the area of the plane section thus obtained.

456. In a regular quadrangular prism two parallel plane sections
are drawn. One of them passes through the midpoints of two adja-
cent sides of the base and the midpoint of the axis of the prism
and the other divides the axis in the ratio 1:3. Knowing that the
area of the former section is S, find the area of the latter.

457. A triangular pyramid is cut by a plane into two poly-
hedrons. Find the ratio of volumes of these polyhedrons if it is
known that the cutting plane divides three concurrent lateral ed-
ges of the pyramid so that the ratios of the segments of these edges
adjacent to the common vertex to the remaining parts of the edges
are 1:2, 1:2 and 2:1.

458. Find the volume of a triangular pyramid if the areas of
its faces are S,, S;, S, and S,, and the dihedral angles adjacent
to the face with area S, are equal.

459. In a cube with edge a through the midpoints of two pa-
rallel edges not lying in one face a straight line is drawn, and
the cube is turned about it by 90°. Determine the volume of the
common portion of the initial and turned cubes.

460. Through the vertex of a cone a plane is drawn at an
angle o to the base of the cone. This plane intersects the base
along the chord AB of length a subtending an arc of the base of
the cone with central angle B. Find the volume of the cone.

461. A cone and a cylinder have a common base, and the vertex
of the cone is in the centre of the other base of the cylinder.

3-—-323
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Find the angle between the axis of the cone and its element if
the ratio of the total surface area of the cylinder to the total
surface area of the cone is 7:4.

462. A cylinder is inscribed in a cone, the altitude of the
cylinder being equal to the radius of the base of the cone. Find
the angle between the axis of the cone and its element if the ratio
of the total surface area of the cylinder to the area of the base
of the cone is 3:2.

463. In a cone with slant height / and element inclined to the
base at an angle @ a regular n-gonal prism whose all edges are
congruent is inscribed. Find the total surface area of the prism.

464. The four sides of an isosceles trapezoid are tangent to
a cylinder whose axis is perpendicular to the bases of the trape-
zoid. Find the angle between the plane of the trapezoid and the
axis of the cylinder if the lengths of the bases of the trapezoid
are respectively equal to a and b and the altitude of the trape-
zoid is equal to A.

465. A sphere is inscribed in a right prism whose base is a
right triangle. In this triangle a perpendicular of length A drop-
ped from the vertex of the right angle on the hypotenuse forms
an angle o with a leg of the triangle. Find the volume of the
prism. :

466. In a regular n-gonal pyramid with side of the base a and
lateral edge b a sphere is inscribed. Find its radius.

467. A sphere is inscribed in a regular ftriangular pyramid.
Determine the angle between its lateral edge and the base if the
ratio of the volume of the pyramid to the volume of the sphere
. 27 V3
is equal to =——.

468. About a sphere of radius r a regular n-gonal pyramid
with dihedral angle at the base o is circumscribed. Find the ratio
of the volume of the sphere to that of the pyramid.

469. Find the ratio of the volume of a regular n-gonal pyramid
to the volume of its inscribed sphere, knowing that the circums-
cribed circles of the base and lateral faces of the pyramid are of
the same radius.

470. Find the altitude of a regular quadrangular pyramid if it
is known that the volume of its circumscribed sphere is equal
to V and the perpendicular drawn from the centre of the sphere
to its lateral face forms with the altitude of the pyramid an
angle o,
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471. A sphere of radius R is inscribed in a pyramid whose
- base is a rhombus with acute angle «. The lateral faces of the
pyramid are inclined to the plane of the base at an angle .
Find the volume of the pyramid.

472. The congruent bases of two regular n-gonal pyramids
are made coincident. Find the radius of the inscribed sphere of
the polyhedron thus obtained if the sides of the bases of the py-
ramids are equal to a and their altitudes are equal to A and H
respectively.

473. The congruent bases of two regular n-gonal pyramids are
made coincident, the altitudes of the pyramids being different.
Determine these altitudes if the radius of the circumscribed sphere
of the polyhedron thus formed is equal to R and the sides of the
bases of the pyramids are equal to a. What is the relationship
between the values of a and R for which the problem is solvable?

474. An inscribed sphere of a regular n-gonal prism touches
all the faces of the prism. Another sphere is circumscribed about
the prism. Find the ratio of the volume of the latter to that of
the former.

475. A regular tetrahedron is inscribed in a sphere, and another
sphere is inscribed in the tetrahedron. Find the ratio of the sur-
face areas of the spheres.

476. A sphere is inscribed in a regular tetrahedron, and another
regular tetrahedron is inscribed in the sphere. Find the ratio of
the volumes of the tetrahedrons.

477. Given two concentric spheres of radii r and R (R > r).
What relationship connects R and r if it is possible to construct
a regular tetrahedron inside the larger sphere so that the three
vertices of its base lie on the larger sphere and the three lateral
faces are tangent to the smaller sphere?

478. A plane dividing a cube into two parts passes through
two opposite vertices of the cube and the midpoints of the six
edges not containing these vertices. Into each part of the cube
a sphere is placed so that it is tangent to three faces of the cube
and the cutting plane. Find the ratios of the volume of the cube
to the volumes of the spheres.

479, From a point on a sphere of radius R three equal chords
are drawn at an angle a to one another. Find the length of these
chords.

480. In a triangular pyramid SABC the edges SA, SC and SB
are pairwise perpendicular, AB=BC=a and BS==b. Find the
radius of the inscribed sphere of the pyramid.

3*
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481. Find the dihedral angle ¢ formed by the base of a regular
quadrangular pyramid and its lateral face if the radius of the
circumscribed sphere of the pyramid is three times that of the
inscribed sphere.

482. In a sphere of radius R aregular tetrahedron is inscribed,
and all its faces are extended to intersect the sphere. The lines
of intersection of the faces of the tetrahedron with the sphere
cut off from its surface four spherical triangles and several spherical
lunes. Compute the areas of these spherical parts.

483. A sphere is inscribed in a cone. The ratio of the surface
area of the sphere to the area of the base of the cone is 4:3.
Find the vertex angle of the axial section of the cone.

484. A hemisphere is inscribed in a cone so that its great circle
lies in the base of the cone. Determine the vertex angle of the
axial section of the cone if the ratio of the total surface area of
the cone to the surface area of the hemisphere is 18:5.

485. In a sphere of radius R a cone is inscribed whose lateral
area is & times the area of its base. Find the volume of the cone.

486. The ratio of the altitude of a cone to the radius of its
circumscribed sphere is equal to ¢. Find the ratio of the volumes
of these solids. For what ¢ is the problem solvable?

487. Find the ratio of the volume of a sphere to that of a right
cone circumscribed about the sphere if the total surface of the
cone is n times the surface area of the sphere.

488. Determine the radii of the bases of a frustum of a cone
circumscribed about a sphere of radius R knowing that the ratio
of the total surface area of the frustum to the surface area of the
sphere is equal to m.

489. A sphere of radius r is inscribed in a cone. Find the volume
of the cone knowing that the distance from the vertex of the cone
to the tangent plane to the sphere which is perpendicular to an
element of the cone is equal to d.

490. A sphere of radius R is inscribed in a cone with vertex
angle of its axial section equal to a. Find the volume of the part
of the cone above the sphere.

491. Determine the radii of two intersecting spheres forming
biconvex lense with thickness 2a, total surface area S and dia-
meter 2R.

492. A sphere is inscribed in a cone, the ratio of their volumes
being equal to 4. Find the ratio of the volumes of the spherical
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segments cut off from the sphere by the plane passing through
the line of tangency of the sphere and cone.

493. In a sphere S of radius R eight equal spheres of smaller
radius are inscribed so that each of them is tangent to two adja-
cent spheres and all the eight spheres touch the given sphere S
along its great circle. Then in the space between the spheres a
sphere S, is placed which touches all the spheres of smaller radius
and the sphere S. Find the radius p of the sphere S,.

494. In a sphere S of radius R eight equal spheres are inscribed
each of which is tangent to three adjacent spheres and the given
one. Find the radius of the inscribed spheres if their centres are
at the vertices of a cube.

495. In a sphere two equal cones with coinciding axes are in-
scribed whose vertices are at the opposite endpoints of a diameter
of the sphere. Find the ratio of the volume of the common por-
tion of the cones to that of the sphere knowing that the ratio of
the altitude h of each cone to the radius R of the sphere is equal
to k.

496. The areas of two parallel plane sections of a sphere drawn
on one side of its centre are equal to S, and S,, and the distance
between them is d. Find the area of the section parallel to the
two given sections and equidistant from them.

497. Three equal spheres of radius R tangent to one another
lie on a plane P. A right circular cone with its base in P is
externally tangent to the spheres. Find the radius of the base
of the cone if its altitude is equal to ¢R.

498. Given four equal spheres of radius R each of which
is tangent to the other three. A fifth sphere is externally tangent
to each given sphere, and one more sphere is internally tangent
to them. Find the ratio of the volume Vg of the sixth sphere to
the volume V, of the fifth.

499. Three equal pairwise tangent spheres of radius R lie on
a plane. A fourth sphere is tangent to the plane and to each
given sphere. Find the radius of the fourth sphere.

500. Four equal spheres of radius R lie on a plane. Three of
them are pairwise tangent, and the fourth sphere touches two of
these three. Two equal tangent spheres of smaller radius are placed
above these spheres so that each of them touches three larger
spheres. Find the ratio of the radius of a larger sphere to that
at a smaller.



70 PROBLEMS IN ELEMENTARY MATHEMATICS

2. Proof Problems

501. Given a frustum of a cone with lateral area equal to the
area of a circle whose radius is equal to the slant height of the
frustum. Prove that it is possible to inscribe a sphere in the
frustum.

502. Given a frustum of a cone whose altitude is the mean
proportional between the diameters of the bases. Prove that it is
possible to inscribe a sphere in the given frustum.

503. Prove that the straight lines joining three vertices of a
regular tetrahedron to the midpoint of the altitude dropped from
the fourth vertex are pairwise perpendicular.

504. Let R be the radius of the circumscribed sphere of a re-
gular quadrangular pyramid, and r be the radius of the inscribed
sphere. Prove that

RevarL

Hint. Express § in terms of tan % where a is the dihedral

angle between the base of the pyramid and its lateral face.

505. From a point O in the base ABC of a triangular pyramid
SABC are drawn the straight lines OA’, OB’ and OC’ respectively
parallel to the edges SA, SB and SC which intersect the faces
SBC, SCA and SAB at points A’, B’ and C’. Prove that

04' , OB’ , 0C’
sxtsgTse=t

506. Consider two triangles ABC and A,B,C, with pairwise
nonparallel sides lying in intersecting planes. The straight lines
joining the corresponding vertices of the triangles intersect in one
point O. Prove that the extensions of the corresponding sides of
the triangles are pairwise concurrent and the points of intersection
lie in a straight line.

507. Show that the line segments joining the vertices of a trian-
gular pyramid to the centroids of the opposite faces meet in one
point and are divided by this point in the ratio 1:3.

508, Show that the area of any triangular section of an arbit-
rary triangular pyramid does not exceed the area of at least one
of its faces.

509. One of two triangular pyramids with common base is inside
the other. Prove that the sum of the face angles at the vertex of
the interior pyramid is greater than that of the exterior one.
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510. Four spheres with non-coplanar centres are pairwise tangent
to one another. For every two spheres a common tangent plane
is drawn perpendicularly to their centre line. Prove that the six
planes thus constructed have a common point.

511. Prove that ii the sums of the lengths of any pair of op-
posite edges of a triangular pyramid are equal, then the vertices
of the pyramid are the centres of four pairwise tangent spheres.

512. What condition on the radii of three pairwise tangent
spheres guarantees the existence of a common tangent plane to
the spheres?

513. Prove that if a point moves inside the base of a regular
pyramid in its plane, then the sum of the distances from this
point to the lateral faces remains constant.

514. Prove that two planes drawn through the endpoints of two
triples of edges of a parallelepiped meeting in the endpoints of
a diagonal of the parallelepiped trisect this diagonal.

515. Show that if a plane drawn through the endpoints of three
edges of a parallelepiped meeting in one vertex cuts off aregular
tetrahedron from the parallelepiped, then the latter can be inter-
sected by a plane so that the section is a regular hexagon.

516. Prove that every plane passing through the midpoints of
two opposite edges of a tetrahedron divides this tetrahedron into
two parts of equal volumes.

517. Prove that if all dihedral angles of a triangular pyramid
are equal, all the edges of the pyramid are also equal.

518. The endpoints of two line segments AB and CD lying in
two parallel planes are the vertices of a triangular pyramid.
Prove that the volume of the pyramid does not change when the
segments are translated in these planes.

519. Prove that a straight line intersecting the two faces of a
dihedral angle forms equal angles with them if and only if the
points of intersection are equidistant from the edge.

520. Consider two line segments AB and CD not lying in one
plane. Let MN be the line segment joining their midpoints. Prove
that

AD+-BC

7 > MN

where AD, BC and MN designate the lengths of the corresponding
segiments.

521. Prove that every face angle of an arbitrary tetrahedral
angle is less than the sum of the other three face angles.
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522. Prove that any convex tetrahedral angle can be intersected
by a plane so that the section is a parallelogram.

523. Prove that if the faces of a triangular pyramid are of the
same area, they are congruent.

3. Loci of Points

524. Find the locus of projections of a point in space on pla-
nes passing through another fixed point.

525. Find the locus of centres of the sections of a sphere by
the planes passing through a given straight line !. Consider the
cases when the line and the sphere intersect, are tangent or have
no points in common.

526. Find the locus of centres of the sections of a sphere by
the planes passing through a given point C. Consider the cases
when the point is outside the sphere, on its surface or inside it.

527. Find the locus of points from which it is possible to draw
three tangent lines to a given sphere of radius R which are the
edges of a trihedral angle with three right face angles.

528. Find the locus of feet of the perpendiculars dropped from
a given point in space on the straight lines lying in a given plane
and intersecting in one point.

529. Given a plane P and two points A and B not lying in it.
Consider all the possible spheres tangent to the plane P and pas-
sing through A and B. Find the locus of points of tangency.

530. A trihedral angle is intersected by a plane, a triangle ABC
being the section. Find the locus of the centroids of triangles ABC

on condition that
(a) vertices A and B are fixed;
{(b) vertex A is fixed.

4. The Greatest and Least Values

531. A cube is intersected by a plane passing through its dia-
gonal. How must this plane be drawn to obtain the section of the
least area?

532. A triangular pyramid is intersected by the planes parallel
to two nonintersecting edges. Find the section having the greatest
area, ’



TRIGONOMETRY

Preliminaries

Here are some formulas to be used in the suggested problems.

1. Addition and subtraction formulas:
sin (x +y) = sin x cos y 4-cos x sin g,
sin (x —y) = sin x cos y —cos x sin y,
€os (x4 y) =cosxcosy—sinxsiny,
€08 (X— y) = ¢c0s x cos y + sin x sin y.
2. Double-angle and triple-angle formulas:
sin2x =2sinxcos x,
€0s 2x = cos? x—sin? x,
sin 3x =3sinx—4 sin®x,
c0s3x =4 cos®x—3cosx.

3. Sum and difference of trigonometric functions:

+y —Y.
2
: 'Hl —Y
sinx 2 )
cos x4 cosy=2co +y 2y,
coOSx—cosy=2 sm—ﬂsm 2
4. Product formulas:
sinxsiny:l[cos(x— y—cos (x -+ y)],

COS X COS Y = [cos (x—y)+cos (x+y)],

sin xcosy:§ [sin (x —y) +sin (x4 y)],

- l—cos 2x
sin x="——'§"—-,
c082x=1+C052x.

2

(1)
&)
(3)
(4)

®)
(6)
(7)
®)
(9)
(10)
(11)
(12)

(13)

(14)

(15)

(16)
(17)
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. . . X
5. Expressing sinx, cosx and tanx in terms of tan =:

2
2tanL;-
sinx=—2_, (18)
I 4tan2 —
2
1 —tan? —';—
oS ¥ = —— =, (