


Graduate Texts in Mathematics 135 
Editorial Board 

J.H. Ewing F.W. Gehring P.R. Halmos 



Graduate Texts in Mathematics 

1 TAKEUTI/ZARING. Introduction to Axiomatic Set Theory. 2nd ed. 
2 OXTOBY. Measure and Category. 2nd ed. 
3 SCHAEFFER. Topological Vector Spaces. 
4 HILTON/STAMMBACH. A Course in Homological Algebra. 
5 MAC LANE. Categories for the Working Mathematician. 
6 HUGHES/PIPER. Projective Planes. 
7 SERRE. A Course in Arithmetic. 
8 TAKEUTI/ZARING. Axiometic Set Theory. 
9 HUMPHREYS. Introduction to Lie Algebras and Representation Theory. 

10 COHEN. A Course in Simple Homotopy Theory. 
11 CONWAY. Functions of One Complex Variable. 2nd ed. 
12 BEALS. Advanced Mathematical Analysis. 
13 ANDERSON/FULLER. Rings and Categories of Modules. 
14 GOLUBITSKY/GUILEMIN. Stable Mappings and Their Singularities. 
15 BERBERIAN. Lectures in Functional Analysis and Operator Theory. 
16 WINTER. The Structure of Fields. 
17 RosENBLATI. Random Processes. 2nd ed. 
18 HALMos. Measure Theory. 
19 HALMos. A Hilbert Space Problem Book. 2nd ed., revised. 
20 HUSEMOLLER. Fibre Bundles. 2nd ed. 
21 HUMPHREYS. Linear Algebraic Groups. 
22 BARNES/MACK. An Algebraic Introduction to Mathematical Logic. 
23 GREUB. Linear Algebra. 4th ed. 
24 HOLMES. Geometric Functional Analysis and Its Applications. 
25 HEWITT/STROMBERG. Real and Abstract Analysis. 
26 MANEs. Algebraic Theories. 
27 KELLEY. General Topology. 
28 ZARISKI/SAMUEL. Commutative Algebra. Vol. I. 
29 ZARISKI/SAMUEL. Commutative Algebra. Vol. II. 
30 JACOBSON. Lectures in Abstract Algebra I. Basic Concepts. 
31 JACOBSON. Lectures in Abstract Algebra II. Linear Algebra. 
32 JACOBSON. Lectures in Abstract Algebra III. Theory of Fields and Galois Theory. 
33 HIRSCH. Differential Topology. 
34 SPITZER. Principles of Random Walk. 2nd ed. 
35 WERMER. Banach Algebras and Several Complex Variables. 2nd ed. 
36 KELLEY/NAMIOKA et al. Linear Topological Spaces. 
37 MONK. Mathematical Logic. 
38 GRAUERT/FRITZSCHE. Several Complex Variables. 
39 ARVESON. An Invitation to C* -Algebras. 
40 KEMENY/SNELL/KNAPP. Denumerable Markov Chains. 2nd ed. 
41 APOSTOL. Modular Functions and Dirichlet Series in Number Theory. 2nd ed. 
42 SERRE. Linear Representations of Finite Groups. 
43 GILLMAN/JERISON. Rings of Continuous Functions. 
44 KENDIG. Elementary Algebraic Geometry. 
45 LoEVE. Probability Theory I. 4th ed. 
46 LoEVE. Probability Theory II. 4th ed. 
47 MOISE. Geometric Topology in Dimentions 2 and 3. 

continued after index 



Steven Roman 

Advanced Linear 
Algebra 
With 26 illustrations in 33 parts 

Springer-Verlag Berlin Heidelberg GmbH 



Steven Roman 
Department of Mathematics 
California State University at Fullerton 
Fullerton, CA 92634 USA 

Editorial Board 
J.H. Ewing 
Department of 

Mathematics 
Indiana University 
Bloomington, IN 47405 
USA 

F.W. Gehring 
Department of 

Mathematics 
University of Michigan 
Ann Arbor, MI 48109 
USA 

P.R. Halmos 
Department of 

Mathematics 
Santa Clara University 
Santa Clara, CA 95053 
USA 

Mathematics Subject Classifications (1991): 15-01, 15A03, 15A04, 15A18, 15A21, 
15A63, 16010, 54E35, 46C05, 51N10, 05A40 

Library of Congress Cataloging-in-Publication Data 
Roman, Steven. 

Advanced linear algebra I Steven Roman. 
p. em. -- (Graduate texts in mathematics . 135) 

Includes bibliographical references and index. 
ISBN 978-1-4757-2180-5 ISBN 978-1-4757-2178-2 (eBook) 
DOI 10.1007/978-1-4757-2178-2 
1. Algebras, Linear. I. Title. II. Series. 

QA184.R65 1992 
512'.5--dc20 

Printed on acid-free paper. 

© 1992 Springer-Verlag Berlin Heidelberg 

92-11860 

Originally published by Springer-Verlag Berlin Heidelberg New York in 1992 
So ftc over reprint of the hardcover 1st edition 1992 

All rights reserved. This work may not be translated or copied in whole or in part without the written 
permission of the publisher Springer-Verlag Berlin Heidelberg GmbH 
except for brief excerpts in connection with reviews or scholarly analysis. Use in connection with 
any form of information storage and retrieval, electronic adaptation, computer software, or by similar 
or dissimilar methodology now known or hereafter developed is forbidden. 
The use of general descriptive names, trade names, trademarks, etc., in this publication, even if the former 
are not especially identified, is notto be taken as a sign that such names, as understood by the Trade Marks 
and Merchandise Marks Act, may accordingly be used freely by anyone. 

Production managed by Karen Phillips; manufacturing supervised by Robert Paella. 
Camera-ready copy prepared by the author. 

9 8 7 6 5 4 3 2 1 

ISBN 978-1-4757-2180-5 



To Donna 



Preface 

This book is a thorough introduction to linear algebra, for the graduate 
or advanced undergraduate student. Prerequisites are limited to a 
knowledge of the basic properties of matrices and determinants. 
However, since we cover the basics of vector spaces and linear 
transformations rather rapidly, a prior course in linear algebra (even at 
the sophomore level), along with a certain measure of "mathematical 
maturity," is highly desirable. 

Chapter 0 contains a summary of certain topics in modern algebra 
that are required for the sequel. This chapter should be skimmed 
quickly and then used primarily as a reference. Chapters 1-3 contain a 
discussion of the basic properties of vector spaces and linear 
transformations. 

Chapter 4 is devoted to a discussion of modules, emphasizing a 
comparison between the properties of modules and those of vector 
spaces. Chapter 5 provides more on modules. The main goals of this 
chapter are to prove that any two bases of a free module have the same 
cardinality and to introduce noetherian modules. However, the 
instructor may simply skim over this chapter, omitting all proofs. 
Chapter 6 is devoted to the theory of modules over a principal ideal 
domain, establishing the cyclic decomposition theorem for finitely 
generated modules. This theorem is the key to the structure theorems 
for finite dimensional linear operators, discussed in Chapters 7 and 8. 

Chapter 9 is devoted to real and complex inner product spaces. 
The emphasis here is on the finite-dimensional case, in order to arrive 
as quickly as possible at the finite-dimensional spectral theorem for 
normal operators, in Chapter 10. However, we have endeavored to 
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state as many results as is convenient for vector spaces of arbitrary 
dimension. 

The second part of the book consists of a collection of independent 
topics, with the one exception that Chapter 13 requires Chapter 12. 
Chapter 11 is on metric vector spaces, where we describe the structure 
of symplectic and orthogonal geometries over various base fields. 
Chapter 12 contains enough material on metric spaces to allow a unified 
treatment of topological issues for the basic Hilbert space theory of 
Chapter 13. The rather lengthy proof that every metric space can be 
embedded in its completion 'may be omitted. 

Chapter 14 contains a brief introduction to tensor products. In 
order to motivate the universal property of tensor products, without 
getting too involved in categorical terminology, we first treat both free 
vector spaces and the familiar direct sum, in a universal way. Chapter 
15 is on affine geometry, emphasizing algebraic, rather than geometric, 
concepts. 

The final chapter provides an introduction to a relatively new 
subject, called the umbral calculus. This is an algebraic theory used to 
study certain types of polynomial functions that play an important role 
in applied mathematics. We give only a brief introduction to the 
subject -emphasizing the algebraic aspects, rather than the 
applications. This is the first time that this subject has appeared in a 
true textbook. 

One final comment. Unless otherwise mentioned, omission of a 
proof in the text is a tacit suggestion that the reader attempt to supply 
one. 

Steven Roman Irvine, Ca. 
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CHAPTER 0 

Preliminaries 

In this chapter, we briefly discuss some topics that are needed for the 
sequel. This chapter should be skimmed quickly and then used primarily 
as a reference. 

Contents: Part 1: Preliminaries. Matrices. Determinants. 
Polynomials. Functions. Equivalence Relations. Zorn's Lemma. 
Cardinality. Part 2: Algebraic Structures. Groups. Rings. Integral 
Domains. Ideals and Principal Ideal Domains. Prime Elements. 
Fields. The Characteristic of a Ring. 

Part 1 Preliminaries 

Matrices 
If F is a field, we let ..Abm n(F) denote the set of all m x n 

matrices whose entries lie in F. 'When no confusion can arise, we 
denote this set by ..Abm,n' or simply by ..Ab. The set ..Abn,n(F) will be 
denoted by ..Ab11(F) or ..Ab11• 

We expect that the reader is familiar with the basic properties of 
matrices, including matrix addition and multiplication. If A E ..Ab, the 
(ij)-th entry of A will be denoted by Aij· The identity matrix of size 
n X n is denoted by In. 

Definition The transpose of A E ..Abn m is the matrix AT defined by 
' 

(AT)·.= A·. 
IJ J 11 

A matrix A IS symmetric if A = AT and skew-symmetric if 
AT=-A. 0 
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Theorem 0.1 (Properties of the transpose) Let A, B E A. Then 
1) (AT)T =A 
2) (A+ B)T =AT+ BT 
3) (rA)T =rAT, for all rEF 
4) (AB)T = BT AT, provided that the product AB is defined 
5) det(A T) = det(A). I 

Recall that there are three types of elementary row operations. 
Type 1 operations consist of multiplying a row of A by a nonzero 
scalar (that is, an element of F). Type 2 operations consist of 
interchanging two rows of A. Type 3 operations consist of adding a 
scalar multiple of one row of A to another row of A. 

If we perform an elementary operation of type k ( = 1,2 or 3) to 
an identity matrix In, we get an elementary matrix of type k. It is 
easy to see that all elementary matrices are invertible. 

If A has size m x n, then in order to perform an elementary row 
operation on A, we may instead perform that operation on the identity 
Im, to obtain an elementary matrix E, and then take the product EA. 
Note that we must multiply A on the left by E, since multiplying on 
the right has the effect of performing column operations. 

Definition A matrix R is said to be in reduced row echelon form if 
1) 
2) 

3) 

4) 

All rows consisting only of Os appear at the bottom of the matrix. 
In any nonzero row, the first nonzero entry is a 1. This entry is 
called a leading entry. 
For any two consecutive rows, the leading entry of the lower row 
is to the right of the leading entry of the upper row. 
Any column that contains a leading entry has Os in all other 
positions. D 

Here are the basic facts concerning reduced row echelon form. 

Theorem 0.2 Two matrices A and B in ..Abm,n are row equivalent if 
one can be obtained from the other by a series of elementary row 
operations. We denote this by A"" B. 
1) Row reduction is an equivalence relation. That is, 

a) A ""A 
b) A""B:::}B""A 
c) A"" B, B"" C :::} A"" C. 

2) Any matrix A is row equivalent to one and only one matrix R 
that is in reduced row echelon form. The matrix R is called the 
reduced row echelon form of A. Furthermore, we have 

A= E1···EkR 
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where Ei are the elementary matrices required to reduce A to 
reduced row echelon form. 

3) A is invertible if and only if R is an identity matrix. Hence, a 
matrix is invertible if and only if it is the product of elementary 
matrices. I 

Determinants 
We assume that the reader is familiar with the following basic 

properties of determinants. 

Theorem 0.3 Let A be an n x n matrix over F. Then det(A) is an 
element of F. Furthermore, 
1) det(AB) = det(A)det(B), for any BE .Ab11(F). 
2) A is nonsingular (invertible) if and only if det(A) f 0. 
3) The determinant of an upper triangular, or lower triangular, 

matrix is the product of the entries on its main diagonal. 
4) Let A(ij) denote the matrix obtained by deleting the ith row and 

jth column from A. The adjoint of A is the matrix adj(A) 
defined by 

( adj(A) )ij = ( -1 )i+jdet(A(ij)) 

If A is invertible, then 

A -1 = det(A)adj(A) I 

Polynomials 
If F is a field, then F[x] denotes the set of all polynomials in 

the variable x, with coefficients from F. If p(x) E F[x], we say that 
p(x) is a polynomial over F. If 

p(x) = a0 +a1x+··· +~x11 

is a polynomial, with a11 f 0, then ~ is called the leading coefficient 
of p(x), and the degree deg p(x) of p(x) is n. We will set the 
degree of the zero polynomial to -oo. A polynomial is monic if its 
leading coefficient is 1. 

Theorem 0.4 (Division algorithm) Let f(x) E F[x] and g(x) E F[x], 
where deg g(x) > 0. Then there exist unique polynomials q(x) and 
r(x) in F[x] for which 

f(x) = q(x)g(x) + r(x) 

where r(x) = 0 or 0 ~ deg r(x) < deg g(x). I 
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If p(x) divides q(x), that is, if there exists a polynomial f(x) 
for which 

q(x) = f(x)p(x) 
then we write p(x) I q(x). 

Theorem 0.5 Let f(x) and g(x) be polynomials over F. The 
greatest common divisor of f(x) and g(x), denoted by gcd(f(x),g(x)), 
is the unique monic polynomial p(x) over F for which 
1) p(x) I f(x) and p(x) I g(x) 
2) if r(x) I f(x) and r(x) I g(x), then r(x) I p(x). 
Furthermore, there exist polynomials a(x) and b(x) over F for 
which 

gcd(f(x),g(x)) = a(x)f(x) + b(x)g(x) I 

Definition Let f(x) and g(x) be polynomials over F. If 
gcd(f(x),g(x)) = 1, we say that f(x) and g(x) are relatively prime. In 
particular, f(x) and g{x) are relatively prime if and only if there exist 
polynomials a(x) and b(x) over F for which 

a(x)f(x) + b(x)g(x) = 1 0 

Definition A nonconstant polynomial f(x) E F[x] 
whenever f(x) = p(x)q(x), then one of p(x) or 
constant. 0 

IS irreducible if 
q(x) must be 

The following two theorems support the view that irreducible 
polynomials behave like prime numbers. 

Theorem 0.6 If f(x) is irreducible and f(x) I p(x)q(x), then either 
f(x) I p(x) or f(x) I q(x). 0 

Theorem 0.7 Every nonconstant polynomial in F[x] can be written as 
a product of irreducible polynomials. Moreover, this expression is 
unique up to order of the factors and multiplication by a scalar. 0 

Functions 
To set our notation, we should make a few comments about 

functions. 

Definition Let f:S-+T be a function (map) from a set S to a set T. 
1) The domain of f is the set S. 
2) The image or range of f is the set im(f) = {f(s) Is E S}. 
3) f is injective (one-to-one), or an injection, if x :f:. y::} f(x) :f:. f(y). 
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4) f is surjective (onto T), or a surjection, if im(f) = T. 
5) f is bijective, or a bijection, if it is both injective and surjective. 0 

If f:S---+T is injective, then its inverse r 1:im(f)---+S exists and is 
well-defined. It will be convenient to apply f:S---+T to subsets of S 
and T. In particular, if XC S, we set f(X) = {f(x) I x EX} and if 
y c T, we set r 1(Y) = {s E s I f(s) E Y}. Note that the latter is 
defined even if f is not injective. 

If X C S, the restriction of f:S---+T is the function f I x:X---+T. 
Clearly, the restriction of an injective map is injective. 

Equivalence Relations 
The concept of an equivalence relation plays a major role in the 

study of matrices and linear transformations. 

Definition Let S be a nonempty set. A binary relation on S is 
called an equivalence relation on S if it satisfies the following 
conditions. 
1) (reflexivity) 

for all a E S. 
2) (symmetry) 

for all a, b E S. 
3) (transitivity) 

a "' b, b "' c => a "' c 
for all a, b, c E S. 0 

Definition Let "' be an equivalence relation on S. For a E S, the set 

is called the equivalence class of a. 0 

Theorem 0.8 Let "' be an equivalence relation on S. Then 
1) bE [a] <=> a E [b] <=> [a]= [b] 
2) For any a, b E S, we have either [a] = [b] or [a] n [b] = 0. I 

Definition Let S be a nonempty set. A partition of S is a collection 
{ A1, ... , An} of non empty subsets of S, called blocks, for which 
1) Ai n Aj = 0, for all ij 
2) S = A1 U···UAn. 0 
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The following theorem sheds considerable light on the concept of 
an equivalence relation. 

Theorem 0.9 
1) Let '"'"' be an equivalence relation on S. Then the set of distinct 

equivalence classes with respect to '"'"' are the blocks of a partition 
of S. 

2) Conversely, if <!P is a partition of S, the binary relation 
defined by 

a '"'"' b {::} a and b lie in the same block of <!P 

is an equivalence relation on S, whose equivalence classes are the 
blocks of <!P. 

This establishes a one-to-one correspondence between equivalence 
relations on S and partitions of S. I 

The most important problem related to equivalence relations is 
that of finding an efficient way to determine when two elements are 
equivalent. Unfortunately, in most cases, the definition does not 
provide an efficient test for equivalence, and so we are led to the 
following concepts. 

Definition Let '"'"' be an equivalence relation on S. A function 
f:S-+T, where T is any set, is called an invariant of '"'"' if 

a'"'"' b => f{a) = f{b) 

A function f:S-+T is a complete invariant if 

a'"'"' b ¢> f{a) = f{b) 

A collection f11 ••• , fk of invariants is called a complete system of 
invariants if 

0 

Definition Let '"'"' be an equivalence relation on S. A subset C C S is 
said to be a set of canonical forms for '"'"' if for every s E S, there is 
exactly one c E C such that c '"'"' s. 0 

Example 0.1 Define a binary relation '"'"' on F[x] by letting 
p(x) '"'"' q(x) if and only if there exists a nonzero constant a E F such 
that p(x) = aq(x). This is easily seen to be an equivalence relation. 
The function that assigns to each polynomial its degree is an invariant, 
smce 

p(x) '"'"'q(x) => deg(p(x)) = deg(q(x)) 

However, it is not a complete invariant, since there are inequivalent 
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polynomials with the same degree. The set of all monic polynomials is 
a set of canonical forms for this equivalence relation. D 

Example 0.2 We have remarked that row equivalence is an equivalence 
relation on ..At,m n(F). Moreover, the subset of reduced row echelon 
form matrices is 'a set of canonical forms for row equivalence, since 
every matrix 1s row equivalent to a unique matrix in reduced row 
echelon form. D 

Example 0.3 Two matrices A, BE ..At,n(F) are row equivalent if and 
only if there is an invertible matrix P such that A= PB. Similarly, 
A and B are column equivalent (that is, A can be reduced to B 
using elementary column operations) if and only if there exists an 
invertible matrix Q such that A = BQ. 

Two matrices A and B are said to be equivalent if there exists 
invertible matrices P and Q for which 

A =PBQ 

Put another way, A and B are equivalent if A can be reduced to B 
by performing a series of elementary row and/or column operations. 
(The use of the term equivalent is unfortunate, since it applies to all 
equivalence relations- not just this one. However, the terminology is 
standard, so we use it here.) 

It is not hard to see that a square matrix R that is in both 
reduced row echelon form and reduced column echelon form must have 
the form 

1 0 
0 

1 
0 

0 
0 

0 0 0 0 0 0 

with Os everywhere off the main diagonal, and k 1s, followed by 
n - k Os, on the main diagonal. 

We leave it to the reader to show that every matrix A in ..At,n is 
equivalent to exactly one matrix of the form Jk, and so the set of these 
matrices is a set of canonical forms for equivalence. Moreover, the 
function f defined by f(A) = k, where A~ Jk, is a complete invariant 
for equivalence. 

Since the rank of Jk is k, and since neither row nor column 
operations affect the rank, we deduce that the rank of A is k. Hence, 
rank is a complete invariant for equivalence. D 



8 0 Preliminaries 

Example 0.4 Two matrices A, B E .Abn(F) are said to be similar if 
there exists an invertible matrix P such that 

A= PBP-1 

Similarity is easily seen to be an equivalence relation on An. As we 
will learn, two matrices are similar if and only if they represent the 
same linear operators on a given n-dimensional vector space V. Hence, 
similarity is extremely important for studying the structure of linear 
operators. One of the main goals of this book is to develop canonical 
forms for similarity. 

We leave it to the reader to show that the determinant function 
and the trace function are invariants for similarity. However, these two 
invariants do not, in general, form a complete system of invariants. 0 

Example 0.5 Two matrices A, BE .Abn(F) are said to be congruent if 
there exists an invertible matrix P for which 

A= PBPT 

where P T is the transpose of P. This relation is easily seen to be an 
equivalence relation, and we will devote some effort to finding canonical 
forms for congruence. For some base fields F (such as IR, C or a 
finite field), this is relatively easy to do, but for other base fields (such 
as Q), it is extremely difficult. 0 

Zorn's Lemma 
In order to show that any vector space has a basis, we require a 

result known as Zorn's lemma. To state this lemma, we need some 
preliminary definitions. 

Definition A partially ordered set is a nonempty set P, together with 
a partial order defined on P. A partial order is a binary relation, 
denoted by :s; and read "less than or equal to," with the following 
properties. 
1) (reflexivity) For all a E P, 

a<a 

2) (antisymmetry) For all a,b E P, 

a < b and b :s; a implies a = b 

3) (transitivity) For all a,b,c E P, 

a < b and b < c implies a :s; c 0 
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Definition If P is a partially ordered set and if m E P has the 
property that m ~ p implies m = p, then m is called a maximal 
element in P. D 

Definition Let P be a partially ordered set and let a, b E P. If there 
IS a u E P with the property that 
1) a ~ u and b ~ u,. and 
2) if a~ x and b ~ x, then u ~ x 
then we say that u is the least upper bound of a and b, and write 
u = lub{ a,b }. If there is an element e E P with the property that 
3) e ~a and e ~ b, and 
4) if X ~ a and X ~ b, then X ~ £ 
then we say that e is the greatest lower bound of a and b, and write 
£=glb{a,b}. D 

Note that in a partially ordered set, it is possible that not all 
elements are comparable. In other words, it is possible to have x,y E P 
with the property that x j; y and y j; x. A partially ordered set in 
which every pair of elements is comparable is called a totally ordered 
set, or a linearly ordered set. Any totally ordered subset of a partially 
ordered set P is called a chain in P. 

Let S be a subset of a partially ordered set P. We say that an 
element u E P is an upper bound for S if s < u for all s E S. 

Example 0.6 
1) The set IR of real numbers, with the usual binary relation ~ is 

a partially ordered set. It is also a totally ordered set. It has no 
maximal element. 

2) The set N of natural numbers, together with the binary relation 
of divides, is a partially ordered set. It is customary to write 
n I m to indicate that n divides m. The subset S of N 
consisting of all powers of 2 is a totally ordered subset of N, 
that is, it is a chain in N. The set P = {2,4,8,3,9,27} is a 
partially ordered set under I· It has two maximal elements, 
namely 8 and 27. 

3) Let S be any set, and let 'j)(S) be the power set of S, that is, 
the set of all subsets of S. Then 'j)(S), together with the subset 
relation ~ , is a partially ordered set. D 

Now we can state Zorn's lemma. 

Theorem 0.10 (Zorn's lemma) Let P be a partially ordered set in 
which every chain has an upper bound. Then P has a maximal 
element. I 
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The reader who is interested in looking at an example of the use of 
Zorn's lemma now might wish to refer to the proof in Chapter 1 that 
every vector space has a basis. 

Cardinality 
We will say that two sets S and T have the same cardinality, 

and write 
lSI= ITI 

if there is a bijective function (a one-to-one correspondence) between the 
sets. The reader is probably aware of the fact that 

Ill = I N I and I Q I = I N I 

where N, l and Q are the natural numbers, integers, and rational 
n urn hers, respectively. 

If S is in one-to-one correspondence with a subset of T, we write 
I S I ::; I T I . If S is in one-to-one correspondence with a proper 

subset of T, and if IS I "I IT I, we write IS I < IT I· The second 
condition is necessary, since, for instance, N is in one-to-one 
correspondence with a proper subset of l, and yet I N I ..j: Ill . 

This is not the place to enter into a detailed discussion of cardinal 
numbers. The intention here is that the cardinality of a set, whatever 
that is, represents the "size" of the set, and it happens that it is much 
easier to talk about two sets having the same, or different, size 
(cardinality) than it is to explicitly define the size (cardinality) of a 
given set. 

Be that as it may, we associate to each set S a cardinal number, 
denoted by IS I or card(S), that is intended to measure the size of 
the set. Actually, cardinal numbers are just very special types of sets. 
However, we can simply think of them as vague amorphous objects that 
measure the size of sets. 

A set is finite if it can be put in one-to-one correspondence with a 
set of the form ln = {0,1, ... ,n-1}, for some positive integer n. The 
cardinal number (or cardinality) of a finite set is just the number of 
elements in the set. The cardinal number of the set N of natural 
numbers is N0 (read "aleph nought"), where N is the first letter of 
the Hebrew alphabet . Hence, 

Any set with cardinality N0 is called a countably infinite set, and any 
finite or countably infinite set is called a countable set. 

Since it can be shown that IIR I > I N I , the real numbers are not 
countable. 
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If S and T are finite sets, then it is well known that 

I S I ~ I T I and I T I ~ I S I => I S I = I T I 
The first part of the next theorem tells us that this is also true for 
infinite sets. 

The reader will no doubt recall that the power set GJ(S) of a set 
S is the set of all subsets of S. For finite sets, the power set of S is 
always bigger than the set itself. In fact, 

I s I = n => I GJ(S) I = 2n 

The second part of the next theorem says that the power set of any set 
S is bigger than S itself. On the other hand, the third part of this 
theorem says that, for infinite sets S, the set of all finite subsets of S 
is the same size as S. 

Theorem 0.11 
1) (Schroder-Bernstein theorem) For any sets S and T, 

I S I ~ I T I and I T I ~ I S I => I S I = I T I 
2) (Cantor's theorem) If GJ(S) denotes the power set of S, then 

I s I < I GJ(S) I 
3) If GJ0 (S) denotes the set of all finite subsets of S, and if S IS an 

infinite set, then 
Is I = I GJ0(S) I 

Proof. We prove only parts (1) and (2). 
1) To prove the Schroder-Bernstein theorem, we follow the proof of 

Halmos [1960]. Let f:S--->T be an injective function from S into 
T, and let g:T--->S be an injective function from T into S. We 
want to show that there is a bijective function from S to T. For 
this purpose, we make the following definitions. An element s E S 
has descendants 

f(s), g(f(s)), f(g(f(s))), ... 

If t is a descendant of s, then s is an ancestor of t. We define 
descendants of t and ancestors of s similarly. Now, by tracing 
an element's ancestry to its beginning, we find that there are three 
possibilities- the element may originate in S, or in T, or it may 
have no originator. Accordingly, we can write S as the union of 
three disjoint sets 

and 

S5 = { s E S I s originates in S} 
ST = { s E S I s originates in T} 
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800 = {s E SIs has no originator} 

Similarly, we write T as the disjoint union of T8, TT and T00• 

Now, the restriction 
fl s :S8-+T8 s 

is a bijection. For if t E T8, then t = f(s'), for some s' E S. But 
s' and t have the same originator, and so s' E S8. We leave it 
to the reader to show that the functions 

giT :TT-+ST and fls :S00-+T00 T oo 

are also bijections. Putting these three bijections together gives a 
bijection between S and T. Hence, IS I = IT I· 

2) The inclusion map E:S-+~(S) defined by E(s) = {s} is an 
injection from S to ~(S), and so IS I ~ I ~(S) I· To complete 
the proof of Cantor's theorem, we must show that if f:S-+~(S) 1s 
any injection, then f is not surjective. To this end, let 

X= {s E SIs~ f(s)} 

Then X E ~(S), and we now show that X is not in im(f). For 
suppose that X = f(x) for some x E X. Then if x E X, we have 
by definition of X that x ~ X. On the other hand, if x ~ X, we 
have again by definition of X that x EX. This contradiction 
implies that X~ im(f), and so f is not surjective. I 

Now let us define addition, multiplication and exponentiation of 
cardinal numbers. If S and T are sets, the cartesian product S X T 
is the set of all ordered pairs 

S x T = {(s,t) Is E S, t E T} 

Also, we let gT denote the set of all functions from T to S. 

Definition Let 11. and >. denote cardinal numbers. 
1) 

2) 

3) 

The sum 11. + >. is the cardinal number of S U T, where S and 
T are any disjoint sets for which I S I = 11. and I T I = >.. 
The product 11.>. is the cardinal number of S x T, where S and 
T are any sets for which I S I = 11. and I T I = >.. 
The power ~~,>.. is the cardinal number of sT, where S and T 
are any sets for which I S I = 11. and I T I = >.. D 

We will not go into the details of why these definitions make 
sense. (For instance, they seem to depend on the sets S and T, but in 
fact, they do not.) It can be shown, using these definitions, that 
cardinal addition and multiplication is associative, commutative and 
that multiplication distributes over addition. 
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Theorem 0.12 Let K, A and p be cardinal numbers. Then the 
following properties hold. 

1) (Associativity) 

K, +(.X+ p) = (K, +.X)+ p and K,(.Xp) = (KA)p 

2) (Commutativity) 
K + A = A + K, and KA = AK 

3) (Distributivity) 
K(A + p) = K,A + KP, 

4) (Properties of Exponents) 

a) K..\+IJ = K..\KIJ 
b) ( K,\)IJ = K,\IJ 
c) ( KA )IJ = K,IJ ,XIJ I 

On the other hand, the arithmetic of cardinal numbers can seem a 
bit strange at first. 

Theorem 0.13 Let K and A be cardinal numbers. Then 
1) K, +A= max{K,A} 
2) K,A = max{K,A} I 

It is not hard to see that there is a one-to-one correspondence 
between the power set c:J!(S) of a set S and the set of all functions 
from S to { 0,1}. This leads to the following theorem. 

Theorem 0.14 
1) If I s I = K, then I c:J!(S) I = 21\, 
2) K-<2" I 

We have already observed that IN I = N0• It can be shown that 
N0 is the smallest infinite cardinal, that is, 

K < N0 => K is a natural number 

It can also be shown that the set IR of real numbers is in one-to­
one correspondence with the power set c:J!(N) of the natural numbers. 
Therefore, 

The set of all points on the real line is sometimes called the continuum, 
and so 2No is sometimes called the power of the continuum, and 
denoted by c. 

Theorem 0.13 shows that cardinal addition and multiplication has 
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a kind of "absorption" quality, which makes it hard to produce larger 

cardinals from smaller ones. The next theorem demonstrates this more 

dramatically. 

Theorem 0.15 
1) Addition and multiplication, applied a finite number of times to 

the cardinal number N0, do not yield anything more than N0• 

Specifically, for any nonzero n E N, 

2) 

n · N0 = N0 and NS = N0 

Addition and multiplication, applied a countable number of ti~es 
to the cardinal number 2~0 do not yield more than 2 o. 

Specifically, we have 

N0 · 2~0 = 2~0 and (2NO)~O = 2No 1 

Using this theorem, we can establish other relationships, such as 

2No ::S (No)NO ::S (2NO)NO = 2NO 

which, by the Schroder-.Bernstein theorem, implies that 

(No)NO = 2No 

We mention that the problem of evaluating ~~,>. in general is a 
very difficult one, and would take us far beyond the scope of this book. 

We will have use for the following result, whose proof is omitted. 

Theorem 0.16 Let { Ak I k E K} be a collection of sets, indexed by the 

set K, with I K I = K. If I Ak I ::S A for all k E K, then 

I u Ak I :::; All, I 
kEK 

Let us conclude by describing the cardinality of some famous sets. 

Theorem 0.17 
1) 

2) 

The following sets have cardinality N0. 

a) The rational numbers Q. 
b) The set of all finite subsets of N. 
c) The union of a countable number of countable sets. 
d) The set 71..11 of all ordered n-tuples of integers. 
The following sets have cardinality 2~0. 
a) The set of all points in IR11• 

b) The set of all infinite sequences of natural numbers. 
c) The set of all infinite sequences of real numbers. 
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d) The set of all finite subsets of IR. 
e) The set of all irrational numbers. I 

Part 2 Algebraic Structures 

Groups 

Definition A group is a nonempty set G, together with a binary 
operation denoted by *• which satisfies the following properties. 

1) (associativity) For all a,b,c E G 

(a*b)*c = a*(b*c) 

2) (identity) There exists an element e E G for which 

for all a E G. 
3) (inverses) For each a E G, there is an element a-1 E G for 

which 
0 

Definition A group G is abelian, or commutative, if Mb = b*a, for all 
a,b E G. When a group is abelian, it is customary to denote the 
operation * by +, thus writing Mb as a+b. It is also customary to 
refer to the identity as a zero element, and to denote the inverse a-1 

by -a, referred to as the negative of a. 0 

Example 0.7 The set ':f of all bijective functions from a set S to S, 
is a group under composition of functions. 0 

Example 0.8 The set .Ab111 11(F) is an abelian group under addition of 
matrices. The identity is the zero matrix on 111 of size m X n. 

The set .Ab11(F) is not a group under 'multiplication of matrices, 
since not all matrices have multiplicative inverses. However, the set of 
invertible matrices of size n x n IS a nonabelian group under 
multiplication. 0 

A group G is finite if it contains only a finite number of 
elements. The cardinality of a finite group G is called its order and is 
denoted by o(G). Thus, for example, Z11 is a finite group, but 
.Ab11 ,111(1R) is not finite. 
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Rings 

Definition A ring is a nonempty set R, together with two binary 
operations, called addition (denoted by + ), and multiplication (denoted 
by juxtaposition), for which the following hold. 

1) R is an abelian group under addition 
2) (associativity) For all a,b,c E R, 

(ab)c = a(bc) 

3) ( distributivity) For all a,b,c E R, 

(a+ b)c = ac +be and c(a +b)= ca + cb 0 

Definition A ring R is said to be commutative if ab = ba for all 
a,b E R. If a ring R contains an element e with the property that 

ae=ea=a 

for all a E R, we say that R is a ring with identity. The identity e 
is usually denoted by 1. 0 

Example 0.9 The set 7/_n = {0,1, ... ,n-1} is a commutative ring under 
addition and multiplication modulo n 

a Ef) 2b = (a+b) mod n, 

The element 1 E 7/_n is the identity. 

a 0 2b = ab mod n 

Example 0.10 The set of even integers E C 7L is a commutative ring 
under the usual operations on 71., but it has no identity. 0 

Example 0.11 The set .Abn(F) is a noncommutative ring under matrix 
addition and multiplication. The identity matrix In is the identity for 
.Abn(F). 0 

Example 0.12 Let F .be a field. The set F[x) of all polynomials in a 
single variable x, with coefficients in F, is a commutative ring, under 
the usual operations of polynomial addition and multiplication. What 
is the identity for F[x)? 0 

Definition A subring of a ring R is a subset S of R that is a ring in 
its own right, using the same operations as defined ou R. 0 

Applying the definition is not generally the easiest way to show 
that a subset of a ring is a subring. The following characterization is 
usually easier to apply. 
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Theorem 0.18 A nonempty subset S of a ring R is a subring if and 
only if 
1) S is closed under subtraction, that is 

a,b E S => a- b E S 

2) S is closed under multiplication, that is, 

a, b E S => ab E S I 

Integral Domains 

Definition Let R be a ring. A nonzero element r E R is called a zero 
divisor if there exists a nonzero s E R for which rs = 0. A 
commutative ring R with identity is called an integral domain if it 
contains no zero divisors. 0 

Example 0.13 If n is not a prime numoer, then the ring Zn has zero 
divisors, and so is not an integral domain. To see this, observe that if 
n is not prime, then n = ab in l, where a,b 2: 2. But in ln, we 
have 

a 8 nb = ab mod n = n mod n = 0 

and so a and b are both zero divisors. As we will see later, if n is a 
prime, then ln is an integral domain. 0 

Example 0.14 The ring F[x] is an integral domain, since p(x)q(x) = 0 
implies that p(x) = 0 or q(x) = 0. 0 

If R is a ring and rx = ry for r,x,y E R, then we cannot in 
general, cancel the r's, and conclude that x = y. For instance, in l 4 , 

we have 2 · 3 = 2 ·1, but we cannot cancel the 2's, to get 3 = 1. 
However, it is precisely the integral domains in which we can cancel. 

Theorem 0.19 Let R be a commutative ring with identity. Then R 
is an integral domain if and only if the cancellation law 

r =f=. 0 and rx = ry => x = y 

holds in R. 
Proof. Suppose that R is an integral domain. Then 

r =f=. 0 and rx = ry => r(x- y) = 0 => x- y = 0 => x = y 

Conversely, suppose that the cancellation law holds and that ab = 0. 
If a =f=. 0, then we have ab = aO, and so b = 0. Hence, R is an 
integral domain. I 
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Ideals and Principal Ideal Domains 
Rings have another important substructure, besides subrings. 

Definition Let R be a ring. A subset 3 of R is called an ideal if 
1) 3 is closed under subtraction, that is 

a, b E R =? a- b E R 

2) 3 is closed under multiplication by any ring element, that is, 

a E 3, r E R =? ar E 3 and ra E 3 0 

Observe that a subring is closed under multiplication, in the sense 
that the product of two elements in the subring is also in the subring. 
However, an ideal has a stronger closure property, namely, the product 
of an element in the ideal and any element in the ring is in the ideal. 

Example 0.15 Let p(x) be a polynomial in F[x]. The set of all 
multiples of p(x) 

(p(x)) = { q(x)p(x) I q(x) E F[x]} 

is an ideal in F[x]. 0 

Definition Let S be a subset of a ring R with identity. The set 

(sv ... ,sn) = {r1s1 +···+r1A,I ri E R, si E S} 

is an ideal in R, called the ideal generated by S. It is the smallest (in 
the sense of set inclusion) ideal of R containing S. 0 

Note that in the previous definition, we require that R have an 
identity. This is to insure that, for example, s E (s). 

Definition Let R be a ring with identity, and let a E R. The 
principal ideal generated by a is the ideal 

(a)={ralrER} 0 

We will use the following algebraic structure quite a bit m the 
sequel. 

Theorem 0.20 Let R be a ring. 
1) The intersection of any collection {jk IkE K} of ideals is an 

ideal. 
2) If 31 C 32 C · · · is an ascending sequence of ideals, each one 

contained in the next, then the union U 3k is also an ideal. 

Proof. To prove (1), let l = n3k. Then if a,b E J, we have a,b E 3k 
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for all k E K. Hence, a- b E jk for all k E K, and so a- b E l· 
Hence, l is closed under subtraction. Also, if r E R, then ra E jk for 
all k E K, and so ra E l 

To prove (2), observe that if a,b E U jk, then a E ji and bE jj 
for some i, j EN. Hence, if m = max{ij}, we have a,b E jm' and so 
a- b E jm C U jk· Hence, U jk is closed under subtraction. Also, if 
r E R and a E U jk, then a E ji for some i E N, and so 
ra E ji C U jk· Thus, U jk is closed under multiplication by any ring 
element, and so it is an ideal. I 

Note that in general the union of ideals is not an ideal. However, 
as we have just proved, the union of an ascending chain of ideals is an 
ideal. 

Definition An integral domain R in which every ideal is a principal 
ideal is called a principal ideal domain. 0 

Theorem 0.21 The integers form a principal ideal domain. In fact, an 
ideal j in R is generated by the smallest positive integer a that is 
contained in j. I 

Theorem 0.22 The ring F[x] is a principal ideal domain. In fact, any 
ideal j is generated by the unique monic polynomial of smallest degree 
contained in j. Moreover, for polynomials p1, .•. , p11, 

(Pt•···•Pn) = (gcd{pl•···•Pn}) 

Proof. Let j be an ideal in F[x], and let m{x) be a monic 
polynomial of smallest degree in t First, we observe that there is only 
one such polynomial in j. For if n{x) E j is monic, and deg n(x) = 
deg m(x), then 

b(x) = m(x) - n(x) E j 

and since deg b{x) < deg m(x), we must have b(x) = 0, and so 
n{x) = m(x). 

Now, let us show that j is generated by m(x). Since j is an 
ideal, and m{x) E j, we have 

(m(x)) C j 

To establish the reverse inclusion, if p(x) E (m(x)), then dividing p(x) 
by m(x) gives 

p(x) = q(x)m(x) + r(x) 

where r(x) = 0 or 0 ~ deg r(x) < deg m(x). But since j is an ideal, 

r(x) = p(x) - q(x)m(x) E j 
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and so 0 ~ deg r(x) < deg m(x) is impossible. Hence, r(x) = 0, and 

p(x) = q(x)m(x) E (m(x)) 

This shows that 3 C (m(x)}, and so 3 = (m(x)). 
To prove the second statement, let 3 = (p1 (x), ... , p11(x)). Then, 

by what we have just shown, 

3 = (p1 (x), ... , P11(x)) = (m(x)) 

for the unique monic polynomial m(x) in 3 of smallest degree. In 
particular, since Pi(x) E (m(x)), we have 

Pi(x) = ai(x)m(x) 

for some polynomial ai(x), and so m(x) I Pi(x), for each i = 1, ... , n. 
In other words, m(x) is a common divisor of the Pi(x)'s. 

Moreover, if q(x) I Pi(x), for all i, then each Pi(x) is a multiple 
of q(x), and so 

Pi(x) E (q(x)} 

for all i, which implies that 

(m(x)) = (p1(x), ... ,p11(x)) C (q(x)) 

In particular, this implies that m(x) E (q(x)), and so q(x) I m(x). This 
shows that m(x) is the greatest common divisor of the Pi(x)'s, and 
completes the proof. I 

Example 0.16 Let R = F[x,y] be the ring of polynomials in two 
variables x and y. Then R is not a principal ideal domain. To see 
this, observe that the subring 3 of all polynomials with zero constant 
term is an ideal in R. Also, x E 3 and y E l Now, suppose that 3 
is the principal ideal 3 = (p(x,y)). Then there exist polynomials a(x,y) 
and b(x,y) for which 

(0.1) x = a(x,y)p(x,y) and y = b(x,y)p(x,y) 

But if p(x,y) is a constant polynomial, then 3 = (p(x,y)) is all of R, 
which is not the case. Hence, deg(p(x,y))?: 1, and so a(x,y) and 
b(x,y) must both be constants, which implies that (0.1) cannot 
possibly hold. D 

Prime Elements 
We can define the notion of a prime element in any integral 

domain. For r,s E R, we say that r divides s (written r Is) if there 
exists an x E R for which s = xr. 
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Definition Let R be an integral domain. 
1) An invertible element of R is called a unit. Thus, u E R is a 

unit if uv = 1 for some v E R. 
2) Two elements a,b E R are said to be associates if there exists a 

unit u for which a = ub. 
3) A nonzero nonunit p E R is said to be prime if p I ab => p I a 

or pI b. 
4) A nonzero nonunit r E R is said to be irreducible if r = ab => 

either a or b is a unit. D 

Theorem 0.23 
1) 
2) 
3) 
4) 

An element u E R is a unit if and only if (u} = R. 
r and s are associates if and only if (r} = (s). 
r divides s if and only if (s} C (r). 
r properly divides s (that is, s = xr where x is not a unit) if 
and only if (s} ~ (r}. I 

In the case of the integers, an integer is prime if and only if it is 
irreducible. However, this is not the case in general. But it is true for 
principal ideal domains. 

Theorem 0.24 Let R be a principal ideal domain. 
1) If r E R is irreducible, then the principal ideal (r} is maximal, 

that is, (r} =ft R and there is no ideal (a} for which (r} ~ (a}~ R. 
2) An element in R is prime if and only if it is irreducible. 
3) Any r E R can be written as a product 

r = 0 PI'''Pn 

where u is a unit, and Pv ... , Pn are primes. Furthermore, this 
factorization is unique up to order, and unit element u. 

Proof. To prove (1), suppose that r is irreducible, and that 
(r} C (a} C R. Then r E (a}, and so r = xa for some x E R. The 
irreducibility of r now implies that a or x is a unit. But if a is a 
unit, then (a} = R, and if x is a unit, then (a} = (xa} = (r). This 
shows that (r} is maximal. (We have (r} =ft R, since r is not a unit.) 

To prove (2), assume first that p is prime, and let p = ab. 
Then pI ab, and so pI a or pI b. We may assume that pI a. 
Therefore, a = xp, and p = ab = xpb. Canceling p's, we get 1 = xb, 
and so b is a unit. Hence, p is irreducible. (Note that this argument 
applies in any integral domain.) 

Conversely, suppose that r is irreducible, and let r I ab. We 
wish to prove that r I a or r I b. In the terminology of ideals, we 
assume that abE (r), where by part (1), (r) is maximal, and we want 
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to show that a E (r) or bE (r). But 

a rf. (r) ::;. (a,r) = R::;. 1 = xa + yr, for some x,y E R 
and 

b rf. (r) ::;. (b,r) = R ::;. 1 = x'b + y'r, for some x',y' E R 

From this, we get 

1 = (xa+yr)(x'b+y'r) =xx'ab+xy'ar+yx'br+yy'r2 E (r) 

which implies that r is a unit. This contradiction shows that a E (r) 
or bE (r). 

To prove (3), let r E R. If r is irreducible, then we are done. If 
not, then r = r1r2, where neither factor is a unit. If r1 and r2 are 
irreducible, we are done. If not, suppose that r2 is not irreducible. 
Then r2 = r3r4, where neither r3 nor r4 is a unit. Continuing in this 
way, we obtain a factorization of the form (after renumbering if 
necessary) 

(0.2) r = r1r2 = r1(r3r4) = (r1r3)(r5r6) = (r1r3r5)(r7r8) = .. · 

Each step is a factorization of r into a product of nonunits. However, 
this process must stop after a finite number of steps. To see this, 
observe that since 

r2 I r, r41 r2, r61 r4 ' ... 

the sequence (0.2) gives rise to an ascending sequence of ideals 

(r) C {r2) C {r4) C {r6) · · · 

Moreover, since none of the r/s is a unit, the inclusions in this chain 
are proper. Now, if the factorization process did not stop, we would 
obtain an infinite ascending sequence of such ideals. But, according to 
Theorem 0.20, the union CU of all of these ideals would be another 
ideal in R, which must be principal. Suppose that CU = (a). Then 
a E CU and so a E {r2n) for some n. But this is not possible, since it 
would imply that 

CU = (a) C (r2n) 

which implies that (r2n) = (r2(n+l)) = · · ·, contradicting the fact that 
the inclusions are proper. I 

Fields 
In a ring, addition is "stronger" than multiplication, in the sense 

that it must possess more properties. In a field, the two operations 
have essentially the same strength. 
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Definition A field is a set F, containing at least two elements, together 
with two binary operations, called addition (denoted by +) and 
multiplication (denoted by juxtaposition), for which the following hold. 

1) F is an abelian group under addition. 
2) The set F* of all nonzero elements in F is an abelian group 

under multiplication. 
3) (distributivity) For all a,b,c E F, 

(a+b)c=ac+bc and c(a+b)=ca+cb 0 

We require that F have at least two elements to avoid the 
pathological case where 0 = 1. 

Example 0.17 The sets Q, IR and C, of all rational, real and complex 
numbers, respectively, are fields, under the usual operations of addition 
and multiplication of numbers. 0 

Example 0.18 The ring 7L11 is a field if and only if n is a prime 
number. We have already seen that 7L11 is not a field if n is not 
prime, since a field is also an integral domain. Now suppose that n = 
p is a prime. 

We have seen that 7L is an integral domain, and so it remains to 
show that every nonzero element in 7/._P has a multiplicative inverse. 
Let 0 =f. a E 7LP. Since a < p, we know that a and b are relatively 
prime. It follows that there exists integers u and v for which 

ua+vp = 1 
Hence, 

ua = ( 1 - vp) = 1 mod p 

and so u 8 Pa = 1 in 7/._P' that is, u is the multiplicative inverse of a. 0 

The previous example shows that not all fields are infinite sets. In 
fact, finite fields play an extremely important role in many areas of 
abstract and applied mathematics. 

The Characteristic of a Ring 
Let R be a ring. If n is a positive integer, then by n · r, we 

simply mean 
n·r=r+ .. ·+r 

'---v--" 
n tenus 

Now, it may happen that there is a positive integer c for which 

c·1= 1+ .. ·+1 =0 
~ 

c tenus 
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For instance, in ln, we have n · 1 = n = 0. On the other hand, in l, 
c · 1 = 0 implies c = 0, and so no such positive integer exists. 

Notice that, in any finite ring or field, there must exist such a 
positive integer c, since the infinite sequence of numbers 

1 . 1, 2. 1, 3. 1, ... 

cannot be distinct, and so i · 1 = j · 1 for some i =/= j. Hence, if i < j, 
we have (j - i) · 1 = 0. 

Definition Let R be a ring. The smallest positive integer c for which 
c · 1 = 0 is called the characteristic of R. If no such number c exists, 
we say that R has characteristic 0. The characteristic of R is 
denoted by char(R). 0 

If char(R) = c, then for any r E R, we have 

c · r = r + · · · + r = ( 1 + · · · + 1 )r = 0 · r = 0 .....___._.., ,_______..., 
c terms c terms 

Theorem 0.25 Any finite ring has nonzero characteristic. Furthermore, 
any finite field has prime characteristic. 

Proof. We have already seen that a finite ring has nonzero 
characteristic. Let F be a finite. field, and suppose that char(F) = 
c > 0. If c = pq, where p, q < c, then pq · 1 = 0. Hence, 
(p ·1)(q ·1) = 0, implying that p ·1 = 0 or q ·1 = 0. In either case, 
we have a contradiction to the fact that c is the smallest positive 
integer such that c · 1 = 0. Hence, c must be prime. I 

Notice that in any field F of characteristic 2, we have 2a = 0 
for all a E F. Thus, in F, we have 

2 = 0, and a = -a, for all a E F 

These properties take a bit of getting used to, and make fields of 
characteristic 2 quite exceptional. (As it happens, there are many 
important uses for fields of characteristic 2.) 
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Vector Spaces 

Contents: Vector Spaces. Subspaces. The Lattice of Subspaces. 
Direct Sums. Spannmg Sets and Linear Independence. The Dimension 
of a Vector Space. The Row and Column Space of a Matrix. 
Coordinate Matrices. Exercises. 

Vector Spaces 
Let us begin with the definition of our principle object of study. 

Definition Let F be a field, whose elements are referred to as scalars. 
A vector space over F is a nonempty set V, whose elements are 
referred to as vectors, together with two operations. The first 
operation, called addition and denoted by + , assigns to each pair 
(u,v)EVxV ofvectorsin V avector u+v in V. Thesecond 
operation, called scalar multiplication and denoted by juxtaposition, 
assigns to each pair (r,u) E F x V a vector rv in V. Furthermore, the 
following properties must be satisfied. 

1) (Associativity of addition) 

u+ (v+w) = (u+v) +w 

for all vectors u,v,w E V. 
2) (Commutivity of addition) 

u+v=v+u 
for all vectors u, v E V. 
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3) (Existence of a zero) 
There is a vector 0 E V with the property that 

O+u=u+O=u 
for all vectors u E V. 

4) (Existence of additive inverses) 
For each vector u E V, there is a vector in V, denoted by -u, 
with the property that 

u+ (-u) = (-u) + u = 0 

5) (Properties of scalar multiplication) 
For all scalars r and s, we have 

r(u+v) =ru+rv 
(r +s)u = ru+su 

(rs)u = r(su) 
lu=u 

for all vectors u, v E V. D 

Note that the first four properties in the definition of vector space 
can be summarized by saying that V is an abelian group under addition. 

Any expression of the form 

rlvl + .. ·+rnvn 

where ri E F and vi E V for all i, is called a linear combination of 
the vectors v1,. . ., vn. 

Example 1.1 
1) Let F be a field. The set GJ of all functions from F to F is a 

vector space over F, under the operations of ordinary addition 
and scalar multiplication of functions 

and 
(f + g)(x) = f(x) + g(x) 

(rf)(x) = r(f(x)) 

2) The set .Abm,n(F) of all m x n matrices with entries in a field F 
is a vector space over F, under the operations of matrix addition 
and scalar multiplication. 

3) The set Fn of all ordered n-tuples, whose components lie in a 
field F, is a vector space over F, with addition and scalar 
multiplication defined componentwise 

and 
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4) 

When convenient, we will also write the elements of pn in column 
form. When F is a finite field F q with q elements, we use the 
notation V(n,q), rather than F~. Thus, V(n,q) is the set of all 
ordered n-tuples, whose components come from the finite field F q· 

There are various sequence spaces that are vector spaces. The set 
Seq(F) of all infinite sequences, whose entries lie in a field F, is a 
vector space, under componentwise operations 

(sn) + (tn) = (sn + tn) 
and 

r(sn) = (rsn) 

In a similar way, the set c0 of all sequences of complex numbers 
that converge to 0 is a vector space, as is the set € 00 of all 
bounded complex sequences. Also, if p is a positive integer, then 
the set £P of all complex sequences (sn) for which 
L: I sn I P < oo is a vector space under componentwise operations. 
To see that addition is a binary operation on £P, one verifies 
Minkowski 's inequality 

( L: I Sn + tn I P)l/p ~ ( L: I Sn I p)l/p + ( L: I tn I P)l/p 

which we will not do here. (See the exercises in Chapter 12.) 0 

Subs paces 
Most algebraic structures contain substructures, and vector spaces 

are no exception. 

Definition A subspace of a vector space V is a subset S of V that 
is a vector space in its own right, under the operations obtained by 
restricting the operations of V to S. 0 

Since many of the properties of addition and scalar multiplication 
hold, a fortiori, in the subset S, we can establish that a nonempty 
subset is a subspace merely by checking that the subset is closed under 
the operations of V. 

Theorem l.l A nonempty subset S of a vector space V is a subspace 
if and only if 
1) S is closed under addition, that is, 

u,vES::} u+vES 

2) S is closed under scalar multiplication, that is, 

rEF,uES =?ruES 
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Equivalently, S is a subspace if and only if 
3) S is closed under taking linear combinations, that is, 

r,s E F, u,v E S ::} ru+sv E S 0 

Example 1.2 Consider the vector space V(n,2) of all binary n-tuples. 
The weight w(v) of a vector v E V(n,2) is the number of nonzero 
coordinates in v. For instance, w(101010) = 3. Let En be the set of 
all vectors in V of even weight. Then En is a subspace of V(n,2). 

To see this, note that 

w(u + v) = w(u) + w(v)- 2w(u n v) 

where u n v is the vector in V(n,2) whose ith component is the 
product of the ith components of u and v, taken modulo 2. That is, 

(u n v)i = (ui ·vi) mod 2 

Hence, if w(u) and w(v) are both even, so is w(u+v). Finally, 
scalar multiplication over F 2 is trivial, and so En is a subspace of 
V(n,2), known as the even weight subspace of V(n,2). 0 

Example 1.3 Any subspace of the vector space V(n,q) is called a 
linear code. Linear codes are among the most important, and most 
studied, types of codes, because their structure allows for efficient 
encoding and decoding of information. For a detailed discussion of 
linear (and other) codes, see Roman [1992]. 0 

The Lattice of Subspaces 
The set :f(V) of all subspaces of a vector space V is partially 

ordered by set inclusion. The zero subspace {0} is the smallest 
element in :f(V), and the entire space V is the largest element. 

If S,T E L(V), then S n T is the largest subspace of V that 
contains S and T. Hence, in :f(V), the greatest lower bound of S 
and T is 

glb{S,T} = S n T 

Similarly, if {Si I i E K} is any collection of subspaces of V, then the 
intersection n si 

i E K 

IS also a subspace of V, and is the greatest lower bound of the 
collection {SJ. 

On the other hand, if S,T E :f(V), then S UTE :f(V) if and only 
if S C T or T C S. Thus, the union of subspaces is never a subspace 
in any "interesting" case. We also have the following. 
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Theorem 1.2 A vector space V over an infinite field F is never the 
union of a finite number of proper subspaces. 

Proof. Suppose that V = S1 u ···uSn, where we may assume that 
S1 ¢ S2 U .. ·USn. Let wE S1 - {S2 U .. ·USn), and let v ~ S1• 

Consider the infinite set A= { w + rv IrE F}. (This is the "line" 
through w, parallel to v.) We want to show that each Si contains at 
most one vector from the infinite set A, which is contrary to the fact 
that v = sl u ... u sn, and so this will prove the theorem. 

Suppose that w + rv E S1 for r ::f:. 0. Then since w E S11 we 
would have rv E S1, or v E S1, contrary to assumption. Next, suppose 
that w + r1 v, w + r2 v E Si, for i ~ 2, where r1 ::f:. r2. Then 

sl 3 r2(w+rlv) -rl(w+r2v) = {r2 -rl)w 

and so w E Si, which is also contrary to assumption. I 

To determine the smallest subspace of V containing the 
subspaces S and T, we make the following definition. 

Definition Let S and T be subspaces of V. The sum S + T is the 
set of all sums of vectors from S and T, that is, 

s + T = { u + v I u E s, v E T} 

More generally, the sum of any collection {Si I i E K} of subspaces is 
the set of all finite sums of vectors from the union U Si 

L: Si = {s1 + .. · + ~ lsj E. U Si} 
iEK IEK 

D 

It is not hard to show that the sum of any collection of subspaces 
of V is a subspace of V, and that 

and, more generally, 
lub{S,T} = S + T 

lub{SJ = L: Si 
iEK 

A partially ordered set in which every pair of elements has a least 
upper bound and greatest lower bound is called a lattice. 

Theorem 1.3 The set :f{V) of all subspaces of a vector space V 1s a 
lattice under set inclusion, with 

glb{S,T} = S n T and lub{S,T} = S + T D 
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Direct Sums 
As we will see, there are many ways to construct new vector 

spaces from old ones. 

Definition Let V 1, ••• , V n be vector spaces over the same field F. 
The external direct sum of V 1, ... , V n' denoted by V = V 1 83 · · · 83 V n' is 
the vector space V whose elements are ordered n-tuples 

v = {(vl'"'' vn) I viE vi, i = l, ... ,n} 

with componentwise operations 

(ul'"'' ~) + (v1, ... , vn) = (u1 + v1, ... , ~ + vn) 
and 

D 

Example l.4 The vector space Fn is the external direct sum of n 
copies of F, that is, 

where there are n summands on the right-hand side. D 

This construction can be generalized to any collection of vector 
spaces, by generalizing the idea that an ordered n-tuple ( v1, ... , vn) is 
just a function f:{l, ... ,n}-+UVi, with the property that f(i) E vi. 
One possible generalization is given by the following definition. 

Definition Let ~ = {Vi I i E K} be any family of vector spaces over F. 
The direct product of ~ is the vector space 

II vi= {f:K--U vi I f(i) E VJ 
iEK iEK 

thought of as a subspace of the vector space of all functions from K to 
UVi. D 

The following will prove more useful to us, however. 

Definition Let ~ = {Vi I i E K} be a family of vector spaces over F. 
The support of a function f:K-+UVi is the set 

supp(f) = {i E K I f(i) ::j; 0} 

Thus, f has finite support if f(i) = 0 for all but a finite number of 
i E K. The external direct sum of the family ~ is the vector space 

. EB vj = {r:K-+ u vj I f(i) E vj, f has finite support} 
IEK iEK 
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thought of as a subspace of the vector space of all functions from K to 
UVi. D 

An important special case occurs when Vi= V for all i E K. If 
we let yK denote the set of all functions from K to V and (VK)0 
denote the set of all functions in yK that have finite support, then 

IT V = yK and E8 V = (VK)0 
ieK ieK 

There is also an internal version of the direct sum construction. 

Definition Let V be a vector space. We say that V is the (internal) 
direct sum of a family <J = {Si I i E K} of subspaces of V if every 
vector v in V can be written, in a unique way (except for order), as a 
finite sum of vectors from the subspaces in IJ, that is, if for all v E V, 

v=u1 +···+~ 

for some Uj E Si, and furthermore, if 

v= w1 +···+wn 
where wi E si, then Wj = Uj for all i = 1, ... 'n. 

If V is the direct sum of <J, we write 

v = E9 s. 
i E K 1 

and refer to each Si as a direct summand of V. If <J = {S1, ... ,Sn} 
is a finite family, we write 

V = S1 EB···EBSn 

If V = S $ T, then T is called a complement of S in V. We will 
often write sc to denote a complement of S. D 

The reader will be asked in a later chapter to show that the 
concepts of internal and external direct sum are essentially equivalent. 
Since the internal version of direct sum will be used more often, we 
simply refer to it as the direct sum. Once we have discussed the 
concept of a basis, the following theorem can be easily proved. 

Theorem 1.4 Any subspace of a vector space has a complement, that 
is, if S is a subspace of V, then there exists a subspace sc for which 
V = S EBSc. D 

It should be emphasized that a subspace generally has many 
complements. The reader can easily find examples of this in IR2• The 
following characterization of direct sums is quite useful. 
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Theorem 1.5 A vector space V is the direct sum of a family GJ = 
{Vi I i E K} of subspaces if and only if 
1) v = L: si 

i EK 
2) For each i E K, 

Proof. Suppose first that V is the direct sum of GJ. Then (1) 
certainly holds, and if 

then 

and 

where Sj E si 
representations, 
holds. 

for all i. Hence, by the uniqueness of direct sum 
si = 0 for all i = 1, ... ,n, and so v = 0. Thus, (2) 

For the converse, suppose that (1) and (2) hold. 
v is a sum of vectors from the si, 

where ti E Si, then 

Then any vector 

But if vi = Bj - ti E Si is nonzero, then vi can be written as a sum of 
vectors from the Sj, with j f. i, which contradicts (2). Hence, Bj = ti 
for all i, and V is the direct sum of GJ. I 

Example 1.5 Any matrix A E .At,n can be written in the form 

(1.1) A=~(A+AT)+~(A-AT)=B+C 

where AT is the transpose of A. It is easy to verify that B is 
symmetric, and C is skew-symmetric, and so (1.1) is a decomposition 
of A as the sum of a symmetric matrix and a skew-symmetric matrix. 

Since the sets Sym and SkewSym of all symmetric and skew­
symmetric matrices in .Abn are subspaces of .Abn, we have 

An = Sym + SkewSym 

Furthermore, if S + T = S' + T', where S and S' are symmetric, and 
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T and T' are skew-symmetric, then the matrix 

U = S - S' = T - T' 

IS both symmetric and skew-symmetric. 
char(F) f:. 2, we deduce that U = 0, and so 
Thus, 

An = Sym (f) SkewSym 

Spanning Sets and Linear Independence 

Hence, 
S =S' 

35 

provided that 
and T = T'. 

D 

A set of vectors spans a vector space if every vector can be written 
as a linear combination of some of the vectors in that set. 

Definition The subspace spanned (or generated) by a set S of vectors 
in V is the set of all linear combinations of vectors from S 

(S) = span(S) = {r1 v1 + · · · + rn vn I ri E F, viE V} 

When S = {v1, ... ,vn} is a finite set, we use the notation (v1, ... ,vn), 
or span{vv ... ,vn}· A set S of vectors in V is said to span V, or 
generate V, if 

V = span(S) 

that is, if every vector v E V can be written in the form 

v=r1v1 +···+rnvn 

for some scalars r 1, ... , r n and vectors v 1, ... , vn. D 

It is clear that any superset of a spanning set is also a spanning 
set. Note also that all vector spaces have spanning sets, since the entire 
space is a spanning set. 

Definition The nonempty set S of vectors m V IS linearly 
independent if for any v 1, .•• , v n in V, we have 

r1 v1 + · · · + rn vn = 0 ::} r1 = · · · = rn = 0 

If a set of vectors is not linearly independent, it is linearly dependent. D 

It follows from the definition that any nonempty subset of a 
linearly independent set is linearly independent. 

Theorem 1.6 Let S be a set of vectors in V. 
1) S is linearly independent if and only if every vector in the span of 

S has a unique expression as a linear combination of the vectors 
in S. 
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2) S is linearly independent if and only if no vector in S is a linear 
combination of the other vectors in S. I 

The relationship between minimal spanning sets and linear 
independence is described in the following key theorem. 

Theorem 1.7 Let S be a set of vectors in V. The following are 
equivalent. 
1) S is linearly independent and spans V. 
2) For every vector v E V, there is a unique set of vectors v1, ••• , vn 

m S, along with a unique set of scalars r1, ••• ,rn in F, for which 

v=r1v1 +···+rnvn 

3) S is a minimal spanning set in the sense that S spans V, and 
any proper subset of S does not span V. 

4) S is a maxima/linearly independent set in the sense that S is 
linearly independent, but any proper superset of S is not linearly 
independent. 

Proof. We leave it to the reader to show that {1) and {2) are 
equivalent. Now suppose (1) holds. Then S is a spanning set. If 
some proper subset S' of S also spanned V, then any vector in 
S- S' would be a linear combination of the vectors in S', contradicting 
the fact that the vectors in S are linearly independent. Hence {1) 
implies (3). 

Conversely, if S is a minimal spanning set, then it must be 
linearly independent. For if not, some vector s E S would be a linear 
combination of the other vectors in S, and so S- {s} would be a 
proper spanning subset of S, which is not possible. Hence {3) implies 
{1). 

Suppose again that {1) holds. Then S is linearly independent. If 
S were not maximal, there would be a vector v E V - S for which the 
set S U { v} is linearly independent. But then v is not in the span of 
S, contradicting the fact that S is a spanning set. Hence, S is a 
maximal linearly independent set, and so {1) implies (4). 

Conversely, if S is a maximal linearly independent set, then it 
must span V, for if not, we could find a vector v E V- S that is not a 
linear combination of the vectors in S. Hence, S U {v} would be a 
linearly independent proper superset of S, which is a contradiction. 
Thus, {4) implies {1). I 

Corollary 1.8 A finite set S = { v 1, ... , v nl of vectors in V is a basis 
for V if and only if 

I 
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Definition Any set of vectors in V that is linearly independent and 
spans V is called a basis for V. Thus, a set of vectors is a basis for 
V if and only if it satisfies any (and hence all) of the conditions in 
Theorem 1. 7. 0 

Example 1.6 The ith standard vector in Fn is the vector ei that has 
Os in all coordinate positions except the ith, where it has a 1. Thus, 

e1 = (1,0, ... ,0), ~ = (0,1, ... ,0), ... , '\t = (0, ... ,0,1) 

The set { e1, ... , '\t} is called the standard basis for Fn. 0 

The proof that every nontrivial vector space has a basis is a classic 
example of the use of Zorn's lemma. 

Theorem 1.9 Any vector space, except the zero space {0}, has a basis. 

Proof. Let V be a nonzero vector space, and consider the collection .A 
of all linearly independent subsets of V. This collection is not empty, 
since any single nonzero vector forms a linearly independent set. Now, 
if 11 C 12 C · · · is a chain of linearly independent subsets of V, then 
the union 

is also a linearly independent set. Hence, every chain in .A has an 
upper bound in .A, and according to Zorn's lemma, .A must contain a 
maximal element, that is, V has a maximal linearly independent set, 
which is a basis for V by Theorem 1.7. I 

Theorem 1. 7 makes it easy to prove the following useful result. 

Theorem 1.10 
1) Any linearly independent set of vectors in V is contained in a 

basis for V. That is, any linearly independent set can be extended 
to a basis for V. 

2) Any spanning set for V contains a basis for V. That is, any 
spanning set can be reduced to a basis for V. I 

The reader can now show, using Theorem 1.10, that any subspace 
of a vector space has a complement. 

The Dimension of a Vector Space 
The next result, with its classical elegant proof, says that if a 

vector space V has a finite spanning set S, then the size of any 
linearly independent set cannot exceed the size of S. 
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Theorem 1.11 Let V be a vector space, and assume that the vectors 
v1, ... ,vn are linearly independent, and the vectors s1, ... ,sm span V. 
Then n :Sm. 

Proof. First, we list the two sets of vectors 

Then we move the last vector vn to the front of the first list 

Since sll ... ,sm span V, vn is a linear combination of the Bj'S. This 
implies that we may remove one of the s/s, say sj, from the first list, 
and still have a spanning set 

where the hat • means that the vector has been removed from the list. 
Now we repeat the process, moving vn_1 from the second list to 

the beginning of the first list 

As before, the vectors in the first list are linearly dependent, since they 
spanned V before the inclusion of vn_1. However, since the v/s are 
linearly independent, any linear combination of the vectors in the first 
list must involve at least one of the s/s. Hence, we may remove that 
vector, say SJ., and still have a spanning set 

It should be clear that this process can be continued until we run 
out of either the s/s or the v/s. However, if we run out of the s/s 
before the v/s, that is, if m < n, then the first list will be a proper 
subset of the vi's that spans V, which contradicts the independence of 
the vi's. Therefore, m ~ n. I 

Corollary 1.12 If V has a finite spanning set, then any two bases of 
V have the same size. I 

Now let us prove Corollary 1.12 for arbitrary vector spaces. 

Theorem 1.13 If V is a vector space, then any two bases for V have 
the same cardinality. 

Proof. We may assume that all bases for V are infinite sets, for if any 
basis is finite, then V has a finite spanning set, and so Corollary 1.12 
applies. 
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Let c:B be a basis for V. We may write c:B ={hi I i E 1}, where I 
is the index set, used to index the vectors in c:B. Note that I I I = 
I c:B I· Now let e be another basis for v. Then any vector c E e can 

be written as a finite linear combination of the vectors in c:B, where all 
of the coefficients are nonzero, say 

c = "'r-h· L..J I I 

i euc 

Here, Uc is a finite subset of the index set I. Now, because e is a 
basis for V, the union of all of the U c's, as c varies over e, must 
be I, in symbols, 

(1.2) u Uc=l 
cee 

For if all vectors in the basis e can be expressed as a finite linear 
combination of the vectors c:B- {~}, for some k, then all vectors in V 
can be expressed in this manner, implying that c:B- {~} spans V, 
which is not the case. 

Now, from (1.2), Theorem 0.16 implies that 

But we may also reverse the roles of c:B and e, to conclude that 
I e I :S I c:s I , and so I c:s I = I e I . 1 

Theorem 1.13 allows us to make the following definition. 

Definition A vector space V is finite dimensional if it is the zero space 
{0}, or if it has a finite basis. All other vector spaces are infinite 
dimensional. 

The dimension of. the zero space is 0, and the dimension of any 
nonzero vector space is the cardinality of any basis for V. If a vector 
space V has a basis of cardinality "'• we say that V is IV-dimensional, 
and write dim(V) = "-· 0 

It is easy to see that if S is a subspace of V, then 
dim(S) :S dim(V). Furthermore, if dim(S) = dim(V) < oo then S = V. 

Theorem 1.14 Let S and T be subspaces of a finite dimensional 
vector space V, then 

dim(S) + dim(T) = dim(S + T) + dim(S n T) 

In particular, if sc is any complement of S in V, then 

dim(S) + dim(Sc) = dim(V) I 
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Theorem 1.15 Let V be a vector space. 
1) If c:B is a basis for V, and if c:B = c:B1 U c:B2 and c:B1 n c:B2 = 0, 

then 
V = span{C:S1} Ef) span{C:S2} 

2) Let V = S Ef) T. If c:B1 is a basis for S and c:B2 is a basis for 
T, then c:B1 n c:B2 = 0 and c:B = c:B1 U c:B2 is a basis for V. I 

The Row and Column Space of a Matrix 
Let A be an m x n matrix over F. The rows of A span a 

subspace of pn known as the row space of A, and the columns of A 
span a subspace of pm known as the column space of A. The 
dimensions of these spaces are called the row rank and column rank, 
respectively. We denote the row space and row rank by rs(A) and 
rr(A), and the column space and column rank by cs(A) and cr(A). 

It is a remarkable, and useful, fact that the row rank of a matrix 
is always equal to the column rank, despite the fact that if m -:/= n, the 
row space and column space lie in different vector spaces. 

To see this, let A be an m x n matrix. Some subset of the rows 
of A form a basis for rs(A). Let A' be the submatrix of A 
containing just these rows. Hence, 

(1.3) 
and 
(1.4) 

rr(A') = rr(A) 

cr(A') ~ cr(A) 

Consider the matrix C obtained by throwing away all columns of 
A', except those that form a basis for the column space of A'. Thus, 
C is a matrix of size rr(A') x cr(A'), whose cr(A') columns form a 
basis for cs(A'), which is a subspace of Fr, where r = rr(A'). Hence, 

(1.5) cr(A') ~ rr(A') 

We propose to show that cr(A') = rr(A'). 
If c1, ... , 'ic' are the columns of C, then the ith column ai of A' 

has the form 

and so 

Hence, if R is the k' x n matrix whose ith column is ri, we have 

A'=CR 
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Now, if cr(A') < rr(A'), then the matrix C would have linearly 
dependent rows, and so there would exist a nonzero row vector v for 
which vC = 0. Hence, 

vA' = vCR = 0 

and so the rows of A' would be linearly dependent, which is not the 
case. Therefore, cr(A') 1: rr(A'), and so (1.5) implies that 

cr(A') = rr(A') 

This, together with (1.3) and (1.4), gives 

rr(A) = rr(A') = cr(A') ~ cr(A) 
T But, we can apply the same reasoning to the transpose A of A, 

to deduce that 
rr(A T) ~ cr(A T) 

and since rr(A T) = cr(A) and cr(A T) = rr(A), we have 

cr(A) ~ rr(A) 

which, together with the reverse inequality, gives cr(A) = rr(A). (I 
am indebted to Professor William Gearhart for suggesting the above 
argument.) Let us summarize. 

Theorem 1.16 For any matrix A, we have rr(A) = cr(A). This 
number is called the rank of A, and denoted by rk(A). I 

Coordinate Matrices 
From the point of view of the vector space operations, every 

n-dimensional vector space is essentially the same. To understand this 
statement more clearly, we make the following definition. 

Definition Let dim(V) = n. An ordered basis for V is an ordered 
n-tuple (v1 , ... ,vn) of vectors, for which the set {v1, ... ,vn} is a basis 
for V. D 

Thus, the only difference between a basis and an ordered basis is 
that we impose an order on the vectors in an ordered basis. 

Now, let us fix an ordered basis <:B = (v1, ... ,v11) for V. For 
each vector v E V, there is a unique ordered n-tuple (rv ... ,rn) of 
scalars for which 

v=r1v1 +···+r11v11 

This allows us to associate to each vector v E V a unzque column 
matrix of length n as follows 
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{1.6) 

The matrix [v]~ is known as the coordinate matrix of v with respect 
to the ordered basis ~. Clearly, knowing the coordinate matrix [v]~ 

is just as good as knowing v. (Assuming that we know ~.) 

Furthermore, performing linear operations on coordinate matrices 
has essentially the same effect as performing the same operations on the 
vectors in V. That is, 

and 

or, more generally, 

[u + v]~ = [u]~ + [v]c:,s 

[rv]c:,s = r[v]c:,s 

The association {1.6) defines a function 

¢~(v) = [v]c:,s 

from V to F11 (where we write the elements of F11 as column 
vectors). Because ~ is a basis, it is easy to see that ¢~ is bijective. 
Moreover, (1.7) is equivalent to 

¢c:,s(rl vl + ... + rn vn) = rl ¢c:,s( vl) + ... + rn¢c:,s( vn) 

which says that ¢c:,s preserves the vector space operations. Functions 
from one vector space to another that preserve the vector space 
operations are called linear transformations and form the objects of 
study of the next chapter. 

EXERCISES 
1. Show that the sum of any collection of subspaces of V is a 

subspace of V, and that if S,T E :f(V), then lub{S,T} = S + T. 
2. Find a vector space V and a subset S of V that is a vector 

space, using operations that differ from those of V. 
3. Referring to Example 1.1, what are the subset relationships, if 

any, between Seq(C), c0, £00 and £1? 
4. Prove that if S,T E :f(V), then S UTE :f(V) if and only if 

S C T or T C S. 
5. Let S, T and U be subspaces of V. Show that if U C S, then 

S n (T + U) = (S n T) + U 
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This is called the modular law, for the lattice :f(V). 
6. Show that the set Sym of all symmetric matrices of size n x n is 

a subspace of An, as is the set SkewSym of all skew-symmetric 
matrices of size n x n. 

7. Prove the the first two statements in Theorem 1. 7 are equivalent. 
8. Show that any subspace of a vector space is a direct summand. 
9. Let dim(V) < oo, and suppose that V = U EB S1 and V = U EB S2• 

What can you say about the relationship between S1 and S2? 
10. Show that if S is a subspace of a vector space V, then 

dim(S) :S dim(V). Furthermore, if dim(S) = dim(V) < oo, then 
S = V. Give an example to show that the finiteness is required in 
the second statement. Hint: think about the vector space of 
polynomials F[x]. 

11. What is the relationship between S $ T and T $ S? Is the 
direct sum operation commutative? Formulate and prove a 
similar statement concerning associativity. Is there an "identity" 
for direct sum? What about "negatives"? 

12. Prove that the vector space 'J of all functions from IR to IR is 
infinite dimensional. 

13. Prove that the vector space e of all continuous functions from IR 
to IR is infinite dimensional. 

14. Let F be a field, and let V be an infinite dimensional vector 
space over F. What is the cardinality of V? 

15. If dim(V) = n does V necessarily contain a subspace of any 
dimension r satisfying 0 :S r :S n? 

16. Show that Theorem 1.2 does not hold if the base field F is finite. 
17. Let S be a subspace of V. The set v+S={v+slsES} is 

called an affine subspace of V. 
a) Under what conditions is an affine subspace of V a subspace 

of V? 
b) Show that any two affine subspaces of the form v + S and 

w + S are either equal or disjoint. 
18. If V and W are vector spaces over F for which IV I = I WI, 

then must it be true that dim(V) = dim(W)? 
19. Let V be an n-dimensional vector space over a finite field F, 

with I F I = q. What is the cardinality of V? 
20. Let F be a field. A subfield of F is a subset K of F that is a 

field in its own right, using the same operations as defined on F. 
a) Show that F is a vector space over a subfield K of F. 
b) Suppose that F is an m-dimensional subspace over a subfield 

K of F. If V is an n-dimensional vector space over F, 
show that V is also a vector space over K. What is the 
dimension of V as a vector space over K? 
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Linear Transformations 
Loosely speaking, a linear transformation is a function from one 

vector space to another that preserves the vector space operations. Let 
us be more precise. 

Definition Let V and W be vector spaces over the same field F. A 
function r: V---+ W is said to be a linear transformation if 

r(ru + sv) = rr(u) + sr(v) 

for all scalars r ,s E F and vectors u, v E V. A linear transformation 
r: V---+ V is called a linear operator on V. The set of all linear 
transformations from V to W is denoted by .t..(V,W), and the set of 
all linear operators on V is denoted by .t..(V). D 

We should mention that some authors use the term linear 
operator for any linear transformation from V to W. 
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Definition The following terms are also employed: 
1) homomorphism for linear transformation 
2) endomorphism for linear operator 
3) monomorphism for injective linear transformation 
4) epimorphism for surjective linear transformation 
5) isomorphism for bijective linear transformation. 0 

Example 2.1 
1) The derivative D:c:D---tc:D is a linear operator on the vector space of 

all infinitely differentiable functions on IR. 
2) The integral operator r:F[x]---tF[x] defined by 

r(f) = J: f(t) dt 

is a linear operator on F[x]. 
3) Let A be an m x n matrix over F. The function T A:Fn---tFm 

defined by T A(v) = Av, where all vectors are written as column 
vectors, is a linear transformation from Fn to Fm. 0 

We next show that L(V,W) is a vector space in its own right. 
Moreover, the set L(V) has the structure of an algebra, as given by the 
following definition. 

Definition Let F be a field. An algebra .A. over F is a nonempty 
set .A., together with three operations, called addition (denoted by + ), 
multiplication (denoted by juxtaposition), and scalar multiplication 
(also denoted by juxtaposition), for which the following properties hold. 
1) .A. is a vector space under addition and scalar multiplication. 
2) .A. is a ring under addition and multiplication. 
3) If r E F and a, b E .A then 

r(ab) = (ra)b = a(rb) 0 

Thus, an algebra is a vector space in which we can take the 
product of vectors, or a ring in which we can multiply each element by 
a scalar (subject, of course, to additional requirements, as given in the 
definition). We now return to linear transformations. 

Theorem 2.1 
1) 

2) 

3) 

The set L(V,W) is a vector space, under ordinary addition of 
functions and scalar multiplication of functions by elements of F. 
If u E L(U,V) and T E L(V,W), then the composition ru is in 
L(U,W). 
If T E L(V,W) is bijective, then r-1 E L(W,V). 
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4) The vector space .L(V) is an algebra, where multiplication is 
composition of functions. The identity map t E .L(V) is the 
multiplicative identity, and the zero map 0 E .L(V) is the 
additive identity. 

Proof. We prove only part 3. Let r:V~W be a bijective linear 
transforma:tion. Then T-I:w~v is a well-defined function, and since 
any two vectors wi and w2 in W have the form wi = r(vi) and 
w2 = r(v2), we have 

T-I(rwi + sw2) = T-I(rr(vi) + sr(v2)) 

= r-\r(rvi +sv2)) 

= rvi +sv2 

= rr-I(wi) + sr-1(w2) 

which shows that T-I is linear. I 

One of the easiest ways to define a linear transformation is to give 
its values on a basis. The following theorem says that we may assign 
these values arbitrarily and thereby obtain a unique linear 
transformation. 

Theorem 2.2 Let ~ be a basis for V, and let W be a vector space. 
Then we can define a linear transformation T E .L(V, W) by specifying 
the values of r(b) E W arbitrarily, for all bE~. and extending the 
domain of T to all of V by linearity. Moreover, if r,cr E .L(V,W) 
have the property that r(b) = cr(h) for all hE~. then T =cr. 

Proof. Once T is defined on the basis vectors in ~. we extend the 
definition of T by letting 

r(r1 b1 + · · · + rnbn) = r1r(b1) + · ·· + rnr(bn) 

The crucial point is that this is well-defined, since each vector in V 
has a unique representation as a linear combination of a finite number 
of vectors in ~. We leave proof of the linearity of r, and the 
uniqueness, to the reader. I 

If T E .L(V,W), and if S is a subspace of V, then we may 
restrict the domain of T to S. The resulting map, denoted by T I S• is 
a linear transformation from S to W, and is called the restriction of 
T to S. We will have many occasions to use this concept in the sequel. 
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The Kernel and Image of a Linear Transformation 
There are two very important vector spaces associated with a 

linear transformation T from V to W. 

Definition Let r E t(V,W). The set 

ker(r) = {v E VI r(v) = 0} 

is called the kernel of r, and the set 

im(r) = {r(v) I v E V} 

is called the image of T. The dimension of ker( T) is called the nullity 
of r, and is denoted by null(r). The dimension of im(r) is called the 
rank of r, and is denoted by rk(r). 0 

It is routine to show that ker( T) is a subspace of V and im( T) 
is a subspace of W. Moreover, we have the following. 

Theorem 2.3 Let r E t(V,W). Then 
1) T is surjective if and only if im( T) = W 
2) T is injective if and only if ker(r) = {0} 

Proof. The first statement is merely a restatement of the definition of 
surjectivity. To see the validity of the second statement, observe that 

(2.1) r(u)=r(v) ~ r(u-v)=O ~ u-vEker(r) 

Hence, if ker(r) = {0}, then 

r(u) = r(v) ~ u = v 

which shows that T is injective. Conversely, if T is injective, then 
(2.1) implies that 

u-v=O ~ u=v ¢> u-vEker(r) 

and so, letting w = u- v, we get w = 0 if and only if w E ker( T ), 

that is, ker(r) = {0}. I 

Isomorphisms 

Definition A bijective linear transformation r: V-+ W is called an 
isomorphism from V to W. When an isomorphism from V to W 
exists, we say that V and W are isomorphic, and write v.~ W. 0 

Example 2.2 Let dim(V) = n. For any ordered basis c:B of V, the 
map <foc:s:V --+Fn that sends each vector v to its coordinate matrix 
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[vJc:s is an isomorphism. Hence, any n-dimensional vector space over 
F is isomorphic to Fn. We will refer to the map 1/Jc:s many times in 
the sequel. D 

When two vector spaces are isomorphic, they behave in essentially 
the same way with respect to the concepts that depend only on linear 
operations. The following result provides support for this view. 

Theorem 2.4 Suppose that T E L(V,W) is an isomorphism. Let S be 
a set of vectors in V, and let 

r(S) = {r(s) Is E S} 

be the set of images of the vectors in S. Then 
1) S spans V if and only if r(S) spans W. 
2) S is linearly independent in V if and only if r(S) is linearly 

independent in W. 
3) S is a basis for V if and only if r(S) is a basis for W. I 

An isomorphism can be characterized as a linear transformation 
r: V--+ W that maps a basis for V to a basis for W. 

Theorem 2.5 Let T E L(V,W). If c:B is a basis for V and if 

r(c:B) = {r(b) I bE c:B} 

is a basis for W, then T is an isomorphism from V onto W. I 

The following theorem says that, up to isomorphism, there is only 
one vector space of any given dimension. 

Theorem 2.6 Let V and W be vector spaces over F. Then V ~ W 
if and only if dim(V) = dim(W). I 

In Example 2.2, we saw that any n-dimensional vector space is 
isomorphic to Fn. To examine the infinite dimensional counterpart of 
this result, let us observe that each n-tuple v = (a1, ... ,an) E Fn can be 
thought of as a function f:{1, ... ,n}--+F, where the value of f(i) is 
simply the ith coordinate ai of v. Hence, we may think of Fn as 
the set F8 of all functions from the set B = { 1, ... , n} to the set F. 

Now let us generalize this to include the infinite case. Suppose 
that B is any set (finite or infinite), called an index set. Recall that 
the vector space of all functions from B to the field F is denoted by 
F8 , and that the set of all functions in F8 that have finite support is 
denoted by (F8 )0. 
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Since any linear combination of functions with finite support also 
has finite support, (F8 )0 is a subspace of F8 . We leave it to the 
reader to show that the functions 8b E (F8)0 defined for all b E B, by 

form a basis for 
dim( (F8 )0) = I B I · 

if X= b 

if X# b 

(F8 )0, called the standard basis. Hence, 

Theorem 2.7 If n is a natural number, then any n-dimensional vector 
space over F is isomorphic to Fn. If K. is any cardinal number, and 
if B is a set of cardinality K, then any K:-dimensional vector space 
over F is isomorphic to the vector space (F8 )0 of all functions from 
B to F with finite support. I 

The Rank Plus Nullity Theorem 
Let T E L(V,W). We know that ker( r), being a subspace of V, 

has a complement ker( T )c, that is, 

(2.2) V = ker(r) EEl ker(r)c 

Let % be a basis for ker(r), and let e be a basis for ker(r)c. Since 
9G n e = 0 and 9G u e is a basis for v, we have 

dim(V) = dim( ker( T)) + dim( ker( r )c) 

Now, the restriction of T to ker(r)c, which we denote by 

rc:ker( r)c-+im( r) 

is easily seen to be an isomorphism. In fact, Tc is injective, since if 
v E ker( T )c (which is the domain of rc) and rc( v) = 0, then r( v) = 0, 
and so v E ker( r)c n ker( r) = {0}, which implies that v = 0. 

To see that rc is surjective, suppose that r(v) E im(r). Then 
(2.2) implies that v=u+w, where uEker(r) and wEker(r)c. 
Therefore, 

r(v) = r(u) + r(w) = r(w) = rc(w) 

which shows that r( v) E im( rc). Hence, im( r) C im( rc), and since the 
reverse inclusion is obvious, we have im( rc) = im( r). Hence, rc is 
onto im(r). 

Thus, Tc is an isomorphism, and 

ker( r)c ~ im( r) 
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From this, we deduce several useful facts, which are given m the 
following theorem. 

Theorem 2.8 Let r E L(V,W). Then we have the following: 
1) ker(rr ~ im(r) 
2) (The rank plus nullity theorem) 

dim(ker(r)) + dim(im(r)) = dim(V) 

or, in other notation, 

rk(r) + null(r) = dim(V) 

3) If S is a subspace of V, then all complements of S are 
isomorphic. 

4) If S is a subspace of V, then 

dim(S) + dim(Sc) = dim(V) 

Proof. Part (1) has been proven. Part (2) follows from the fact that 
because 9G and e are disjoint and 1 e 1 = 1 r(e) 1 = dim( im( r)), 

dim(V) = I% u e I = I% I + I e I = dim(ker(r)) + dim(im(r)) 

To prove parts (3) and (4), let S be a subspace of V, and let T be a 
particular complement of S. Thus V = S Ef) T. Define a map p:V -+T 
as follows. Any v E V has the form v = u + w, where u E S and 
wET. Let p(v) = w. We leave it to the reader to show that 
p E L(V), and that ker(p) = S and im(p) = T. Now, part (1), applied 
to the map p, says that sc ~ T, for any complement sc of S. 
Hence, any two complements of S are isomorphic to T, and therefore 
to each other. Part (4) follows from part (2), applied to the map p. I 

Theorem 2.8 has an important corollary. 

Corollary 2.9 Let T E L(V,W), where dim(V) = dim(W) < oo. Then T 

is injective if and only if it is surjective. I 

Linear Transformations from F0 to Fm 
For any m x n matrix A over F, we can define the map 

"multiplication by A" 
rA(v) = Av 

where v E Fn is written in column form. Note that r A is a function 
from Fn to Fm. It is easy to see that r A is a linear transformation. 

As it happens, all linear transformations r E L(Fn,Fm) have the 



52 2 Linear Transformations 

form r A for some m X n matrix A. To see this, recall that r is 
uniquely defined by its values on a basis for Fn, in particular, by its 
values on the standard basis 

r( e1), ... , r( en) 

Now, if A is an m x n matrix, then 

Aei = ith column of A 

Hence, if we let A be the m X n matrix with columns r( e1), ••• , r( en), 
then 

Aei = r(eJ 

and so r and r A agree on the standard basis vectors, which implies 
that r = r A. Let us summarize. 

Theorem 2.10 
1) Let A be an m x n matrix over F. The map r A defined by 

r A(v) = Av is in L{Fn,Fm). 
2) Conversely, let r E L(F11,Fm). Then there exists a unique m x n 

matrix A over F for which r = r A· This matrix is called the 
standard matrix for r. The ith column of A is r(eJ I 

Example 2.3 Consider the linear transformation r:F3-+F3 defined by 

r{x,y,z) = (x- 2y,z,x + y + z) 

Then we have, in column form 

[ X] [ X-2y ] [ 1 -2 0 ] [ X] ry= z =001 y 

z X+Y+z 1 1 1 z 

and so r = r A' where 

[ 
1 -2 0 ] 

A= 0 0 1 
1 1 1 

Since the image of r A is the column space of A, we have 

dim(ker(rA)) + rk(A) = dim(V) 

This gives the following useful result. 

Theorem 2.11 Let A be an m x n matrix over F. 
1) T A is injective if and only if rk{A) = n. 
2) r A is surjective if and only if rk(A) = m. I 

0 
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Change of Basis Matrices 
Let V be a vector space, and suppose that <!B = (b1, . .. , bn) and 

e = ( c1, •.• , ~) are ordered bases for V. It is a natural question to ask 
how the coordinate matrices [v]<!B and [v]e are related. Figure 2.1 
illustrates the situation. 

v 

~ 

F" 
' I 
: -1 
: ¢1e( ;rB) 
I 
I 
I 

'¥ 
Fm 

Figure 2.1 

Our interest lies in finding an expression for the linear transformation 
e = c/Je( c/J<!B)-t, since 

O[v]<!B = c/Je(¢<!B)- 1 [v]~ = ¢e(v) = [v]e 

is the map that describes the relationship between [v]~ and [v]e· 
Since e E L(Fn,Fm), we know that e = T A' for some m X n 

matrix A, and furthermore 

ith column of A= Aei = T A(eJ = O(ei) = 0([~]~) = [~]e 

Thus, A is just the matrix whose ith column is the coordinate matrix 
[~le of the ith "old" basis vector with respect to the "new" basis e. 
This matrix is called the change of basis matrix from <!B to e, which 
we will denote by M<!B e· , 

Theorem 2.12 Let ~ = (b1, ... , bn) and e be ordered bases for a 
vector space V. Then 

[v]e = M~,e(v]~ 

where the change of basis matrix M~ e is the matrix whose ith column 
is [bile· 1 ' 

It is worth remarking that given any invertible matrix A and 
any ordered basis ~ for V, we can find an ordered basis e for which 
A= M<!B e· To see this; we look again at Figure 2.1, which shows that , 

¢e(v) = rAc/J~(v) = A[v]~ 

But ¢e(v) = ei if and only if v = ci is the ith basis vector of e, and 
so we seek to solve the equation 
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for v = ci. 
get 
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A[v]~ = ei 

This is done simply by multiplying both sides by A - 1, to 

[v]~ = A -lei = ith column of A -I 

Hence, ci is the vector whose coordinate matrix with respect to ~ IS 

the ith column of A - 1• 

The Matrix of a Linear Transformation 
Figure 2.2 shows a linear transformation r:V-+W, along with the 

pair of linear transformations ¢~ and ¢~) used to represent vectors in 
V and W in terms of coordinate matrices. 

Fn····················> Fm 
8• t;eT(t;i8)"1 

Figure 2.2 

Once the ordered bases ~ = (b1, ••. , h11) and e = ( c1, •.. , em) have 
been fixed, the linear transformation (} = ¢er( ¢~)-1 uniquely 
determines r, since it determines r(v) for all v E V, by means of 

Moreover, since B:F11-+Fm, we know that (} = r A• for some m x n 
matrix A. In fact, 

ith column of A= Aei = r A(ei) = B(ei) = O([bi]~) = [r(bJ]e 

This gives the following result. 

Theorem 2.13 Let r E L{V,W), and let ~ = {b1, •.. , bn) and e = 
(c1, ... ,<;u) be ordered bases for V and W, respectively. Then, 
referring to Figure 2.2, r can be represented by a linear 
transformation T A E L(F11,Fm), that is 

[r(v)]e = r A([v]~) 

where A = [r]'$ C is the matrix whose ith column is [r{hi)Je· 
We call l+J~ e the matrix of r with respect to the bases ~ , 
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and e. Thus, 
[r(v)]e = [r]c:s e [v]c:s 

' 
When V = W and '!B = e, we denote the matrix [r]'$ '!B of the linear 
operator r E L(V) with respect to the basis '!B by [rJcia· Thus, 

[r(v)]c:s = [r]c:s [v]c:s I 

Example 2.4 Let D:c:JI2-+c:J>2 be the derivative operator, defined on the 
vector space of all polynomials of degree at most 2. Let '!B = e = 
(1,x,x2). Then 

[D(l)]e = [O]e = [ n [D(x)Je = [l]e = u} 
[D(x2)le = (2x]e = [ ~] 

and so 

[ 0 1 0] 
[D]c:s = 0 0 2 

0 0 0 

Hence, for example, if p(x) = 5 + x + 2x2, then 

and so Dp(x) = 1 + 4x. 0 

The following result shows that we may work equally well with 
linear transformations or with the matrices that represent them (with 
respect to fixed ordered bases '!B and e). This applies not only to 
addition and scalar multiplication, but also to multiplication. 

Theorem 2.14 Let V and W be vector spaces over F, with ordered 
bases '!B = (bl' ... 'bll) and e = (ell ... ' em), respectively. 
1) The map 

1/J:L(V,W)--+.Abm,n(F), 

is an isomorphism. Thus 

1/J(r) = [r]c:s e 
' 

L(V,W) ~ .Abm 11(F) 
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2) Furthermore, if u:U-+V and r:V-+W, and if c:B, e and c:D are 
ordered bases for U, V and W, respectively, then 

[ru]c:s c:J) = [r]e c:J)[u]c:s e , , , 
In loose terms, the matrix of the product (composition) ru is the 
product of the matrices of r and u. 

Proof. To see that <jJ is linear, observe that the ith column of the 

matrix [su + tr]c:s e is , 

and so 

<jJ(su + tr) = [su + trlc:s,e = s[ulc:n,e + t[rlc:s,e = s<fo(u) + t¢(r) 

The map ¢ is surjective, for if A is an m x n matrix, we simply 
define r:V-+W by the-condition 

r A= ¢er(¢c:B)-I 
that is, 

r = (¢e)-IrA¢c:B 

Then ¢( r) = A. Finally, ¢ is injective, since 

[r]c:s e = 0 ::} [r(bi)le = 0 for all i ::} r(bj) = 0 for all i ::} T = 0 , 
Thus, <jJ is an isomorphism. 

To prove part (2), observe that 

[u(v)Je = [uJc:B,e [v]c:B and [r(w)]c:D = [rJe,c:D [wJe 

Therefore, 
[rle,c:D [u]c:B,e [v]c:s = [rle,c:D [u(v)Je 

= [r(u(v))]c:J) 

= [ruJc:B,c:D (v]c:B 

from which part (2) follows. I 

Change of Bases for Linear Transformations 
Since the matrix ·[r]c:B e depends on the ordered bases c:B and e, 

it is natural to wonder how' to choose these bases in order to make this 
matrix as simple as possible. For instance, can we always choose the 
bases so that r is represented by a diagonal matrix? 

As we will see in Chapter 7, the answer to this question is no. In 
that chapter, we will take up the general question of how best to 
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represent a linear operator by a matrix. For now, let us take the first 
step and describe the relationship between the matrices of r with 
respect to two different pairs ('!B,e) and ('!B',e') of ordered bases. 
Figure 2.3 describes the situation. 

T. 
n A m ,.f -----> f ,,. 

T v >w 

'·l l'' 
F"··-·-····················> Fm 

TA 

Figure 2.3 

As we can see from this figure, r can be written in two ways 

r = (¢le)-1r A,p'!B and r = (¢le,)-1r A',p'!B, 

Equating these two expressions gives 

(t/le)-IrA,P'!B = (¢le,)-lrA,,p'!B' 

or 

r A'= (¢le•)(¢le)-lr At/lc:s(t/lc:s·)-1 
or, in matrix terms 

This gives the following. 

Theorem 2.15 Let r E L(V,W), and let ('!B,e) and ('!B',e') be pairs 
of ordered bases of V and W, respectively. Then the matrix of r 
with respect to the ordered bases ('!B',e') can be expressed in terms of 
the matrix of r with respect to the ordered bases ('!B,e) as follows 

(2.3) I 

When r E L(V) is a linear operator on V, it is customary to 
represent r by matrices of the form [r]'!B, where the ordered bases 
used to represent vectors in the domain and image are the same. We 
leave it to the reader to show that M'!B '!B' is invertible and that . 
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Hence, when ~ = e, Theorem 2.15 takes the following important form. 

Theorem 2.16 Let r E L(V), and let ~ and ~~ be ordered bases 
for V. Then the matrix of T with respect to ~~ can be expressed in 
terms of the matrix of r with respect to ~ as follows 

(2.4) I 

Equivalence of Matrices 
Since change of basis matrices are invertible, (2.3) has the form 

[r]~~ e~ = P[r]~ eQ-1 
' ' 

where P and Q are invertible matrices. This leads to the following 
definition. 

Definition Two matrices A and B are equivalent if there exist 
invertible matrices P and Q for which 

B = PAQ-1 0 

We remarked in Chapter 0 that B is equivalent to A if and 
only if B can be obtained from A by a series of elementary row and 
column operations. Performing the row operations is equivalent to 
multiplying the matrix A on the left by P, and performing the 
column operations is equivalent to multiplying A on the right by 
Q-1. 

In terms of (2.3), we see that performing row operations (pre­
multiplying by P) is equivalent to changing the basis used to represent 
vectors in the image, and performing column operations (post­
multiplying by Q-1) is equivalent to changing the basis used to 
represent vectors in the domain. 

According to Theorem 2.15, if A and B are matrices that 
represent r with respect to possibly different ordered bases, then A 
and B are equivalent. The converse of this also holds. 

Theorem 2.17 The following statements are equivalent for matrices A 
and B. 
1) If A represents a linear transformation r: V ___. W, with respect to 

ordered bases ~ and e, then B also represents T, but perhaps 
with respect to different ordered bases. That is, if 
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then there exist ordered bases C:.S' and e' for which 

2) A and B are equivalent. 

Proof. Suppose that (1) holds. The matrix A represents the linear 
transformation r A• with respect to the standard bases. Hence, B 
must also represent r A• but with respect to possibly different ordered 
bases, which means that (2.3) holds, and so A and B are equivalent. 

Conversely, suppose that A and B are equivalent, and so 

B = PAQ-1 

where P and Q are invertible. Let r E L(V,W), let C:.S and e be 
ordered bases for V and W, respectively, and suppose that 

A= [r]c:.s e 
' 

We have seen earlier (after Theorem 2.12) that there exist ordered bases 
C:.S' and e' for which P = Me,e' and Q-1 = Mc:.s',C:.S' Hence, 

B =Me e' [r]c:.s e Mc:.s, c:.s 
' ' ' 

But then, according to Theorem 2.15, B = [r]C:.S',e'· Hence (1) holds. I 

Similarity of Matrices 
As we mentioned earlier, when r E L(V) is a linear operator on 

V, it is customary to represent r by matrices of the form [r]c:.s, where 
the ordered bases used to represent vectors in the domain and image are 
the same. In this case, (2.4) has the form 

[r]c:.s, = P [r]c:.s p-1 

where P IS an invertible matrix. This prompts the following 
definition. 

Definition Two matrices A and B are similar if there exists an 
invertible matrix P for which 

B =PAP-I 

The equivalence classes associated with similarity are called similarity 
classes. D 

The analog of Theorem 2.17 in this case is the following. 

Theorem 2.18 The following statements are equivalent for matrices A 
and B. 
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1) If A represents a linear operator r: V -+V with respect to an 
ordered basis <:8, then B also represents r, but perhaps with 
respect to a different ordered basis. That is, if 

A= [r]c:s 

then there exists an ordered basis <:8' for which 

B = [r]c:s, 

2) A and B are similar. I 

Theorem 2.18 can be paraphrased by saying that two matrices 
represent the same linear operators on V if and only if they are 
similar. We will devote much effort in Chapter 7 to finding a canonical 
form for similarity. 

Invariant Subspaces and Reducing Pairs 
Let T be a linear operator on V. If S is a subspace of V, there 

is no guarantee that, for a given s E S, the vector r(s) will also be in 
S. This prompts us to make the following definition. 

Definition Let T be a linear operator on V. A subspace S of V is 
said to be invariant mider T if r(S) C S, that is, if r(s) E S for all 
s E S. Put another way, S is invariant under T if the restriction 
T I 8, which a priori, maps S to V, is actually a linear operator 
on S. 0 

If S is a subspace of V and if sc is a complementary subspace 
to S, then 

V = S$Sc 

However, this does not imply that sc is also invariant under T. (The 
reader may wish to supply a simple example with V = IR2.) This leads 
us to make the following definition. 

Definition Let T be a linear operator on V. If V = S $ T and if 
both S and T are invariant under r, we say that the pair (S,T) 
reduces T. Put another way, (S,T) reduces T if the restrictions T I 8 
and TIT are linear operators on S and T, respectively. 0 

Definition Let p be a linear operator on V. Then we write p = 
u $ r, and call p the direct BUill of u and r, if there exist subspaces 
S and T of V for which (S,T) reduces p and 

u = p I 8 and T = p I T 0 
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The concept of the direct sum of linear operators will play a key 
role in the study of the structure of a linear operator. For, in a sense 
we will make precise later, if p = u EB r, then we have a decomposition 
of p into simpler linear operators u and T. 

EXERCISES 
1. Can you think of any other examples of algebras besides L(V)? 
2. Prove Corollary 2.9, and find an example to show that it does not 

hold without the finiteness condition. 
3. Let T E L(V,W). Prove that if ':B is a basis for V and if 

r(':B) = { r(b) I b E ':B} is a basis for W, then T is an isomorphism 
from V onto W. 

4. Let V and W be vector spaces over F. Show that V ::::::: W if 
and only if dim(V) = dim(W). 

5. Let T E L(V,W). Prove that T is injective if and only if 
whenever v1, ... , vn are linearly independent in V, then 
rvv ... , rvn are linearly independent in W. 

6. Let T E L(V,W). Prove that T is an isomorphism if and only if 
it carries a basis for V to a basis for W. 

7. If T E L(V1,W1) and u E L(V2,W2), we define the external 
directsum rEBuEL(V1 EBV2 ,W1 EBW2) by 

(rEBu)((v1,v2)) = (r(v1),u(v2)) 

Show that T EB u is a linear transformation. 
8. Prove that the kernel and image of a linear transformation 

r:V__.W are subspaces of V and W, respectively. 
9. Let V = S EB T. Prove that S EB T::::::: S EBT, where EB stands for 

the external direct sum. Thus, up to isomorphism, internal and 
external direct sums are the same. 

10. Let A be an m x n matrix. Show that im( T A) is the column 
space of A. Show that rk( T A) = rk(A). 

11. Let r E L(V), where dim(V) < oo. If rk( r 2) = rk( r) show that 
im(r) n ker(r) = {0}. 

12. Let r E L(U,V) and u E L(V,W). Show that 

rk(ru) :S min{rk(r), rk(u)} 

13. Let T E L(U,V) and u E L(V,W). Show that 

null(ru) :S null(r) + null(u) 

14. Let r,u E L(V), where T is nonsingular. Show that rk(ru) = 
rk(ur) = rk(u). 

15. Let r,u E L(V,W). Show that rk(r + u) :S rk(r) + rk(u). 
16. Let S be a subspace of V. Show that there is a T E L(V) for 
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which ker(T) = W. Show also that there exists a u E L(V) for 
which im(u) = W. 

17. Prove that any change of basis matrix M~ e is nonsingular and 
ili~ ' 

Me,~ = (M~,e)-1 
18. Describe the counterpart of Theorem 2.11 for a linear 

transformation T: V---+ W. 
19. Let V = S1 E9 S2• Define linear operators Pi on V by 

Pi(s1 + ~) = si, for i = 1, 2. These are referred to as projection 
operators. Show that 
1) Pf =Pi 
2) p1 + p2 =I, where I is the identity map on V. 
3) PiPj = 0, for i =/:. j, where 0 is the zero map. 
4) V = im(p1) E9 im(p2) 

20. Suppose that T E L(V) has the property that T 2 = T o T = 0. 
Show that 2rk(T) ~ dim(V). 

21. Let A be an m x n matrix over F. What is the relationship 
between the linear transformation T A:Fn---+Fm and the system of 
equations AX= B? Use your knowledge of linear transformations 
to state and prove various results concerning the system AX = B, 
especially when B = 0. 

22. Draw a figure similar in spirit to Figure 2.3 to show the situation 
where a single matrix M represents two different linear 
transformations T1:V---+W and T2:V---+W. What is the 
connection between T 1 and T 2? 

23. Find an example of a vector space V, and a proper subspace S 
of V, for which V ~ S. 

24. Let dim(V) < oo. If T, u E L(V), prove that UT = t implies that 
T and u are invertible, and that u = p(T) for some polynomial 
p(x) E F[x]. 

25. Let T E L(V), where dim(V) < oo. If TU = UT for all u E L(V), 
show that T = rt, for some rEF. (t is the identity map.) 
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Quotient Spaces 
Let S be a subspace of a vector space V, and let = 8 be the 

binary relation on V defined by 

u = 8v <=? u- v E S 

It is easy to see that = s is an equivalence relation. When u = 8v, we 
say that u and v are congruent modulo S. The term mod is used as 
a colloquialism for modulo, and u = 8v is often written 

u = v modS 

When the subspace in question is clear, we will simply write u = v. 
To see what the equivalence classes look like, observe that 

[v]={uEVIu:=v} 

={uEVIu-vES} 

= { u E V I u = v + s for some s E S} 

= {v+ sIs E S} 

=v+S 
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Theset !f=v+S={v+slsES} iscalledacosetof Sin V. 
Thus, the equivalence classes for congruence mod S are the cosets 

v+S of S in V. The set of all cosets is denoted by 

¥ = { v+S I v E V} 

This is read "V mod S" and is called the quotient space of V modulo 
S. Of course, the term space is a hint that we intend to define vector 
space operations on V /S. 

Before doing so, however, observe that Theorem 0.8 implies 

(3.1) u+S = v+S ¢:> v E u+S ¢:> u E v+S 
and 

u,v E V:::} u+S = v+S or (u+S) n (v+S) = 0 

Thus, a coset may be written in the form v+S for many different 
vectors v. In fact, (3.1) implies that 

u+S = v+S ¢:> u- v E S 

When a coset j is written v+S, the vector v is called the coset 
representative for j. Clearly, any vector in the coset can be a coset 
representative. 

Observe also that 

and so 

(3.2) 

In addition, 

u:=v:::} u-vES 
=> r(u-v) E S for all rEF 
=> ru - rv E S for all r E F 
=> ru = rv 

u = v => ru = rv for all r E F 

u1 = v1 and u2 = v2 => u1 - v1 E S and u2 - v2 E S 
=> (u1 - v1) + (u2 - v2) E S 
=> (u1 +u2)- (v1 +v2) E S 
=> (ul + u2) = (vl + v2) 

and so 

Properties (3.2) and (3.3) imply that congruence mod S preserves the 
vector space operations on V. 

A natural choice for vector space operations on V /S is 

(u+S) + (v+S) = (u+ v)+S 
and 
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r(u+S) = ru+S 

However, a coset generally has many different coset representatives, and 
these definitions seem to depend on which representative is chosen. In 
order to show that they are well-defined, it is necessary to show that 
they do not depend on the choice of coset representatives, that is, 

u1 +S = u2+S and v1 +S = v2+S :::} (u1 + v1)+S = (u2 + v2)+S 

and 
u1+S = u2+S :::} r(u1+S) = r(u2+S) 

The straightforward details of this are left to the reader. Let us 
summanze. 

Theorem 3.1 Let S be a subspace of V. The binary relation 

u:=v <=> u-vES 

is an equivalence relation on V, whose equivalence classes are the cosets 

:1 = v+S = { v + s I s E S} 

of S in V. The set V /S of all cosets of S in V, called the quotient 
space of V modulo S, is a vector space under the well-defined 
operations 

(u+S) + (v+S) = (u + v)+S and r(u+S) = ru+S 

The zero vector in V /S is the coset 0 + S = S. I 

Let S be a subspace of V, and define a map 1r8:V-+V /S by 

1r8(v) = v+S 

for all v E S. This map is called the canonical projection, or natural 
projection, of V onto S, or simply projection modulo S. It is easily 
seen to be linear, for we have (writing 1r for 1r8) 

1r(ru + sv) = (ru + sv)+S = r(u+S) + s(v+S) = n(u) + s1r(v) 

The canonical projection is surjective, since v+S = 1r(v) for any coset 
v+S. To determine the kernel of 1r, note that 

vEker(1r) <=> 1r(v)=O <=> v+S=S <=> vES 
and so 

Theorem 3.2 The canonical projection 7rg:V-+V /S defined by 

1r8(v) = v+S 

is a surjective linear transformation, with ker( 1r8) = S. I 
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The First Isomorphism Theorem 
Let S be a subspace of V. Figure 3.1 shows a linear 

transformation r E .L(V,W), along with the canonical projection 71's 
from V to the quotient space V /S. 

__ -r=--->~w 

v ' Ys 
/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 

/ , 
// T 

Figure 3.1 

/1 

This figure suggests the existence of a map r' from the quotient space 
V /S to W with the property that 

(3.4) r' o 71's = r 

that is, 
r(v) = (r' o 7rs)(v) = r'(v+S) 

So let us define a function r' from V /S to W by 

r'(v + S) = r(v) 

This function is well-defined if and only if 

v+S=u+S::} r'(v+S)=r'(u+S) 

or, equivalently, 
v+S=u+S::} r(v)=r(u) 

But this is equivalent to 

v- u E S ::} r( v- u) = 0 

or, replacing v - u by x, 

x E S =? r(x) = 0 

Thus, r' is well-defined if and only if S C ker( r ). 
Let us suppose that S C ker(r), and hence that r' is well­

defined. Then r':V /S-+W is a linear transformation, with image 

im(r') = {r'(v+S) I v+S E V /S} = {r(v) I v E V} = im(r) 

and kernel 
ker(r') = {v+S I r'(v+S) = 0} 

= {v+S I r(v) = 0} 
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= {v+S I v E ker(r)} 

Also, r' is unique in the sense that there is only one map r':V /S-+W 
with the property that r' o 7rg = T. 

Theorem 3.3 Let T E .L{V,W) and let S C ker(r) be a subspace of V. 
Then, as pictured in Figure 3.1, there is a unique linear transformation 
r':V /S-+W with the property that 

r' o JTs = r 

Moreover, ker(r') = {v+S I v E ker(r)} and im{r') = im(r). I 

The situation illustrated in Figure 3.1 is often described by saying 
that any linear transformation r:V-+W can be factored through the 
projection map 7rg for S C ker( r). 

Theorem 3.3 has a very important corollary, which is often called 
the first isomorphism theorem, and is obtained by taking S = ker( r). 

Theorem 3.4 (The first isomorphism theorem) Let r:V-+W be a 
linear transformation. Then the linear transformation r': V / ker( T )-+ W 
defined by 

r'(v+ker(r)) = r(v) 
is injective, and so 

ke~r):::::! im(r) I 

According to Theorem 3.4, the image of any linear transformation 
with domain V is isomorphic to a quotient space of V. Thus, by 
identifying isomorphic spaces as being essentially the same, we can say 
that the images of linear transformations on V are just the quotient 
spaces of V. Conversely, any quotient space V /S of V is the image 
of a linear transformation on V, in particular, V /S is the image of the 
surjective canonical projection map 7rg:V-+V /S. Thus, up to 
isomorphism, images of linear transformations on V are the same as 
quotient spaces of V. 

The Dimension of a Quotient Space 
The first isomorphism theorem gives further insight into quotient 

spaces. Recall that any subspace S of V has a complement sc, for 
which 

Since every vector v E V has the form v = s + sc, for unique vectors 
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8 E S and 8c Esc, we can define a linear operator p:V-+V by setting 

p(8+ 8c) = 8c 

Because 8 and 8c are unique, p is well-defined. It is called 
projection onto sc. (Note the word onto, rather than modulo.) It is 
clear that 

im(p) = sc 
and 

ker{p) = { s + sc E V I sc = 0} = S 

Hence, the first isomorphism theorem implies that 

In other words, we have the following. 

Theorem 3.5 Let S be a subspace of V. Then any complement of S 
in V is isomorphic to the quotient space V /S. I 

Corollary 3.6 Let S he a subspace of a vector space V. Then 

dim(V) = dim(S) + dim(V /S) 0 

The dimension of the quotient space V /S IS often called the 
codimension of S in V. 

Additional Isomorphism Theorems 
There are several other isomorphism theorems that are 

consequences of the first isomorphism theorem. 

Theorem 3.7 (The second isomorphism theorem) Let V be a vector 
space, and let S and T be subspaces of V. Then 

S+T,..._ S 
-rr-"'snT 

Proof. Let r:(S + T)-+S/(S n T) be defined by 

r(s+t) =s+(SnT) 

We leave it to the reader to show that T is a well-defined surjective 
linear transformation, with kernel T. An application of the first 
isomorphism theorem then completes the proof. I 

Theorem 3.8 (The third isomorphism theorem) Let V be a vector 
space, and suppose that S C T C V are subspaces of V. Then 
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Proof. Let r:V /S-.Y /T be defined by r(v + S) = v + T. We leave it 
to the reader to show that T is a well-defined surjective linear 
transformation whose kernel is T JS. The rest follows from the first 
isomorphism theorem. I 

Theorem 3.9 Let V be a vector space, and let S be a subspace of V. 
Suppose that V = V 1 EB V 2 and S = S1 EB S2. Then 

V V1EBV2 VI V2 
- ~-IE-s ---- S1 EB S2 S1 S2 

(Recall that IE stands for the external direct sum.) 

Proof. Let r: V ----(V IfS1) IE (V 2/S 2) be defined by 

r(v1 + v2) = (v1+S1,v2+S2) 

This map is well-defined, since the sum V = V 1 EB V 2 is direct. We 
leave it to the reader to show that r is a surjective linear 
transformation, whose kernel is S1 EB S2. The rest follows from the first 
isomorphism theorem. I 

Linear Functionals 
Linear transformations from V to the base field F (thought of 

as a vector space over itself) are extremely important. 

Definition Let V be a vector space over F. A linear transformation 
f E L(V,F), whose values lie in the base field F is called a linear 
functional (or simply functional) on V. The set of all linear functionals 
on v is denoted by v* and is called the algebraic dual space of v. 0 

The adjective algebraic is needed here, since there is another type 
of dual space that is defined on nonned vector spaces, where continuity 
of linear transformations makes sense. We will discuss the continuous 
dual space briefly in Chapter 13. 

To help distinguish linear functionals from other types of linear 
transformations, we will usually denote linear functionals by lower-case 
Roman letters, such as f, g, and h. 

Note that, according to Theorem 2.1, the dual space v* IS a 
vector space. 

Example 3.1 The map f:F(x]----F, defined by f(p(x)) = p(O), is a linear 
functional, known as evaluation at 0. 0 
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Example 3.2 Let e[a,b] denote the vector space of all continuous 
functions on [a,b] C IR. Let f:e[a,b]-+IR be defined by 

f( a(x)) = J: a(x) dx 

Then f E e(a,b]*. 0 

According to Theorem 2.8, for any f E V*, 

dim(ker(f)) + dim(im(f)) = dim(V) 

But, since im(f) C F, we have either im(f) = {0}, in which case f is 
the zero linear functional, or im(f) = F, in which case f is surjective. 
In other words, a nonzero linear functional is surjective. Moreover, if 
dim(V) < oo, then 

dim( ker(f)) = dim(V) - 1 

Thus, in loose terms, the kernel of a linear functional is a relatively 
"large" subspace of the domain V. Even if V is infinite dimensional, 
we can say that ker(f) has codimension 0 or 1. 

The following theorem will prove very useful. 

Theorem 3.10 
1) For any nonzero vector v E V, there exists a linear functional 

f E V* for which f(v) -:j:. 0. 
2) A vector v E V is zero if and only if f(v) = 0 for all f E V*. I 

Dual Bases 
Suppose that V is finite dimensional, and let ':B = { v1 , ... , vn} 

be a basis for V. For each 1 :S i :S n, we can define a linear functional 
vi E V*, by the orthogonality condition 

vi(vj)=8iJ for j=1, ... ,n 

where 8iJ' known as the Kronecker delta function, is defined by 

8 .. = { 1 
lJ 0 

if i =j 

if i i= j 

Theorem 3.11 Let ':B = { v1, ••. , vn} be a basis for V. Then the linear 
functionals v1, ••. , v11 defined by 

vi(vj) = 8i,j for j = 1, ... ,n 

form a basis for the dual space v*. This basis c:B* = {vl, ... ,vn} IS 

called the dual basis for ':B. 
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Proof. If 
0=r1v1 +···+r11v11 

where 0 represents the zero linear functional, then we may apply both 
sides of this to the basis vector vi, to get 

0 = O(v·) = """r·v-(v·) = """r-8· . = r-
1 ~ J J I ~ J IJ I 

j j 

and so ri = 0, for all i. Hence, c:B* is linearly independent. 
Any f E V* is uniquely determined by its values on the basis 

vectors vi, say 
f(vi) = ai 

If we let g be the linear functional 

then 
g(vj) = aj = f(vj) 

and so f = g E span{ VI' ... ' v n}, which proves that c:B* spans v*. 
Hence, c:B* is a basis for V*. I 

Corollary 3.12 If dim(V) < oo, then dim(V*) = dim(V). I 

The next example shows that Corollary 3.12 does not hold 
without the finiteness condition. 

Example 3.3 Let V be an infinite dimensional vector space over the 
field F = 71.2 = {0,1}, with basis <!B. Since the only coefficients in F 
are 0 and 1, a finite linear combination over F is just a finite sum. 
Hence, V is the set of all finite sums of vectors in c:B, and so according 
to Theorem 0.11, 

(The finite sums in c:B are in one-to-one correspondence with the finite 
subsets of <!B.) 

On the other hand, each linear functional f E V* is uniquely 
defined by specifying its values on the basis <!B. Since these values 
must be either 0 or 1, specifying a linear functional is equivalent to 
specifying the subset of c:B on which f takes the value 1. In other 
words, there is a one-to-one correspondence between linear functionals 
on V and all subsets of <!B. Hence, 

I v"' I = I c:P(c:B) I > I c:s I = I vI 

This shows that V* cannot be isomorphic to V, nor to any proper 
subset of V. Hence, dim(V*) > dim(V). D 
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Reflexivity 
If V is a vector space, then so is the dual space V*. Hence, we 

may form the double ·dual space v**, which consists of all linear 
functionals E:V*-+F. In other words, an element E of V** is a 
linear map that assigns a scalar to each linear functional on V. 

With this firmly in mind, there is one rather obvious way to 
obtain an element of V**. Namely, if v E V, consider the map 
v:V* -+F defined by 

v(f) = f(v) 

which sends the linear functional f to the scalar f(v). For obvious 
reasons, this map is called evaluation at v. To see that v is in V**, 
we must show that it is linear. But if f,g E V*, then 

v(rf + sg) = (rf + sg)(v) = rf(v) + sg(v) = rv(f) + sv(g) 

and so v is indeed linear. 
Since evaluation at v is in V** for all v E V, we can define a 

map r: v--+ v** by 
r(v) = v 

This is called the canonical map (or the natural map) from V to V**. 
It is injective and, in the finite dimensional case, it is also surjective. 

Theorem 3.13 The canonical map r:V-+V** defined by letting r(v) 
be evaluation at v, is a monomorphism. Furthermore, if V is finite 
dimensional, then T is. an isomorphism. 

Proof. To see that T is linear, we observe that 

r(ru+sv) = ru+sv 

is evaluation at ru + sv. But 

ru + sv(f) = f(ru + sv) = rf(u) + sf(v) = {rii + sv)(f) 

for all f E V*, and so 

r{ru + sv) = ru + sv = rii + sv = rr(u) + sr(v) 

which shows that T is linear. 
To determine the kernel of r, we observe that 

r(v) = 0 => v = 0 

=> v(f) = 0 for all fE V* 

=> f(v) = 0 for all fE V* 

=> v= 0 

by Theorem 3.10, and so ker(r) = {0}, that is, T is injective. 
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In the finite dimensional case, we have dim(V**) = dim(V*) = 
dim(V), and so T is also surjective. Thus, r is an isomorphism. I 

Note that if dim(V) < oo, then since the dimensions of V and 
V** are the same, we deduce immediately that V ~ V**. This is not 
the point of Theorem 3.13. The point is that the natural map v~v is 
an isomorphism. Because of this, V is said to be algebraically 
reflexive. Thus, Theorem 3.13 implies that all finite dimensional vector 
spaces are algebraically reflexive. 

If V is finite dimensional, it is customary to identify the double 
dual space v** with v' and to think of the elements of v** simply 
as vectors in V. 

Let us consider an example of a vector space that is not 
algebraically reflexive. 

Example 3.4 Let V be a vector space over 
countably infinite ordered basis c:.B = (b1,b2, .•• ). 

v E V can be identified with its coordinate sequence 

v = (a1,a2, ••• ) 

F = {0,1}, with a 
Then any vector 

where ai E { 0,1} and only a finite number of the ai are equal to 1. 
On the other hand, any f E V* is uniquely determined by its 

values on the vectors in c:.B, and since these values can be arbitrarily 
chosen, f can be identified with a binary sequence 

f= (ava2, ••• ) 

with no restriction on the number of 1s in the sequence. 
Now, we define the support of a binary sequence x = (x1,x2, ••• ), 

denoted by supp(x), to be the set of coordinate positions where xi= 1. 
Thus, a vector in V is a binary sequence with finite support, whereas a 
linear functional on V is any binary sequence. 

A moments reflection on the representation of f will reveal that 

v(f) = f(v) = I supp(v) n supp(f) I 
We can show that the canonical map r:v~v is not surjective by 

finding a linear functional ¢J E V** that does not have the form v, for 
any v E V. To this end, define linear functionals ek E V* by 

ek = (0, ... , 0,1,0, ... ) 

where the 1 appears in the kth position. Then supp(ek) = {k}, and so 

v(ek) = 1 supp(v) n supp(ek) 1 = I supp(v) n {k} I 

Hence, for any v E V, the map v has the property that 
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{3.5) k > max{supp(v)} => v(ek) = 0 

Now, since the linear functionals ~ are linearly independent, we 
may extend the set { ~} to a basis ~ for V*. Let us define a map 
4> E V** by setting 4>( ~) = 1 for all k, and then extending 4> to all 
vectors in the basis ~ arbitrarily. (In other words, we don't care how 
4> is defined on the other elements of ~.) Then 4> defines a linear 
functional in v**' with the property that 

for all k. But this shows, in conjunction with {3.5), that 4> cannot 
have the form v, for any v E V. Hence, the canonical map is not 
surjective, and V is not algebraically reflexive. 0 

Annihilators 
If f E V*, then f is defined on vectors in V. However, we may 

also define f on subsets M of V by letting 

f{M) = {f(v) I v EM} 

Definition Let M be a nonempty subset of a vector space V. The 
annihilator M0 of M 1s 

0 

The term annihilator is quite descriptive, since M0 consists of all 
linear functionals that annihilate (send to 0) every vector in M. 

It is not hard to see that M0 is a subspace of V*, even when M 
is not. Subject to this, we prove the following. 

Theorem 3.14 If S is a subspace of a finite dimensional vector space 
V, then 

dim(S0 ) = dim(V) - dim(S) 

Proof. Let { u1, ... , uk} be a basis for S, and extend it to a basis 

~ = {u1, ... ,nk,v1, ... ,vn-k} 
for V. Let 

~* = {J-11, · · ·' Jlk,vll. · ·' vn-k} 

be the dual basis to ~. We show that {v1, ... ,v11_k} is a basis for 
S0• Certainly, this set is linearly independent, so we need only show 
that it spans S0• But if f E S0, then since f E V*, we have 

f = r1Jl1 + · · · + rkJlk + slvl + · · · + sn-kvn-k 

and since f{v) = 0 for all v E S, we have for i = l, ... ,k, 
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and so 

f = slvl + · · · + sn-kvn-k 

which shows that {v1, ... ,vn-k} spans S0. I 
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Example 3.5 To see what can happen with regard to Theorem 3.14, in 
the infinite dimensional case, let us continue Example 3.4. Thus, V is 
a vector space over F = {0,1}, with a countably infinite ordered basis 
~ = (b1,b2, .. . ). Let S be the subspace of V with ordered basis e = 
(b1), and let T be the subspace of V with ordered basis G.))= 

(b2,b3 , ... ). Since IGJ'JI = l~l,wehave T~V. 
Now consider the annihilator S0. Any linear f E T* can be 

~ * ~ extended to a linear functional f E V by setting ~ f (b1) = 0. 
Moreover, any linear functional in S0 has the form f, for some 
f E T*, since f E S0 implies that f(b1) = 0. Hence, there is a one-to­
one correspondence between S0 and T*, and so I S0 I = IT* I· But 
T ~ v implies that T* ~ v*, and so IT* I = I v* I' which implies 
that 

I S0 I = I v* I 

But, we have seen in Example 3.4 that I v* I > I v I ' and so 
I S0 I > IV I, which implies that S0 cannot be isomorphic to V, or 

any subspace of V. Hence, dim(S0) > dim(V). 0 

The basic properties of annihilators are contained in the following 
theorem. 

Theorem 3.15 
1) For any subsets M and N of V, 

M C N => N° c M0 

2) If dim(V) < oo then, identifying V** with V under the natural 
map, we have 

M00 = span(M) 

In particular, if s is a subspace of v, then S00 = s. 
3) If dim(V) < oo and S and T are subspaces of V, then 

(S n T)0 = S0 + T0 and (S + T)0 = S0 n T0 I 

The annihilator provides a way to describe the dual space of a 
direct sum. 
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Theorem 3.16 Let V = S EB T. Then 
1) S* ~ T0 and T* ~ S0 

2) (SEBT)* = S0 EBT0 

Proof. First, let us prove that S* ~ T0• Roughly speaking, this says 
that any linear functional on V that annihilates the direct summand 
T is nothing more than a linear functional on its complement S, which 
certainly seems reasonable. The proof consists of making this precise. 
(Note that, in the finite dimensional case, a dimension argument 
establishes the isomorphism.) 

For this purpose, let f E T° C V*. Thus, f(T) = 0. The map 

r:f-+fl s 

that takes a functional f E v* to its restriction fIg, which is in s*, is 
linear. Moreover, if f Is= 0, then f(S) = 0, and since f(T) = 0, we 
have f = 0. Hence, T is injective. Finally, we must show that r is 
surjective. That is, for g E S*, we must find an f E T0 for which 

f I 8 (s) = g(s) 

for all s E S. In other words, we want to "extend" g to all of V, in 
such a way that the extension is in T0 • But that is easy- we just 
define the extension to be 0 on T. In particular, let f E V* be 
defined by 

f(s + t) = g(s) 

Then f is well-defined and linear. Moreover, f E T 0, since f(t) = 
f(O + t) = g(O) = 0, for all t E T. Finally, f I; is indeed g, and so T 

is an isomorphism, which proves that T0 ~ S . By symmetry, we also 
have S0 ~ T*. 

To prove part 2, let f E S0 n T 0• Then f(S) = 0 = f(T), which 
implies that f = 0. Hence, S0 n T 0 = {0}. Since S0 and T0 are 
subspaces of V*, we have (S EB T)* :::> S0 EB T0• 

On the other hand, if f E (S EB T)*, then we define g, 
h E (S EB T)* by 

g(s + t) = f(t) and h(s + t) = f(s) 

It is easy to see that these maps are well-defined and linear. Moreover, 

g(S) = 0 and h(T) = 0 

and so g E S0 and hE T 0• Finally, 

f(s + t) = f(t) + f(s) = g(s + t) + h(s + t) = (g + h)(s + t) 

and so f = g +hE S0 EB T 0• Hence, (S EB T)* C S0 EB T0 , which 
completes the proof. I 
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Operator Adjoints 
If r E L(V,W), then we may define a map rx:W* -.V* by 

rx(f) =for= fr 

for fEW*. This makes sense, since r:V---->W and f:W-F, and so the 
composition fr:V-F is in V*. Thus 

rx(f)(v) = f(r(v)) 

for any v E V. The map rx is called the operator adjoint of r. 
Let us establish the basic properties of the operator adjoint. 

Theorem 3.17 
1) (r+oY=rx+O"x for r,O"EL(V,W) 
2) (rr)x = rrx for any rEF and r E L(V,W) 
3) (rO"r = O"xrx for r E L(V,W) and O" E L(W,U) 
4) (r-1)x = (rx)-1 for any invertible r E L(V) 

Proof. We prove parts 3 and 4. Part 3 follows from the fact that 

(m)x(f) =frO"= O"x(fr) = rx(O"x(f)) = (rxO"x)(f) 

for all fEU*. Part 4 follows from 

rx(r-l)x = (r-lr)x = Lx = L 

and, in the same way, (r- 1?rx = t. I 

If r E L(V,W) then rx E L(W*,V*), and we may form 
rxx E L(V**,W**). Of course, rxx is not equal to r. However, in 
the finite dimensional case, if we use the natural maps to identify V** 
with V and W** with W, then we can think of rx x as being in 
L(V,W). Withthisinmind, Txx isequalto r. 

Theorem 3.18 Let V be finite dimensional, and let r E L(V,W). If 
we identify V** with V and W** with W, using the natural maps, 
then rx x = r. 

Proof. Before making any identifications, we have Tx X: v**-w**' and 

rx x(v)(f) = vrx(f) = v(fr) = fr(v) = r(v)(f) 

for all fEW*, and so 

Therefore, with the appropriate identifications, 

rxx(v) = r(v) 

for all v E V, and so rx x = r. I 
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The next result describes the kernel and image of the operator 
adjoint. 

Theorem 3.19 Let r E L(V,W). Then 
1) ker( rx) = im( r)0 

2) im( rx)o = ker( r J• under the natural identification 
3) im(rx) C ker(r) 
4) if dim(V) < oo and dim(W) < oo then im(rx) = ker(r)0 

Proof. For reference, note that r:V~W and rx:w*~v*. To prove 
(1), observe that 

f E ker( rx) {:} rx(f) = 0 

{:} fr = 0 

{:} f( r(v)) = 0 for all v E V 

{:} f( im( r)) = 0 

{:} f E im( r)0 

To prove part 2, we have 

v E ker(r) {:} r(v) = 0 

{:} f(r(v)) = 0 for all fEW* 

{:} rx(f)(v) = 0 for all fEW* 

{:} v( rx(f)) = 0 for all f E W* 

{:} v E im( rx)o 

Part 3 is proved as follows. For all v E ker( T) and f E w*' 

rx(f)(v) = f(r(v)) = 0 

and so rx(f)(ker(r)) = 0, that is, rx(f) E ker(rf Since this holds for 
all fEW*, we have 

As for part 4, when the vector spaces are finite dimensional, part 2 
gives 

im(rx) ~ im(rx)00 ~ ker(r)0 

But, according to part 3, im(rx) C ker(r)0, and so these spaces must be 
equal. I 

Corollary 3.20 Let r E L(V,W), where V and W are finite 
dimensional. Then rk( r) = rk( rx). 1 



3 The Isomorphism Theorems 79 

In the finite dimensional case, T E L(V,W) and Tx E L(W*,V*) 
can both be represented by matrices. To explore the connection 
between these matrices, suppose that 

c:B = (bl' ... ' bn) and e = ( cl' ... ' c;n) 

are ordered bases for V and W, respectively, and that 

<:s* = (hi, ... ,b~) and e* = (ci, ... ,~) 
are the corresponding dual bases. If we let 

then aij is the coordinate of ci in r(bj)· 
On the other hand, if 

then aij is the coordinate of b_i in rx(cj). But this coordinate is 

rx(cj)(bi) = cj(r(~)) 

which is the coordinate of cj in r(bi}, and this in turn is aj,i· In 
short, aij = aj,i• and so 

[rx]e*,<:s* = ([rlc:s,e)T 

We have established the following. 

Theorem 3.21 Let r E L(V,W}, where V and W are finite 
dimensional. If c:B is an ordered basis for V, e is an ordered basis 
for W, and c:B* and e* are the corresponding dual bases, then 

[rx]e*,C!B* = ([rlc:s,e)T 

In words, the matrix of the adjoint Tx is the transpose of the matrix 
of r. I 

EXERCISES 
1. If S is a subspace of V, show that u::: v ¢:> u- v E S is an 

equivalence relation on V. 
2. Prove that the operations of coset addition and scalar 

multiplication are well-defined. 
3. Prove that there is only one map U:V /S-+W with the property 

described in Figure 3.1. 
4. Prove the first isomorphism theorem. 
5. Let S be a subspace of a vector space V. Show that 
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dim(V) = dim(S) + dim(V /S) 

6. Complete the proof of Theorem 3.9. 
7. Let S be a subspace of V. Can you describe a relationship 

between the set of all subspaces S' of V for which S C S' C V 
and the set of all subspaces of the quotient space V /S? 

8. Let S be a subspace of V. Starting with a basis {s1, ... ,~} for 
S, how would you find a basis for V /S? 

9. Use the First Isomorphism Theorem to prove that if r:V-+W, 
then 

dim( ker( r)) + dim( im( r)) = dim(V) 

10. Let T E l.(V}, and suppose that S is a subspace of V. Define a 
map by 

r':V /S-+V /S r'(v+S) = r(v)+S 

When is r' well-defined? If r' is well-defined, is it a linear 
transformation? What are im(r') and ker(r')? 

11. Show that, for any nonzero vector v E V, there exists a linear 
functional f E V* for which f(v) =/:. 0. 

12. Show that a vector v E V is zero if and only if f(v) = 0 for all 
feV*. 

13. Let S be a proper subspace of a finite dimensional vector space 
V, and let v E V - S. Show that there is a linear functional 
f E V* for which f(v) = 1 and f(s) = 0 for all s E S. 

14. Let S be an (n-1)-dimensional subspace of an n-dimensional 
vector space V. Show that there is a linear functional f E V* 
whose kernel is S. If f and g are two such functionals, must 
there be any relationship between them? 

15. Let c:B be a basis for an infinite dimensional vector space V, and 
define, for all b E c:B, the map b' E V* by b'( c) = 1 if c = b, 
and 0 otherwise. Does {b' I b E c:B} form a basis for V*? What 
do you conclude about the concept of a dual basis? 

16. Show that M0 is a subspace of V*, for any nonempty subset M 
of V. 

17. Prove that (S EDT)*~ S* EDT*. 
18. Prove that Ox = 0, and that tx = t, where 0 is the zero linear 

operator and t is the identity. 
19. Let S be a subspace of V. Prove that (V /S)* ~ S0• 

20. Verify that 
(a) (r + oY = rx + ux for r,u E l.(V,W). 
(b) (rrt = rrx for any rEF and T E l.(V,W) 

21. Let r E l.(V,W}, where V and W are finite dimensional. 
Prove that rk(r) = rk(rx). 
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The Number of Subspaces of a Vector Space over a Finite Field 
22. Let F be a finite field of size q, and let V be an n-dimensional 

vector space over F. The purpose of this exercise is to show that 
there are 

subspaces of V of dimension k. The expressions (~)q are called 
Gaussian coefficients, and have properties similar to those of the 
binomial coefficients. 
a) Let S(n,k) be the number of k-dimensional subspaces of V. 

Let N(n,k) be the number of k-tuples of linearly independent 
vectors ( v 1, ... , vk) in V. Show that 

N(n,k) = (qn-l)(qn-q) .. ·(qn-qn-k+l) 

b) Now, each of the k-tuples in (a) can be obtained by first 
choosing a subspace of V of dimension k, and then selecting 
the vectors from this subspace. Show that, for any k­
dimensional subspace of V, the number of k-tuples of 
independent vectors in this subspace is 

(qk-l)(qk-q) .. ·(qk-qk-1) 
c) Show that 

N(n,k) = S(n,k)(qk- l)(qk- q) .. ·(qk _ qk-1) 

How does this complete the proof? 



CHAPTER 4 

Modules I 

Contents: Motivation. Modules. Submodules. Direct Sums. Spanning 
Sets. Linear Independence. Homomorphisms. Free Modules. 
Summary. Exercises. 

Motivation 
Let V be a vector space over a field F, and let T E L(V). Then 

for any polynomial p(x) E F[x], the operator p( r) is well-defined. For 
instance, if p(x) = 1 + 2x + x3, then 

p(r) = t+2r+r3 

where t is the identity operator, and r 3 is the threefold composition 
T 0 T 0 T. 

We can now define the product of a polynomial p(x) E F[x] and 
a vector v E V by 
(4.1) p(x)v = p(r)(v) 

This product satisfies the usual properties of scalar multiplication, 
namely, for all r(x), s(x) E F[x] and u,v E V, 

r(x)(u + v) = r(x)u + r(x)v 
(r(x) + s(x))u = r(x)u + s(x)u 

[r(x)s(x)]u = r(x)[s(x)u 
1u= u 

Thus, for a fixed T E L(V), V is an algebraic structure under the 
operations of addition and scalar multiplication by polynomials in F[x]. 
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Note, however, that since the ring F(x) is not a field, these two 
operations do not make V into a vector space. Nevertheless, this 
important situation, which we will study extensively in the sequel, 
motivates the following definition. 

Modules 

Definition Let R be a commutative ring with identity, whose elements 
are called scalars. An R-module (or a module over R) is a nonempty 
set M, together with two operations. The first operation, called 
addition and denoted by +, assigns to each pair (u,v) EM X M, an 
element u + v E M. The second operation, denoted by juxtaposition, 
assigns to each pair (r,u) E R X M, an element rv EM. Furthermore, 
the following properties must hold. 
1) M is an abelian group under addition. 
2) For all r, s E R we have 

for all u,v EM. 0 

r( u + v) = ru + rv 
(r + s)u = ru + su 

(rs)u = r(su) 
1u = u 

The definition of a module requires that the ring R of scalars be 
commutative. This requirement is sometimes omitted, but modules 
over noncommutative rings can behave quite differently than modules 
over commutative rings. For instance, it is possible for a module over a 
noncommutative ring to have bases of different sizes. Since such 
modules will not be needed for the sequel, we require commutativity. 

Even with the requirement of commutativity, modules behave 
quite differently than vector spaces. For example, there are modules 
that do not have any linearly independent elements. Of course, such a 
module cannot have a basis. 

The connection between modules and vector spaces is very simple: 
a vector space is a module over a field. 

Example 4.1 
1) If R IS a ring, the set Rn of all ordered n-tuples, whose 

components lie in R, is an R-module, with addition and scalar 
multiplication defined componentwise (just as in F11), 

(all ... 'an) + (bl' ... ' bn) = ( al + bl' ... 'an + bn) 
and 
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2) 

3) 

r(a1, ... ,~) = (ra1, ... ,r~) 

for ai, hi, r E R. For example, 71.n is the Z-module of all ordered 
n-tuples of integers. 
If R is a ring, the set .Abm n(R) of all matrices of size m x n, is 
an R-module, under the us~al operations of matrix addition and 
scalar multiplication over R. Since R is a ring, we can also take 
the product of matrices in .Abm,n(R). One important example is 
when R = F[x], whence .Abm,n(F[x]) is the F[x]-module of all 
m x n matrices whose entries are polynomials. 
Any commutative ring R with identity is a module over itself, 
that is, R is an R-module. In this case, scalar multiplication is 
just multiplication by elements of R, that is, scalar multiplication 
is the ring multiplication. The defining properties of a ring imply 
that the defining properties of an R-module are satisfied. We 
shall use this example many times in the sequel. 0 

When we turn in a later chapter to the study of the structure of a 
linear transformation T E .L(V), we will think of V as having the 
structure of a vector space over F, as well as a module, over F[x]. Put 
another way, V is an abelian group under addition, with two scalar 
multiplications- one whose scalars are elements of F and one whose 
scalars are polynomials over F. This viewpoint will be of tremendous 
benefit for the study of r. For now, we concentrate only on modules. 

Many of the basic concepts that we defined for vector spaces can 
also be defined for modules, although their properties are often quite 
different. 

Submodules 
The definition of submodule parallels that of subspace. 

Definition A submodule of an R-module M is a subset S of M that 
is an R-module in its own right, under the operations obtained by 
restricting the operations of M to S. 0 

Theorem 4.1 A nonempty subset S of an R-module M IS a 
submodule if and only if 

r ,s E R, u, v E S => ru + sv E S 

Theorem 4.2 If S and T are submodules of M, then S n T and 

s + T = { u + v I u E s, v E T} 

are also submodules of M. D 

I 
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Recall that a commutative ring R with identity is a module over 
itself. Thus, in a sense, R plays two roles- it is a ring and it is an R­
module. Now suppose that S is a submodule of R. According to 
Theorem 4.1, if a,b E S and r E R, then a-bE S and raE S. 
Hence, S is an ideal of the ring R. Conversely, if 3 is an ideal of the 
ring R, then 3 is also a submodule of the module R. In other words, 
the subrings of the R-module R are precisely the ideals of the ring R. 

Direct Sums 
The definition of direct sum is the same for modules as for vector 

spaces. We will confine our attention to the direct sum of a finite 
number of modules. 

Definition Let M be an R-module. We say that M is the direct sum 
of the submodules S1, ... , S11 if every v E M can be written, in a 
unique way (except for order), as a sum of elements from the 
submodules Si. More specifically, M is the direct sum of S1, •.. , S11 

if, for all v E M, we have 
v = u1 + ··· +u11 

for some ui E Si, and furthermore, if 

v = w1 +···+w11 

where wi E Si, then wi = ui for all i = l, ... ,n. 
If M is the direct sum of S1, ... , S11, we write 

M = S1 $···$S11 

and refer to each Si as a direct summand of M. If M = S $ sc, we 
refer to sc as a complement of S in M. 0 

In the case of vector spaces, every subspace has a complement. 
However, as the next example shows, this is not true for modules. 

Example 4.2 The set l of integers is a l-module, that is, l is a 
module over itself. Let us examine the nature of the submodules of l. 
Since the submodules of the l-module l are precisely the ideals of the 
ring l, and since l is a principal ideal domain (see Chapter 0), the 
submodules of l are precisely the sets 

(n) = ln = {zn I z E l} 

Thus, all nonzero submodules of l are of the form lu, for some 
positive u E l. As a result, we see that any two nonzero submodules of 
l have nonzero intersection. For if u,v > 0, then 0 =fo uv E lu n lv. 
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Hence, none of the submodules lu, for u =/= 0 or 1, have 
complements. 0 

As with vector spaces, we have the following useful 
characterization of direct sums. 

Theorem 4.3 A module M is the direct sum ofsubmodules S1, ... ,Sn 
if and only if 
1) M = S1 + · · · + Sn 
2) For each i = 1, ... ,n 

I 

Spanning Sets 
The concept of spanning set carries over to modules as well. 

Definition The submodule spanned (or generated) by a subset S of a 
module M is the set of all linear combinations of elements of S 

A subset SCM is said to span M, or generate M, if 

M = span(S) 

that is, if every v E M can be written in the form 

v=r1v1 +···+rnvn 

for some r1, ... ,rn E R, and v1, ... ,vn EM. 0 

Observe that (v} = Rv = {rv IrE R} is just the set of all scalar 
multiples of v. Since modules of this type are extremely important, 
they have a special name. 

Definition Let M be an R-module. A submodule of the form (v) = 
Rv = {rv IrE R}, for v EM, is called the cyclic submodule generated 
by v. 0 

For reasons that will become clear soon, we need the following 
definition. 

Definition An R-module M is said to be finitely generated if it 
contains a finite set that generates M. 0 



88 4 Modules I 

Of course, a vector space is finitely generated if and only if it has 
a finite basis, that is, if and only if it is finite dimensional. However, 
for modules, things are not quite as simple. The following is an 
example of a finitely generated module that has a submodule that is not 
finitely generated. 

Example 4.3 Let R be the ring F[x1,x2, ... ] of all polynomials in 
infinitely many variables over a field F. It will be convenient to use 
the boldface letter x to denote x1 ,x2, ..• , and write a polynomial in R 
in the form p(x). (Each polynomial in R, being a finite sum, involves 
only finitely many variables, however.) Then R is an R-module, and 
as such, is finitely generated by the identity element p(x) = 1. 

Now, consider the submodule S of all polynomials with zero 
constant term. This module is generated by the variables themselves, 

S = (x1,x2, ... } 

However, S is not generated by any finite set of polynomials. For 
suppose that {p1, ... , p11} is a finite generating set for S. Then, for 
each k, there exist polynomials ak,l (x), ... , ak,n(x) for which 

11 

(4.2) xk = L ak,i(x)pi(x) 
i=l 

Note that since Pi(x) E S, it has zero constant term. 
Since there are only a finite number of variables involved in all of 

the Pi(x)'s, we can choose an index k for which p1(x), ... ,p11(x) do 
not involve xk. For each akj(x), let us collect all terms involving xk, 
and all terms not involving xk, 

(4.3) 

where qj(x) is any polynomial in R, and rj(x) does not involve xk. 
Now (4.2) and (4.3) give 

11 

xk = L [xkqj(x) + rj(x)]pi(x) 
i=l 

11 11 

= xk L qj(x)pi(x) + L rj(x)pi(x) 
i=l i=l 

The last sum does not involve xk and so it must equal 0. Hence, the 
first sum must equal 1, but this is not possible, since the Pi(x)'s have 
no constant terms. Hence, S has no finite generating set. 0 
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Linear Independence 
The concept of linear independence also carries over to modules. 

Definition A nonempty subset S of a module M is linearly 
independent if for any v 1, ... , v 11 E M, 

If a set S 
dependent. 0 

r1v1 +···+r11v11 =0::::} r1 =···=r11 =0 

is not linearly independent, we say that it is linearly 

It is clear from the definition that any nonempty subset of a 
linearly independent set is linearly independent. 

In a vector space, the set S = {v}, consisting of a single nonzero 
vector v, is linearly independent. However, in a module, this need not 
be the case. 

Example 4.4 The abelian group l 11 = {O,l, ... ,n-1} is a l-module, 
with scalar multiplication defined by za = (z ·a) mod n, for all n E l 
and a E l 11• However, since na = 0 for all a E l 11, we see that no 
singleton set {a} is linearly independent. 0 

Recall that, in a vector space, a set S of vectors is linearly 
dependent if and only if some vector in S is a linear combination of 
the other vectors in S. For arbitrary modules, this is not true. 

Example 4.5 Consider the l-module l 2, consisting of all ordered pairs 
of integers. Then the ordered pairs (2,0) and (3,0) are linearly 
dependent, since 

3(2,0)- 2(3,0) = (0,0) 

but neither one of these ordered pairs is a linear combination (i.e., 
scalar multiple) of the other! 0 

The problem in the previous example is that 

r1v1 + · ·· + r11v11 = 0 

and (say) r1 #= 0 together imply that 

rlvl= -r2v2-···-rnvn 

but, in general, we cannot divide both sides by r1, since it may not 
have a multiplicative inverse in the ring R. 

We can now define the concept of a basis for a module. 
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Definition Let M be an R-module. A subset ':B of M is a basis if 
':B is linearly independent and spans M. 0 

Theorem 4.4 A subset ':B of a module M is a basis if and only if, for 
every v EM, there is a unique set of scalars r1, ... ,rn for which 

I 

In a vector space, a set of vectors is a basis if and only if it is a 
minimal spanning set, or equivalently, a maximal linearly independent 
set. For modules, the following is the best we can do, in general. 

Theorem 4.5 Let ':B be a basis for an R-module M. Then 
1) ':B is a minimal spanning set. 
2) ':B is a maximal linearly independent set. I 

The Z-module of Example 4.4 is an example of a module that has 
no basis, since it has no linearly independent sets. But since the entire 
module is a spanning set, we deduce that a minimal spanning set need 
not be a basis. In the exercises, the reader is asked to give an example 
of a module M that has a finite basis, but with the property that not 
every spanning set in M contains a basis, and not every linearly 
independent set in M is contained in a basis. 

We will continue our discussion of bases for modules in a moment, 
but first let us discuss the module counterpart of linear transformations. 

Homomorphisms 
The term linear transformation is special to vector spaces. 

However, the concept applies to most algebraic structures. 

Definition Let M and N be R-modules. A function r:M___.N is said 
to be a homomorphism if 

r(ru + sv) = rr(u) + sr(v) 

for all scalars r,s E R and u,v EM. The set of all homomorphisms 
from M to N is denoted by Hom(M,N). Moreover, we have the 
following definitions. 
1) An endomorphism is a homomorphism from M to M. 
2) A monomorphism is an injective homomorphism. 
3) An epimorphism is a surjective homomorphism. 
4) An isomorphism is a bijective homomorphism. 0 
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Theorem 4.6 Let r E Hom(M,N). The kernel and image of r, defined 
as for linear transformations, by 

ker(r) = {v EM I r(v) = 0} 
and 

im(r) = {r(v) I v EM} 

are submodules of M and N, respectively. I 

Free Modules 
The fact that not all modules have a basis leads us to make the 

following definition. 

Definition An R-module M is said to be free if it has a basis. If c:B 
is a basis for M, we say that M is free on <:B. 0 

The next example shows that even free modules are not very much 
like vector spaces. It is an example of a free module that has a 
submodule that is not free! 

Example 4.6 The set 7L x 7L is a free module over itself, with basis 
{(1,1)}. To see this, observe that (1,1) is linearly independent, since 

(n,m)(1,1) = (0,0) => (n,m) = (0,0) 

Also, (1,1) spans 7L x 71., since (n,m) = (n,m)(1,1). 
But the submodule S = 7L X {0} is not free, since it has no 

linearly independent elements, and hence no basis. This follows from 
the fact that, if (n,O) ::p (0,0), then, for instance (O,l)(n,O) = (0,0), and 
so {(n,O)} is not linearly independent. 0 

Since all bases for a vector space V have the same cardinality, 
the concept of vector space dimension is well-defined. We now turn to 
the same issue for modules. The next example shows what can happen 
if the ring R is not commutative- it is an example of a module over a 
noncommutative ring that has a basis of size n for any natural 
number n! 

Example 4.7 Let V be a vector space over F, with a countably 
infinite basis c:B = {b1, b2 , .. . }. Let R = L(V) be the ring of linear 
operators on V. Observe that R is not commutative, since 
composition of functions is not commutative. 

The ring R is an R-module, and as such, the identity map t 

forms a basis for R. However, we can also construct a basis for R of 
any desired finite size n. We begin by partitioning c:B into n blocks. 
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For each s = O, ... ,n-1, let 

C:Ss ={~I i = s mod n} ={~I i = kn+s for some k} 

Now we define elements f3s E R = t(V) by their action on the basis 
vectors in C:S as follows. The intention is that f3s is zero on all basis 
vectors not in C:Ss, and f3s takes hm+s E C:Ss to ~· 

Since any nonnegative integer i has the form kn + t for unique 
k and t satisfying 0 5 t < n, we can define f3s by 

if t = s 

if t#=s 

Now en= {{30, ... , f3n_1} is linearly independent. For if a5 E t(V), 
and 

0 = aof3o + .. · + an-1Pn-1 

then, applying this to hm+t gives 

0 = atf3t(bm+t) = at(~) 

for all k. Hence, at = 0. 
Also, en spans R = t(V). For if T E t(V), we define 

as E t(V) by 

Then 

( aof3o + · · · + an-1Pn-1)(hm+t) = atf3t(bm+t) =at(~) = r(bm+t) 

and so 
T = aof3o + ··· + an-1Pn-1 

which shows that T E span{f3o1 ... ,{3n-1}. Thus, en= {f3o, ... ,f3n-1} 
is a basis for t(V), and we have shown that t(V) has a basis of any 
finite size n. 0 

Example 4. 7 shows that modules over noncommutative rings can 
behave very poorly when it comes to bases. Fortunately, when the ring 
of scalars is commutative, things are much nicer. We will postpone the 
proof of the following theorem to the next chapter. 

Theorem 4.7 Let M be a free R-module. (By our definition, R is a 
commutative ring with identity.) Then any two bases of M have the 
same cardinality. I 

Theorem 4. 7 allows us to define the rank of a free module. (In the 
case of modules, it is customary to use the term rank, rather than 
dimension.) 
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Definition Let M be a free R-module. We define the rank rk(M) of 
M to be the cardinality of any basis for M. D 

Recall that if B is a basis for a vector space V over F, then V 
is isomorphic to the vector space (F8 )0 of all functions from B to F 
that have finite support. A similar result holds for free R-modules. We 
begin by establishing that (R8 ) 0 is a free R-module. 

Theorem 4.8 Let B be any set, and let R be a ring. The set (R8 )0 
of all functions from B to R that have finite support is a free R­
module, with basis ~ = { 6b} defined by 

{
1 ifx=b 

ob(x) = 0 
if X -:j; b 

and rank I B I . This basis ts referred to as the standard basis for 
(RB)o· I 

Theorem 4.9 Let M be an R-module. If B is a basis for M, then 
M is isomorphic to (R8 )0• 

Proof. Since B is a basis for M, any v E M has a unique 
representation (up to order) as a linear combination of elements of B. 
If 

then we let v E (R8 )0 be the function defined by 

V(b) = { ~ if b =hi for some 

if b-:j;bi for any i 

In words, v is the function that assigns to each basis element b E B, 
the coefficient of b in the expression of v as a linear combination of 
basis elements. This defines a map r:M-+(R8 )0, by r(v) = v. 

It is easy to see that r is a module homomorphism from M to 
(R8 )0• Furthermore, T is injective, since r(v) = v = 0 implies that 
the coordinates of v with respect to all basis elements are 0, and so v 
must be 0. Also, T is surjective, since if f E (R8)0, then we may 
define v E M by 

v= E f(b)b 
hEB 

Since f has finite support, this is a finite linear combination of basis 
elements. Moreover, r(v) = v has the property that v(b) = f(b) for 
all bE B, and so r(v) = v =f. Thus, T is an isomorphism from M 
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Corollary 4.10 Two free R-modules are isomorphic if and only if they 
have the same rank. 

Proof. If M ~ N, then any isomorphism T from M to N maps a 
basis for M to a basis for N. Since T is a bijection, we have 
rk(M) = rk(N). Conversely, suppose that rk(M) = rk(N). Let ~ be a 
basis for M and let e be a basis for N. Since I ~ I = I e I ' there is 
a bijective map r:~--+e. This map can be extended by linearity to an 
isomorphism of M onto N, and so M ~ N. I 

Summary 
Here is a list of some of the properties of modules that emphasize 

the differences between modules and vector spaces. 
1) A submodule of a module need not have a complement. 
2) A submodule of a finitely generated module need not be finitely 

generated. 
3) There exist modules with no linearly independent elements, and 

hence with no basis. 
4) In a module, there may exist a set S of linearly dependent 

elements for which no element in S is a linear combination of the 
other elements in S. 

5) In a module, a minimal spanning set is not necessarily a basis. 
6) In a module, a maximal linearly independent set is not necessarily 

a basis. In fact, maximal linearly independent sets need not even 
exist. 

7) A module over a noncommutative ring may have bases of different 
sizes. However, all bases for a free module over a commutative 
ring with identity have the same size. 

8) There exist free modules with linearly independent sets that are 
not contained in a basis, and spanning sets that do not contain a 
basis. 

EXERCISES 
1. Give the details to show that any commutative ring with identity 

is a module over itself. 
2. Let M be an R-module, and let I be an ideal in R. Let IM 

be the set of all finite sums of the form 

rlvl + .. ·+rnvn 

where ri E I and vi E M. Is IM a submodule of M? 
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3. Show that if S and T are submodules of M, then (with respect 
to set inclusion) 

S n T = glb{S,T} and S + T = lub{S,T} 

4. Let S1 C S2 C · · · be an ascending sequence of submodules of an 
R-module M. Prove that the union U Si is a submodule of M. 

5. Is it true that a subset S of a module M is linearly independent 
if and only if every element of span(S) can be expressed as a 
unique linear combination of elements of S? Explain. 

6. Consider the Z-module Z11 = {O, ... ,n-1}, with scalar 
multiplication defined by 

zu = (z · u) mod n 

for z E Z and u E Z11 • Which subsets of Z11 (if any) are linearly 
independent? 

7. Give an example of a module M that has a finite basis, but with 
the property that not every spanning set in M contains a basis, 
and not every linearly independent set in M is contained in a 
basis. 

8. Let 1 E Hom(M,N) be an isomorphism. If <:B is a basis for M, 
prove that ;(<:B)= {;(b) I bE <:B} is a basis for N. 

9. Consider the ring R = F[x,y] of polynomials in two variables. 
Show that the set M consisting of all polynomials in R that 
have zero constant term, is an R-module. Show that M is not a 
free R-module. 

10. Referring to Example 4.7, where R = L(V), show that R11 is 
isomorphic to Rm for all n and m. (By R11, we mean the set 
of all ordered n-tuples of elements of R.) 

11. How does the proof of Corollary 4.10 use the fact that R is a 
commutative ring? 

12. Prove that if a ring R has the property that every finitely 
generated R-module is free, then either R is the zero ring or R 
is a field. 

13. Let I be an ideal in R. Prove that I is a free R-module if and 
only if I is a principle ideal, generated by an element in R that 
is not a zero divisor. 

14. Let M be an R-module. An element v EM is called a torsion 
element if there exists a nonzero r E R for which rv = 0. 
a) Prove that if R is an integral domain, then the set Tor(M) 

of torsion elements in M forms a submodule of M. 
b) Find an example of a ring R with the property that, 

thinking of R as an R-module, the set Tor(R) is not a 
submodule of R. 



CHAPTER 5 

Modules II 

Contents: Quotient Modules. Quotient Rings and Maximal Ideals. 
Noetherian Modules. The Hilbert Basis Theorem. Exercises. 

Quotient Modules 
The procedure for defining quotient modules is the same as that 

for defining quotient spaces. We summarize in the following theorem. 

Theorem 5.1 Let S be a submodule of an R-module M. The binary 
relation 

u:=v {::} u-vES 

is an equivalence relation on M, whose equivalence classes are the 
cosets 

j = v+S = {v +sIs E S} 

of S m M. The set M/S of all cosets of S in M, called the 
quotient module of M modulo S, IS an R-module under the well­
defined operations 

(u+S) + (v+S) = (u + v)+S and r(u+S) = ru+S 

The zero element in M/S is the coset 0 + S = S. I 

It is left to the reader to formulate and prove precise statements of 
the three isomorphism theorems for modules that correspond to the 
isomorphism theorems of Chapter 3. 

One question that immediately comes to mind is whether or not a 
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quotient space of a free module need be free. As the next example 
shows, the answer is no. 

Example 5.1 As a module over itself, the Z-module Z is free on the 
set { 1}. The set Zn = { zn I z E Z} is a (cyclic) submodule of Z, but 
the quotient Z-module Z/Zn is isomorphic to Zn, via the map 

r(u+Zn) = u mod n 

and since Zn is not free as a Z-module, neither is Z/Zn. 0 

Quotient Rings and Maximal Ideals 
In order to prove Theorem 4.7, we need a few more facts about 

rings. The construction of quotient spaces and quotient modules works 
equally well for other algebraic structures. For rings, it proceeds as 
follows. Let S be a subring of a commutative ring R with identity. 
Then the set of all cosets 

R/S={r+SirER} 

is easily seen to be an abelian group under coset addition 

(a+S) + (b+S) =(a+ b )+S 

In order for the product 

to be well-defined, we must have 

b+S = b' +S => ab+S = ab' +S 
or, equivalently, 

b - b' E S => a(b- b') E S 

But b- b' may be any element of S, and a may be any element of 
R, and so this condition implies that S must be an ideal. Conversely, 
if S is an ideal, then coset multiplication is well-defined. 

Theorem 5.2 Let R be a commutative ring with identity. If .3 is any 
ideal of R, then the set R/.3 of all cosets of .3 in R is a ring, called 
the quotient ring of R modulo .3, where addition and multiplication 
are defined by 

(a+S) + (b+S) =(a+ b)+S 

(a+S){b+S) = ab+S I 

Definition An ideal .3 in a ring R is a maximal ideal if .3 :f R, and if 
whenever l is an ideal satisfying .3 C J C R, then either J = .3 or 
l = R. 0 
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Here is one reason why maximal ideals are important. 

Theorem 5.3 Let R be a commutative ring with identity. Then the 
quotient ring R/!1 is a field if and only if !I is a maximal ideal. 

Proof. Suppose first that R/!1 is a field. Assume that !I is not 
maximal, and so there exists an ideal j with the property that 
!I ~ j ~ R. Let j E j - !1, and consider the ideal 

9G = {i,!l) c j 
generated by j and !1. Since j £t. !1, we have j+!l f. 0 and since R/!1 
is a field, j+!l must have an inverse, say j' +!1, for which 

(j+!l)(j'+!l) =jj'+!l = 1+!1 

Therefore, 1 - jj' E !I C 9G and since jj' E 9G, we have 1 E 9G, which 
implies that 9G = R. But 9G C j and j is a proper subset of R. 
This contradiction implies that !I is maximal. 

Conversely, suppose that !I is maximal. We want to show that 
any nonzero r+!l E R/!1 has an inverse. But if 0 f. r+!l, then r £t. !1, 
and so the ideal j =· {r,!l) is strictly larger than !1. Since !I is 
maximal, we must then have j = R. This implies that 1 E j, and so 
there exists s E R for which 1 = sr+i, for some i E !1. Hence, 

(s+!l)(r+!l) = sr+!l = (1- i)+!l = 1+!1 

and so (r+!l)-1 = s+!l. Hence, R/!1 is a field. I 

We need one more fact in order to prove Theorem 4. 7. 

Theorem 5.4 Any commutative ring R with identity contains a 
maximal ideal. 

Proof. Since R is not the zero ring, it has a proper ideal, namely, 
{0}. (By a proper ideal, we mean an ideal different from R itself.) 
Let :I be the collection of all proper ideals of R. Then :I is 
nonempty. If 

jl c !12 c ... 
is a chain of proper ideals in R, then the union j = U !lj is also an 
ideal. Furthermore, if j = R, then 1 E j, and so 1 E !lk, for some k, 
which implies that !lk = R, and this contradicts the fact that ~ is 
proper. Hence, l E :f. Thus, any chain in :I has an upper bound, and 
so Zorn's lemma implies that :I has a maximal element. This shows 
that R has a maximal ideal. I 

We are now ready for the proof of Theorem 4. 7. 
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Theorem 5.5 Let M be a free R-module. Then any two bases of M 
have the same cardinality. 

Proof. Our plan is quite straightforward. We seek to find a vector 
space V with the property that, for any basis for M, there is a basis 
of the same cardinality for V. Then we can appeal to the 
corresponding result for vector spaces, which we proved in Chapter 1. 

Now, according to Theorem 5.4, R has a maximal ideal !1, and 
according to Theorem 5.3, R/!1 is a field. Let 

!IM = {a1v1 + .. ·+a11V11 I ai E !1, viE M} 

Then !IM is a submodule of M, and so we may form the quotient 
module M/!IM. 

We want to show that M/!IM is a vector space over R/!1, with 
scalar multiplication defined by 

(r+!l)(u+!IM) = ru+!IM 

To see that this is well-defined, suppose that 

r+!l = r' +!I and u+!IM = u' +!IM 

We must show that 
ru+!IM = r'u' +!IM 

Equivalently, we must show that 

r- r' E ~. u - u' E ~M :=} ru - r'u' E ~M 

But 

r- r' E !1, u- u' E !IM :=} (r- r')u' E !IM and r(u- u') E !IM 

:=} (r- r')u' + r(u- u') = ru- r'u' E !IM 

Hence, scalar multiplication is well-defined. We leave it to the reader 
to show that the necessary properties of scalar multiplication are 
satisfied, and so M/!IM is indeed a vector space over R/!1. 

Let ~ be a basis for M over R. If hi and bj are in ~ then 
bi+!IM and bj+!IM are distinct, for if 

b·+!IM = b.+!JM 
I J 

then bi- bj E !IM, and so 

b. -b. = a1v1 + ···+a v 
I J n n 

for ai E !1, vi E M. But each vi is a linear combination of the basis 
vectors in ~. Let us suppose that the coefficient of hi in vk IS rk, 
for k = 1, ... , n. Equating coefficients of bi on both sides gives 

1 =a1r1 +···+a11r11 
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But the sum on the right side of this equation is in the ideal 3, and so 
1 E 3, which is a contradiction to the fact that 3 is maximal (and 
hence proper). Thus, the set 

c:B' = {b+3M I bE c:B} 

has the same cardinality as the basis c:B of M. We need only show 
that c:B' is a basis for the vector space 3M over R/3. 

It is clear that c:B' generates M/3M over R/3, since c:B 
generates M. To see that ':B' is linearly independent, observe that 

L (rj+3)(bj+3M).= 0 => L (rjbj+3M) = 0 
jEU jEU 

=> ~ r.b. E 3M => ~ r·b· = ~a. b. for a1• E 3 L...t J J L...t J J L...t I Jl 
jEU jEU iEV 

Equating coefficients of bj on both sides shows that rj E 3, and so 
rj+3 = 0. This shows that c:B' is linearly independent. Hence ~~ is a 
basis for M/3M. Thus, I~ I = dim(M/3M) is independent of the 
choice of basis ~- I 

Noetherian Modules 
One of the most desirable properties of a finitely generated R­

module M is that all of its submodules be finitely generated. Example 
4.3 shows that this is not always the case, and leads us to search for 
conditions on the ring R that will guarantee that any finitely 
generated R-module has only finitely generated submodules. 

Definition An R-module M is said to satisfy the ascending chain 
condition on submodules if, for any ascending sequence of submodules 

S1 c S2 c S3 c ··· 
of M, there exists an index k for which Sk = Sk+I = Sk+2 = · · ·. 0 

Put less formally, an R-module satisfies the ascending chain 
condition (abbreviated a.c.c.) on submodules if any ascending chain of 
submodules eventually becomes constant. 

Theorem 5.6 The following are equivalent for an R-module M. 
1) Every submodule of M is finitely generated. 
2) M satisfies the a.c.c. on submodules. 
Any module that satisfies either of these conditions is called a 
noetherian module (after Emmy Noether, one of the pioneers of module 
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theory). 

Proof. Suppose that all submodules of M are finitely generated, and 
that M contains an infinite ascending sequence 

(5.1) 

of submodules. Then the union 

is easily seen to be a submodule of M. Hence, S is finitely generated, 
and S = (u1, ... , u11}, for some ui E M. Since ui E S, there exists an 
index ki such that ui E Sk.. Therefore, if k = max {k1, ••. , k11}, we 

1 have 
uiESk forall k=1, ... ,n 

and so 
s = (ul, ... ,ull} c sk c sk+l c sk+2 c ... c s 

which shows that the submodules in the chain (5.1), from sk on, are 
equal. 

For the converse, we must show that if M satisfies the a.c.c on 
submodules, then every submodule of M is finitely generated. To this 
end, let S be a submodule of M. Pick u1 E S, and consider the 
submodule sl = (ul} c s generated by ul. If sl = s, then s is 
finitely generated. If S1 -:/: S, then there is a u2 E S - S1• Now let 
S2 = {u1,u2}. If S2 = S, then S is finitely generated. If S2 -:/: S, then 
pick u3 E S- S2, and consider the submodule S3 = {u1,u2,u3). 

Continuing in this way, we get an ascending chain of submodules 

{u1) C (u11u2) C {u11u2,u3) C · · · C S 

If none of these submodules is equal to S, we would have an infinite 
ascending chain of submodules, each properly contained in the next, 
which contradicts the fact that M satisfies the a.c.c. on submodules. 
Hence, S = (u1, ... , u11), for some n, and so S is finitely generated. I 

Since a ring R is a module over itself, and since the submodules 
of the module R are precisely the ideals of the ring R, the preceding 
may be formulated for rings as follows. 

Definition A ring R is said to satisfy the ascending chain condition on 
ideals if, for any ascending sequence of ideals 

jl c !12 c 33 c ... 
of R, there exists an index k for which !lk = !lk+I = !lk+2 = · · ·. D 
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Theorem 5.7 The following are equivalent for a ring R. 
1) Every ideal of R is finitely generated (as an R-module). 
2) R satisfies the a.c.c. on ideals. 
Any ring that satisfies either of the conditions is called a noetherian 
ring. I 

Now we are ready for the main result of this section. 

Theorem 5.8 If R is noetherian, then so is any finitely generated R­
module. 

Proof. Let M be a finitely generated R-module, say M = (u1, ••• , u11). 

Consider the epimorphism r:R11--+M defined by 

r(r1, ... ,r11) = r1u1 + .. ·+r11u11 

Let S be a submodule of M. Then 

r-1(S) = {u E R11 I r(u) E S} 

is a submodule of R11, and r( r-1(S)) = S. Now suppose that R11 has 
only finitely generated submodules, and so r-1(S) is finitely 
generated, say, r-1(S) = (vv ... , vk). Then if wE S, we have w = r(v) 
for some v E r-1(S), and since 

v=r1v1 + .. ·+rkvk 
we get 

w = r(v) = r1r(v1) + .. · + rkr(vk) 

which implies that S is finitely generated, by { r(v1), ... , r(vk)}. 
Therefore, the proof will be complete if we can show that every 
submodule of R11 is finitely generated. 

We do this by induction on n. If n = 1, the result is clear. 
Suppose that Rk has only finitely generated submodules, for all 
1 ~ k < n. Let S be a submodule of R11, and consider the sets 

sl = {(sll ... ,sn-1'0) I (sl, ... ,sn-llsn) E s for some sll} 
and 

s2 = {(O, ... ,O,sn) I (sl, ... ,sn-llsn) E s for some sll} 

It is easy to see that S1 and S2 are submodules of R11• Moreover, 
S1 is isomorphic to a submodule of R11- 1, obtained by simply 
dropping the last coordinate, 

sl ~ {(sll ... ,sn-1) I (sl, ... ,sn-1'0) E S1} c Rn-l 

and similarly, S2 is isomorphic to a submodule of R, 

s2 ~ {sn I (O, ... ,O,sn) E S2} c R 
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Therefore, the induction hypothesis (and the isomorphisms) imply that 
sl and s2 are finitely generated, say 

sl = (ut•···•us} and s2 = (vl, ... ,vt) 
Hence, 

s = s 1 EB s 2 

is finitely generated, by { u1, ... , us, v 1, ... , v t}. I 

The Hilbert Basis Theorem 
Theorem 5.8 naturally leads us to ask which familiar rings are 

noetherian. We leave it to the reader to show that a commutative ring 
R with identity is a field if and only if its only ideals are {0} and R. 
Hence, a field is a noetherian ring. Also, any principal ideal domain is 
noetherian. The following theorem describes some additional 
noetherian rings. 

Theorem 5.9 (Hilbert basis theorem) If a ring R is noetherian, 
then so is the polynomial ring R[x]. 

Proof. We wish to show that any ideal 3 in R[x] is finitely 
generated. Let L denote the set of all leading coefficients of 
polynomials in 3, together with the 0 element of R. Then L is an 
ideal of R. 

To see this, observe that if a E L is the leading coefficient of 
f(x) E 3, and if r E R, then either m = 0 or else m is the leading 
coefficient of rf(x) E 3. In either case, mEL. Similarly, suppose that 
f3 E L is the leading coefficient of g(x) E 3. We may assume that 
deg f(x) = i and deg g(x) = j, with i :::; j. Then h(x) = xj-if(x) is in 
3, has leading coefficient a, and has the same degree as g(x). Hence, 
a- f3 is either 0 or it is the leading coefficient of h(x)- g(x) E 3. In 
either case a- f3 E L. 

Since L is an ideal of the noetherian ring R, it must be finitely 
generated, say L = (a1,. .. , ak). Since ai E L, there exist polynomials 
fi{x) with leading coefficients ai. By multiplying each fi(x) by a 
suitable power of x, we may assume that deg fi{x) = d for all i = 
1, ... ,k. 

Now, let 
g(x) = go+ glx + ... + gnxn 

be any polynomial in j with deg g(x) 2:: d. Since gn E L, we have 

gn = rlal + · · · + rkak 
and so 
(5.2) h(x) = g(x) - L r/i(x) 

i 



5 Modules II 105 

has coefficient of xn equal to 0. In other words, deg h(x) < deg g(x). 
We now have the basis for an induction argument. Any 

polynomial in !I of degree less than d is certainly generated by the set 

S = {1,x, ... ,xd-l,f1(x), ... ,fk(x)} 

Assume, for the purposes of induction, that any polynomial of degree at 
most n- 1 is generated by S. Let g(x) have degree n. Referring to 
(5.2), we see that deg h(x) :::; n- 1, and so h(x) E !I is generated by S. 
But then 

g(x) = h(x) + L r/i(x) 

is also generated by S. I 
i 

EXERCISES 
1. State and prove the first isomorphism theorem for modules. 
2. State and prove the second isomorphism theorem for modules. 
3. State and prove the third isomorphism theorem for modules. 
4. If M is a free R-module, and r:M___..N is an epimorphism, must 

N also be free? 
5. Let I be an ideal of R. Prove that if R/I is a free R-module, 

then I is the zero ideal. 
6. Show that the submodules of the R-module Rare the same as the 

ideals of the ring R. 
7. Let R be a commutative ring with identity. An ideal !I in R 

is called a prime ideal if r,s E R and rs E !I implies that r E !I 
or s E !1. Show that R/!1 is an integral domain if and only if !I 
is a prime ideal and !I # R. 

8. Prove that the union of an ascending chain of submodules is a 
submodule. 

9. Prove that a commutative ring R with identity is a field if and 
only if it has no ideals other than {0} and R. 

10. Let S be a submodule of an R-module M. Show that if M 1s 
finitely generated, so is the quotient module M/S. 

11. Let S be a submodule of an R-module. Show that if both S 
and M/S are finitely generated, so is M. 

12. Referring to the proof of Theorem 5.5, show that the necessary 
properties of scalar multiplication are satisfied and so M/!IM is 
indeed a vector space over R/!1. 

13. Show that an R-module M satisfies the a.c.c. for submodules if 
and only if the following condition holds. Every nonempty 
collection ':f of submodules of M has a maximal element. That 
is, for every nonempty collection ':f of submodules of M, there is 
an S E ':f with the property that T E ':f ::} T C S. 
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14. Let r:M-+N be a homomorphism of R-modules. 
a) Show that if M is finitely generated, then so is im( r). 
b) Show that if ker( T) and im( T) are finitely generated, then 

M = ker(r) + im(r) is finitely generated. 
15. If R is a noetherian ring, show that any proper ideal of R is 

contained in a maximal ideal. 
16. If R is noetherian, and 3 is an ideal of R, show that R/3 is 

also noetherian. 
17. Prove that if R is noetherian, then so is R[x1, ... ,~]. 



CHAPTER 6 

Modules over Principal Ideal Domains 

Contents: Free Modules over a Principal Ideal Domain. Torsion 
Modules. The Primary Decomposition Theorem. The Cyclic 
Decomposition Theorem for Primary Modules. Uniqueness. The 
Cyclic Decomposition Theorem. Exercises. 

Free Modules over a Principal Ideal Domain 
When a ring R has nice properties (such as being noetherian), 

then its R-modules tend to have nice properties (such as being 
noetherian, at least in the finitely generated case). Since principal ideal 
domains (abbreviated p.i.d.s) have very nice properties, we expect the 
same for modules over p.i.d.s. 

For instance, Example 4.6 showed that a submodule of a free 
module need not be free. However, if the ring of scalars is a principal 
ideal domain, this cannot happen. 

Theorem 6.1 Let M be a free module over a principal ideal domain 
R. Then any submodule S of M is also free. Moreover, 
rk(S) ::; rk(M). 

Proof. We will give the proof only for modules of finite rank, although 
the theorem is true for all free modules. Thus, since M ~ Rn, we may 
in fact assume that M = Rn. Our plan is to proceed by induction 
on n. 

For n = 1, we have M = R, and any submodule S of R is just 
an ideal of R. Hence, S = (a} is principal. But since R is an 
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integral domain, we have ra f. 0 for all r f. 0, and so the map 

r:R-.S, r(r) = ra 

is an isomorphism from R to S. Hence, S is free. 
Now assume that any submodule of Rk is free, for 1 ~ k ~ n- 1, 

and let S be a submodule of Rn. Consider the sets 

s1 = {(s1, ... ,sn-1,0) I (sv ... ,sn-1,sn) E s for some sn} 
and 

s2 = {(O, ... ,O,sn) I (s1, ... ,sn-llsn) E s for some sn} 

It is easy to see that S1 and S2 are submodules of Rn, and that 

s = s 1 EB s 2 

Moreover, S1 is isomorphic to a submodule of Rn-1, obtained by 
simply dropping the last coordinate, 

s1 ~ {(s1, ... ,sn-1) I (s1, ... ,sn-1'0) E S1} c Rn-1 

and S2 is isomorphic to a submodule of R, 

s2 ~ {sn I (O, ... ,O,sn) E S2} c R 

Therefore, the induction hypothesis (and the isomorphisms) imply that 
s1 and s2 are free. If s1 is free on {u1, ... ,us}, where s~n-1, 
and s2 is free on {.vl}, then s is free on {ul, ... ,us,vl}, where 
s + 1 :::; n. I 

Torsion Modules 
In a vector space V over a field F, if r E F and v E V are 

nonzero, then rv is nonzero. In a module, this need not be the case 
and leads to the following definition. 

Definition Let M be an R-module. If v EM has the property that 
rv = 0 for some nonzero r E R, then v is called a torsion element of 
M. A module that has no nonzero torsion elements is said to be torsion 
free. If all elements of M are torsion elements, then M is a torsion 
module. 0 

If M is a module, it is not hard to see that the set Mtor of all 
torsion elements is a submodule of M, and that M/Mtor is torsion 
free. Moreover, any free module over a principal ideal domain is torsion 
free. The following is a partial converse. 

Theorem 6.2 Let M be a torsion free, finitely generated module over a 
principal ideal domain R. Then M is free. 
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Proof. Since M is finitely generated, we have M = (v1, ... ,vn) for 
some viE M. Now let us take a maximal linearly independent subset 
of these generators, say S = { u1, ... , uk}, and renumber to get 

M = (ul, ... ,uk,vl, ... ,vn-k) 

Thus, for each vi, the set { u1, ... , uk, vi} is linearly dependent, and so 
there exists ai and r 1, ... , rk for which 

aivi +r1u1 + .. ·+rkuk = 0 

Now, if we let a= a1• "an-k be the product of the coefficients of the 
various vi's, then a viE span(S), for all i = 1, ... , n-k. 

Hence, the module aM= {avIv EM} is a submodule of 
span(S). But span(S) is a free module, with basis S, and so by 
Theorem 6.1, aM is also free. Finally, M ~aM, since the map 

r(v) = av 

is an epimorphism, that happens to be injective, because M is torsion 
free. Thus M, being isomorphic to aM, is also free. I 

Our goal in this section is to show that any module M over a 
principal ideal domain is the direct sum 

M = Mtor EB Mfree 

where Mfree is a free module. This is the first step in the 
decomposition of a module over a principal ideal domain. 

Since the quotient module MfMtor is torsion free and since 
M/Mtor is finitely generated when M is finitely generated, we deduce 
from Theorem 6.2 that MfMtor is a free module. Consider the natural 
projection 

?T:M-->M/Mtor' ?r(v) = v+Mtor 

It is tempting to infer (as we would for vector spaces) that M is 
isomorphic to the direct sum of ker( 1T) and im( 1T ), and since 
ker(1r) = Mtor• and im(1r) = M/Mtor is free, the desired result would 
follow. Happily, this is the case for modules as well. 

Theorem 6.3 Let M be a finitely generated module over a principal 
ideal domain R. Then 

M = Mtor EB Mfree 

where Mrree is a freeR-module. 

Proof. Consider the epimorphism ?T:M-->M/Mtor from M onto the 
free module M/Mtor· Let <:B be a basis for M/Mtor· For each b E B, 
choose a b' E M with the property that 1r(b') = b. Let c:B' be the set 
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of all such elements of M. We leave it to the reader to show that ~, 

is linearly independent. Hence, S = span(~') is a free submodule of 
M. Moreover, 

v E Mtor n S = ker( 1r) n S ::::} 1r(v) = 0 and v = :Erib/ 

::::} 0 = :Er·7r(b·') = :Er·b· 1 1 1 1 

::::} ri = 0 for all i 

::::} v = 0 

and so Mtor n S = {0}. Furthermore, if v EM, then 1r(v) = :Esibi, for 
some si E R. Now let u = :Esib/ E S. Then 

1r(v- u) = 1r(v)- 1r(:Esibi') = :Esibi- :Esibi = 0 

andso x=v-uEker(7r). Hence, v=x+uEker(7r)+S. Thisshows 
that M = ker( 1r) E9 S = Mtor E9 S. I 

In view of Theorem 6.3, we can turn our attention to the 
decomposition of finitely generated torsion modules over a principal 
ideal domain. 

The Primary Decomposition Theorem 
To show that every finitely generated torsion module over a 

principal ideal domain is the direct sum of cyclic submodules, we need 
some definitions. 

Definition Let M be an R-module. The annihilator of v E M IS 

ann(v) = {r E R I rv = 0} 

and the annihilator of M is 

ann(M) = {r E R I rM = {0}} 

where rM = {rv I v EM}. 0 

It is easy to see that ann(v) and ann(M) are ideals of R. 
Clearly, v EM is a torsion element if and only if ann(v) f; {0}. 

If M is a finitely generated torsion module over a principal ideal 
domain, say M=(u1, ... ,u11), then there exists nonzero aiEann(ui), 
for i = l, ... ,n. Hence, the nonzero product a= a1 .. ·a11 satisfies 
av = 0 for all v E M, and so a E ann(M). This shows that 
ann(M) f; {0}. 

Definition Let M be a finitely generated torsion module over a 
principal ideal domain. Any generator of the principal ideal ann(v) is 
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called an order of v. Any generator of the nonzero principal ideal 
ann(M) is called an order of M. 0 

Annihilators are also referred to as order ideals. Note that any 
two orders Jl and v of M (or of v E M) are associates, that is, 

ann(M) = (Jt} = (v) => Jl = uv for some unit u E R 

Hence, an order of M is uniquely determined up to multiplicative unit, 
and so Jl and v have the same factorization into a product of prime 
elements in R, up to multiplication by a unit. 

Definition A module M is said to be primary if its annihilator has the 
form ann(M) = (pe), where p is a prime and e is a positive integer. 
In other words, M is primary if it has order a positive power of a 
prime. 0 

Note that a finitely generated torsion module M over a principal 
ideal domain is primary if and only if every element of M has order a 
power of a fixed prime p. 

Our plan for the decomposition of a torsion module M is to first 
decompose M as a direct sum of primary submodules. 

Theorem 6.4 (The primary decomposition theorem) Let M be a 
nonzero finitely generated torsion module over a principal ideal domain, 
with order 

e e 
I'= P11. • 'Pnn 

where the p/s are distinct primes. Then M is the direct sum 

where 
Mp. = { v E M I p~i v = 0} 

1 

is a primary submodule, with order p~i. 

Proof. Let Jl = pq, where gcd{p,q) = 1, and consider the sets 

MP = { v E M I pv = 0} and Mq = { v E M I qv = 0} 

We wish to show that M = MP $ Mq and that MP and Mq have 
annihilators (p} and (q}, respectively. 

that 
(6.1) 

Since p and q are relatively prime, there exist a,b E R such 

ap+ bq= 1 

(This follows from the fact that the ideal (p,q} is generated by 
gcd(p,q) = 1, and so 1 E (p,q).) Now, if v E MP n Mq, then pv = 
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qv = 0 and so 
v = 1 v = ( ap + bq)v = 0 

Thus MP n Mq = {0}. From {6.1), we also get, for any v EM, 

v = 1 v = apv + bqv 

Moreover, q(apv) = a(pq)v = ap,v = 0 implies that apv E Mq, and 
similarly, bqv E MP. Hence, v E MP + Mq. 

Now suppose that rMP = 0. Then, for any v = v1 + v2 E 
MP Ell Mq = M, we have 

rqv = rq(v1 + v2) = qrv1 + rqv2 = 0 

and so rq E ann{M), which implies that p, = pq I rq. Hence pI r, 
which shows that ann(Mp) = (p). Similarly, ann{Mq) = (q). 

Finally, since p, can be written as a product of primes, say 
e e 

Jl = P11. ' ·pun 

we can use the preceding argument to write 

M = MP1 EBN 

where N is a submodule with annihilator (p,/p~1 ). Repeating the 
process gives the desired decomposition. I 

The Cyclic Decomposition Theorem for Primary Modules 
The next step is to decompose primary modules. 

Theorem 6.5 (The cyclic decomposition theorem) Let M be a 
nonzero primary finitely generated torsion module over a principal ideal 
domain R, with order pe. Then M is the direct sum 

(6.2) 

of cyclic submodules, with orders pel, ... , pen satisfying 

(6.3) 

or, equivalently, 

{6.4) 
e e 1 e 

P nIP n- 1 .. ·I P 1 

Proof. Once {6.2) is established, {6.4) will follow easily, since 

peE ann(M) C ann(Ci) 

and so if ann(Ci) = (ai), then ai I pe. Hence, ai = p\ for some 
ei :::=;e. Then we may rearrange the order of the summands to get (6.4). 

To prove (6.2), we begin by observing that there is an element 
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v1 EM with ann(v1) = ann(M) = (pe). For if not, then for all v EM, 
we would have ann(v) = (pk) with k < e, and so pe-l E ann(M). But 
this implies that pe I pe-l, which is impossible. 

Our goal now is to show that the cyclic submodule (v1) is a 
direct summand of M, that is, 

(6.5) 

for some submodule S of M. Then since S is also a finitely 
generated primary torsion module over R, we can repeat the process, to 
get 

M = (v1)EB(v2)EBS2 

where ann(v2) = (p e2) with e2 ::; e1• Continuing in this way, we get 
an ascending sequence of submodules 

which must terminate, since M satisfies the ascending chain condition 
on submodules. 

Thus, we need only establish (6.5). Since this is the most involved 
part of the proof, we will approach it slowly. Since M is finitely 
generated, we may write M = (v1,u1, ... , uk)· Our argument will be by 
induction on k. If k = 0, then let S = {0}, and we are done. Assume 
that the result is true for k, and suppose that 

M = (v1,uv ... ,uk,u) 

By the induction hypothesis, 

(vvuv ... ,uk) = (v1)EBS0 

for some submodule S0• 

Notice that we may replace u by any element of the form 
u- av1, for a E R, without effecting the span, that is, 

(v1,u1, ... ,uk,u-av1) = (v1,u1, ... ,uk,u) = M 

and so we seek an a E R for which 

(6.6) 

since then we would have 

M = (v1) $ (u- av1,S0) = (v1) $ S 

Since any element of (u- avvS0 ) has the form r(u- av1) + s0 , 

equation (6.6) is equivalent to 

r(u- av1) + s0 E (v1) => r(u- av1) + s0 = 0 

for any r E R and s0 E S0, or equivalently 
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or, finally, 

(6.7) 

Now, we observe that the set 

3 = {r E R I ruE (v1) E9 S0} 

is an ideal of R, and so it is principal, say 3 = (a). Note, however, 
that 

peu = 0 E (v1) E9 S0 

and so peE (a), which implies that a I pe, or that a= pr, for some 
f :5 e. Thus, we have 

ruE (v1) E9 S0 =* r E 3 ::} r = qpf for some q E R 

::} r(u- av1) = qpf(u- av1) 

and so if we can find an a E R for which 

(6.8) pf(u- av1) E S0 

then (6. 7) will be satisfied. 
But pf E 3 and so pfu E (v1) E9 S0, say 

(6.9) pfu = tv1 + s0 

for some t E R and s0 E S0• Equation (6.8) then becomes 

tv1 + s0 - apfv1 E S0 
or 

(t- apf)v1 E S0 

and this happens if and only if t -apr= 0, that is, if and only if pf I t, 
which is what we must show. 

Equation (6.9) implies that 

0 = pe-fpfu = pe-ftvl + pe-fso 

and since (v1) n S0 = {0}, we deduce that pe-ftv1 = 0. Therefore, 
since v1 has order pe, it follows that pe I pe-ft, that is, pf It, as 
desired. This completes the proof. I 

Uniqueness 
Althou~? the decomposition (6.2) is not unique, we will see that 

the orders p 1 are unique up to multiplication by a unit. The prime p 
is certainly unique, since it must divide the order pe of M. Before 
proceeding further, we need a few preliminary results, whose proofs are 
left as exercises. 
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Lemma 6.6 Let R be a principal ideal domain. 
1} If (v) is a cyclic R-module, with ann(v) =(a), then the map 

r:R-+(v) r(r) = rv 

is an epimorphism between R-modules, with kernel (a), and so 

(v) ~ _.R._ 
(a) 
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Moreover, if a is a prime, then (a) is a maximal ideal in R, 
and so R/ (a) is a field. 

2) Let p E R be a prime. If M is an R-module for which pM = 
{0}, then M is a vector space over R/(p), where scalar 
multiplication is defined by 

(r+(p))v = rv 

for all v EM. 
3} Let pER be a prime. For any submodule S of an R-module 

M, the set 
s(p) = {v E s I pv = 0} 

is a submodule of M. Moreover, if M = S EB T, then M(p) = 
s(P)EBT(P). I 

Now we are ready for the uniqueness result. 

Theorem 6.7 Let M be a nonzero primary finitely generated torsion 
module over a principal ideal domain R, with order pe. Suppose that 

M = c1 EB ••• EB ell 
where Ci are nonzero cyclic submodules with orders 
e1 2::: • • • 2::: ell. Then if 

M = D1 EB · · · EB Dm 

where Di are nonzero cyclic submodules with orders 
f1 2::: • • • 2::: fm, we must have n = m and 

el = fl,. .. ,eu = fll 

e. 
p 1, and 

f. 
p 1, and 

Proof. Let us begin by showing that n = m. According to part (3) of 
Lemma 6.6, 

and 

where each summand in both decompositions is nonzero. (Why?) 
Since pM(p) = {0} by definition, Lemma 6.6 implies that M(p) is a 
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vector space over R/{p), and so each of the preceding decompositions 
expresses M(p) as a direct sum of one-dimensional subspaces. Hence, 
m=n. 

Next, we show that the exponents ei and fi are equal by using 
induction on e1. Assume first that e1 = 1, in which case ei = 1 for 
all i. Then pM = {0}, and so fi = 1 for all i, since if f1 > 1, and if 
D1 = (w), then pw f:. 0, which is not the case. 

Now suppose the result is true whenever e1 ::; k- 1, and let e1 = 
k. To isolate the exponents that equal 1, suppose that 

(e11 ... ,e11) = (e1, ... ,e5 ,1, ... ,1), e8 > 1 
and 

Then 

and 

e--1 
But pCi is a cyclic submodule of M, and ann(pCi) = {p 1 ). To see 
this, suppose that Ci = (vJ Then 

pCi = {pc IcE CJ = {prvi IrE R} = {r(pvi) IrE R} = (pvi) 

and pV1• has order p efi-1• Similarly, pDi is a cyclic submodules of 
·-1 e--1 

M, with ann(pDi) = (p 1 ). In particular, ann(pC1) = (p 1 ), and so, 
by the induction hypothesis, we have 

s = t and e1 = f1, ... ,e5 = f5 

which concludes the proof. I 

The Cyclic Decomposition Theorem 
Let us pause to see where we stand. If M is a finitely generated 

module over a principal ideal domain then, according to Theorem 6.3, 

M = Mtor El7 Mcree 

where Mtor is the submodule of all torsion elements and Mcree IS a 
free submodule of M. If Mtor has order 

e e 
It = Ptl. · 'Pu11 

where the Pi's are distinct primes, the primary decomposition theorem 
implies that 
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e. 
where Mp. is a primary module, with order Pi 1• Hence, 

J 

M = MP1 EB ... EB MPn EB Mcree 
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Finally, the cyclic decomposition theorem for primary modules allows 
us to write each primary module Mp. as a direct sum of cyclic 
submodules. Let us put the pieces togethJr in one theorem. 

Theorem 6.8 (fhe cyclic decomposition theorem for finitely generated 
modules over a principal ideal domain - elementary divisor version) 
Let M be a nonzero finitely generated module over a principal ideal 
domain R. Then 

where Mtor is the set of all torsion elements in M, and Mcree is a 
free module, whose rank is uniquely determined by the module M. If 
Mtor has order 

where the p/s are distinct primes, then Mtor is the direct sum 

M tor = MP EB ... EB MP 
1 11 

where 
Mp. = { v E M I p~i v = 0} 

J 

is a primary submodule, with order p~i. 
Moreover, each Mp. can be further decomposed into a direct sum 

of cyclic submodules 1 

M = C· 1 EB · · · EB C. k 
Pj 1• 1• i 

e .. 
with orders Pi 1J, and where 

e· = e· 1 > e· 2 > · · · > e· k 1 J, - J, - - J, j 
e .. 

The orders p/J, called the elementary divisors of M, are uniquely 
determined, up to multiplication by a unit, by the module M. 

This yields the decomposition of M into a direct sum of cyclic 
submodules (and a free summand) 

(6.10) M = (C1,1 EB · · · EB C1,k1) EB · · · · · · EB (C11,1 EB · · · EB C1,k) EB Mcree I 

The decomposition of M can be formulated in a slightly different 
way by observing that if S and T are cyclic submodules of M, and if 
ann(S) =(a) and ann(T) =(b) where gcd(a,b) = 1, then S n T = 
{0} and S EB T is a cyclic submodule with ann(S EB T) = (ab). 

With this in mind, the summands in (6.10) can be collected as 
follows. Let D1 be the direct sum of the first summands in each group 
of summands in (6.10) (by a group of summands, we mean the 



118 6 Modules over P.I.D.'s 

summands associated with a given prime pJ Thus, 

Dl = cl ,I EfJ ••• EfJ cn,l 

This cyclic submodule has order 

ql = IIP~i,l 
i 

Similarly, let D2 be the direct sum of the second summands in each 
group in (6.10). (If a group does not have a second summand, we 
simply skip that group.) This gives us the following decomposition. 

Theorem 6.9 (The cyclic decomposition theorem for finitely generated 
modules over a principal ideal domain -invariant factor version) Let 
M be a finitely generated module over a principal ideal domain R. 
Then 

M = Dl EfJ ••• EfJ Dm EfJ Mcree 

where Mcree is a free submodule, and Di is a cyclic submodule of M, 
with order qi, where 

qm I qm-1• qm-11 qm-2, ... ,q2l ql 

Moreover, the scalars qi, called the invariant factors of M, are 
uniquely determined, up to multiplication by a unit, by the module M. 
Also, the rank of Mcree is uniquely determined by M. I 

EXERCISES 
1. Referring to the proof of Theorem 6.1, why may we assume that 

M=Rn? 
2. Provide an example of an R-module M in which, for some 

0 :f. r E R and 0 :f. u E M, we have ru = 0. 
3. Show that, for any module M, the set Mtor of all torsion 

elements in M is a submodule of M. 
4. Show that, for any module M the quotient module M/Mtor is 

torsion free. 
5. Show that any free module over a principal ideal domain is torsion 

free. 
6. Referring to the proof of Theorem 6.3, show that <:B' is linearly 

independent. 
7. Let M be an R-module. Show that ann(v) and ann(M) are ideals 

of R. 
8. Let M be a module over a p.i.d. R. If Jt and 11 are both 

orders of M, show that Jt and 11 are associates. 
9. What is the order of the zero element in a module? What is the 

order of 1 E M? 
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10. Let R be a principal ideal domain. Show that the ideal (p,q) 
generated by p and q is also the ideal generated by gcd{p,q}. 

11. Let M be an R-module. Prove that ann(M) C ann(v), for any 
v E M. Furthermore, when R is a principal ideal domain, and 
ann(v) = (v) and ann(M) = (JJ), then vi JJ· 

12. Prove Lemma 6.6. 
13. Show that if S and T are cyclic submodules of M, and if 

ann(S) =(a) and ann(T) =(b) with gcd(a,b) = 1, then 
S nT = {0} and S EBT is a cyclic submodule with ann(S EBT) = 
(ab). Hint: use the fact that there exists p,q E R such that 
pa+ qb = 1. 

14. Show that ann(M) C ann(v), for any v EM. 
15. Show that, when R is a principal ideal domain, and ann(v) = 

(v) and ann(M) = (JJ), then v I JJ· In words, an order of v E M 
divides an order of M. 



CHAPTER 7 
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Exercises. 

In this chapter, we study the structure of a linear operator on a finite 
dimensional vector space, using the powerful module decomposition 
theorems of the previous chapter. Unless otherwise noted, all vector 
spaces will be assumed to be finite dimensional. 

A Brief Review 
We have seen that any linear operator on a finite dimensional 

vector space can be represented by matrix multiplication. Let us 
restate Theorem 2.13 for linear operators. 

Theorem 7.1 Let T E L(V), and let ~ = (b11 ••• , bn) be an ordered 
basis for V. Then T can be represented by a linear operator 
T A E L(Fn), that is, 

where A= [r]~ is the matrix whose ith column is [r(bi)]~. Thus, 

[r(v)]c:s = [r]c:s [v]c:s I 
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Since the matrix [r]~ depends on the ordered basis ~. it is 
natural to wonder how to choose this basis in order to make the matrix 
[r]~ as simple as possible, and that is the subject of this chapter. 

Let us also restate the relationship between the matrices of T 

with respect to different ordered bases. 

Theorem 7.2 Let T E L(V), and let ~ and ~' be ordered bases 
for V. Then the matrix of T with respect to ~' can be expressed in 
terms of the matrix of T with respect to ~ as follows 

where M~ ~' is the change of basis matrix, whose ith column Is 
[hi]~,, where ~ = (b1, ... ,bn)· I 

Finally, we recall the definition of similarity, and its relevance to 
the current discussion. 

Definition Two matrices A and B are similar if there exists an 
invertible matrix P for which 

B = PAP-1 

The equivalence classes associated with similarity are called similarity 
classes. 0 

Theorem 7.3 The following statements are equivalent for matrices A 
and B. 
1) If A represents a linear operator r:V-+V with respect to an 

ordered basis ~. then B also represents r, but perhaps with 
respect to a different ordered basis. That is, if 

A= [r]~ 

then there exists an ordered basis ~' for which 

2) A and B are similar. I 

According to Theorem 7.3, the matrices that represent a given 
linear operator T E L(V) are precisely the matrices that lie in a 
particular similarity class. Hence, in order to best represent T, we seek 
a simple representative of that similarity class. More generally, in order 
to represent all linear operators on V, we would like to find a simple 
representative of each similarity class, that is, a set of simple canonical 
forms for similarity. 
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Let us recall the definition of canonical form. 

Definition Let ,..._, be an equivalence relation on S. A subset C C S is 
said to be a set of canonical forms for ,..._, if for every s E S, there is 
exactly one c E C such that c ,..._, s. D 

Now, the simplest type of matrices are probably the diagonal 
matrices. However, not all linear operators can be represented by 
diagonal matrices. In other words, the set of diagonal matrices does not 
form a set of canonical forms for similarity. 

This gives rise to two different directions for further study. First, 
we can search for a characterization of those linear operators that can 
be represented by diagonal matrices. Such operators are called 
diagonalizable. Second, we can search for a different type of "simple" 
matrix that does provide a set of canonical forms for similarity. We 
will pursue both of these directions at the same time. 

The Module Associated with a Linear Operator 
Throughout this chapter, we fix a nonzero linear operator 

r E L(V), and think of V not only as a vector space over a field F, 
but also as a module over F[x] (as described in Chapter 4), with scalar 
multiplication defined by 

p(x)v = p(r)(v) 

Our plan is to translate the language of the previous chapter into the 
language of V, by relating module concepts and vector spaces concepts. 

First, since V is a finite dimensional vector space, the module V 
is a torsion module. To see this, observe that the vector space L(V), 
being isomorphic to .Ab11(F), has dimension n2 . Hence, the n2 + 1 
vectors 

2 n 2 
t,T,T , ... ,T 

are linearly dependent, which implies that p( r) = 0 for some 
polynomial p(x) E F[x]. Hence, p(x)V = {0}, and so all elements of 
V are torsion elements. 

Also, V is finitely generated as a module. For if G.B = 
{ v1, ... , vn} is a basis for the vector space V, then every vector v E V 
is a linear combination 

v=r1v1 +···+ruvu 

where ri E F C F[x], and so G,B generates the module V. 
Hence, V is a finitely generated torsion module over a principal 

ideal domain F[x], and so we may apply the decomposition theorems of 
the previous chapter. 
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Submodules and Invariant Subspaces 
There is a simple connection between the submodules of the 

module V and the subspaces of the vector space V. Recall that a 
subspace S of V is invariant under r if r(S) C S. 

Theorem 7.4 A subset S of V is a submodule of the F[x]-module V 
if and only if it is an invariant subspace of the vector space V. I 

Theorem 7.4 raises an issue that we should address. Namely, a 
submodule S of V can be made into an F[x]-module in two ways- as 
a submodule of V, and as a module using the restriction T I 8:S-+S of 
r to S. However, since 

p(r}(s) = p(r I 8)(s) 

for all s E S, scalar multiplication is the same in both cases, and so 
these two modules are identical. 

Orders and the Minimal Polynomial 
Next, consider the annihilator of V 

ann(V) = {p(x) E F[x] I p(x)V = {0}} 

which is a nonzero principal ideal of F[x]. Since all orders of V (that 
is, generators of ann(V)) are associates, and since the units of F[x] are 
precisely the nonzero elements of F, there is a unique monic order 
of V. This leads to the following definition. 

Definition The unique monic order of the module V, that is, the 
unique monic polynomial that generates ann(V}, is called the minimal 
polynomial for r. We denote this polynomial by mAx), or min(r). 
Thus, 

ann(V) = (mr(x)} 
and 

p(x)V = {0} if and only if mr(x) I p(x) 

or, equivalently 

p( T) = 0 if and only if mr(x) I p(x) 0 

In treatments of linear algebra that do not emphasize the role of 
the module V, the minimal polynomial of a linear operator r is 
simply defined as the unique monic polynomial mr(x) of smallest 
degree for which mr( r) = 0. It is not hard to see that this is 
equivalent to our definition. 

The connection between order and minimal polynomial carries 
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over to submodules as well. 

Theorem 7.5 Let S be a submodule of the module V. Then the 
monic order of S is the minimal polynomial of the restriction r I s· 
Proof. This follows from the fact that, if q(x) is the monic order of 
S, then 

(q(x)) = ann(S) = {p(x) I p(x)S = {0}} = {p(x) I p(r I 5)(S) = {0}} 

and so q(x) is the minimal polynomial of the restriction T I s· I 

The concept of minimal polynomial is also defined for matrices. 
In particular, if A is a square matrix over F, the minimal polynomial 
mA(x) of A is the unique monic polynomial p(x) E F[x] of smallest 
degree for which p(A) = 0. We leave it to the reader to verify that this 
concept is well-defined, and that the following holds. 

Theorem 7.6 
1) If A and B are similar matrices, then mA(x) = m8 (x). Thus, 

the minimal polynomial is an invariant under similarity. 
2) The minimal polynomial of r E L(V) is the same as the minimal 

polynomial of any matrix that represents T. I 

Cyclic Submodules and Cyclic Subspaces 
Consider the cyclic submodule 

(v) = {p(x)v I p(x) E F[x]} 

and suppose that it has monic order m(x). Thus, m(x) IS the 
minimal polynomial of the restriction (]' = r I (v)" If 

then 
c:.B = (v,xv, ... ,x11 - 1v) = (v,(J'(v), ... ,(J'11 - 1(v)) 

is an ordered basis for the vector space (v). To see that c:.B is linearly 
independent, suppose there exist nonzero scalars for which 

that is, 

Then 

n-1 0 r0v+r1xv+···+r11_ 1x v= 
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all i=O, ... ,n-1. 
To see that c::B spans (v), observe that all elements of (v) have 

the form p(x)v, for some polynomial p(x) E F[x]. However, dividing 
p(x) by the minimal polynomial m(x) gives 

p(x) = q(x)m(x) + r(x) 

where deg r(x) < deg m(x). Since m(x)v = 0, we have 

p(x)v = q(x)m(x)v + r(x)v = r(x)v 

which shows that all elements of (v) have the form r(x)v, where 
deg r(x) < deg q(x) = n. In symbols, 

(v) = {r(x)v I deg r(x) < deg m(x)} 

Hence, if 

we have 
r(x)v = r0v + r1xv + · · · + rn_1xn-1v E span(c:B) 

Thus, c::B is an ordered basis for (v). 
To determine the matrix [a-]c::s of a- with respect to c::B, observe 

that 
a-( a-i( v)) = a-i+1 ( v) 

for i = 0, ... , n-2, and so a- simply "shifts" each basis vector in c::B, 
except the last one, to the next basis vector in ':B. Also, m( o") = 0 
implies that 

a-(a-n-1(v)) = a-n(v) 

= - (ao + a1 a-+ ... + an-1!Tn-1)(v) 

= - a0v- a1 a-(v)- .. ·- an_1 a-n-\v) 

Hence, the matrix of a-, with respect to c::B, is 

This matrix is known as the companion matrix for the polynomial 

m(x) = a0 + a1x + · · · + an_1xn-1 +xu 
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Note that companion matrices are defined only for monic polynomials. 
Let us summarize, beginning with a definition. 

Definition Let T E L(V). A subspace S of V is r-cyclic if there 
exists a vector v E S for which the set 

{ v,r(v), ... , Tm-l(v)} 

is a basis for S, where m = dim(S). D 

Theorem 7.7 
1) A subset S C V is a cyclic submodule of V if and only if it is a 

r-cyclic subspace of V. 
2) Suppose that (v) is a cyclic submodule of V. If the monic order 

of (v) (that is, the minimal polynomial of u = T I (v)) is 

mu(x) = ao + alx + ... + a.t-lxn-1 + xn 
Then 

~ = (v,xv, ... ,xn-lv) = (v,u(v), ... ,un-l(v)) 

is an ordered basis for (v), and the matrix [u]~ IS the 
companion matrix C(mu(x)) of mu(x). I 

Summary 
The following table summarizes the connection between the 

module concepts and the vector space concepts that we have discussed. 

Module V 

Scalar multiplication: p(x)v 

Submodule 

Annihilator: 
ann(v) = {p(x) I p(x)V = {0}} 

Monic order m(x) of V: 
ann(V) = (m(x)) 

Cyclic submodule: 
(v) = {p(x)v I p(x) E F[x]} 

Vector Space V 

Action of r: p(r)(v) 

Invariant subspace 

Annihilator: 
ann(V) = {p(x) I p( r)(V) = {0}} 

Minimal polynomial of r: 
m(x) is poly. of smallest degree 
for which m(r) = 0 

r-cyclic subspace: 
(v) = span{v,r(v), ... ,rm-l(v)} 
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The Decomposition of V 
We are now ready to translate the cyclic decomposition theorem 

(Theorem 6.8) into the language of V. 

Theorem 7.8 (The cyclic decomposition theorem for V) Let 
r E L(V), where dim(V) < oo. If the minimal polynomial of T is 

m1'(x) = p~l(x)·. ·p:n(x) 

where the monic polynomials Pi(x) are distinct and irreducible, then 
V is the direct sum 

where 
vp. = {v E vI pfi(r)(v) = 0} 

1 

is an invariant subspace (submodule) of V, and 

min(r I v ) = pfi{x) 
P· I 

Moreover, each V P· can be further decomposed into a direct sum 
of r-cyclic subspaces (cyclic submodules) 

V = {v· 1} EEl .. · EEl {v· k } Pj I, I, j 

where 

and 

e .. 
The elementary divisors p/J(x) of V, also known as the elementary 
divisors of T, are uniquely determined by the operator r. 

This yields the decomposition of V into the direct sum of 
r-cyclic subspaces 

The Rational Canonical Form 
The cyclic decomposition theorem can be used to determine a set 

of canonical forms for similarity. 
Recall that if V = S EEl T and if both S and T are invariant 

under r, the pair (S,T) is said to reduce r. Put another way, (S,T) 
reduces T if the restrictions 

T I 5:S-.S and r I T:T-.T 
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are linear operators on S and T, respectively. Recall also that we 
write T = p EB u if there exist subspaces S and T of V for which 
(S,T) reduces T and 

p = r I s and u = r I T 

If r = u EB p, then any matrix representations of u and p can be 
used to construct a matrix representation of r. This is especially 
relevant to our situation, since according to Theorem 7.8, 

(7.1) T = T I (v ) EB • • • EB T I (v ) 
1,1 n,k11 

Before discussing this further, it will be convenient to introduce 
the notational device of a block matrix. If A is an n x n matrix, and 
B is an m x m matrix, then by the block matrix 

M =[ ~ O ] 
B block 

we mean the (n+m) x (n+m) matrix whose upper left n x n submatrix 
is A, and whose lower left m x m submatrix is B. (Thus, A and B 
are submatrices of M, and not entries.) All other entries in M are 0. 
Because of the particular block form of M, we also refer to it as a block 
diagonal matrix. Clearly, this concept can be extended to more than 
two matrices A and B. 

Theorem 7.9 Suppose that r = r 1 EB r 2 E l..(V), with corresponding 
reducing pair (S,T). Let e = (c1, ... ,c5 ) be an ordered basis for S, 
let ~ = (d1, •.• ,~) be an ordered basis for T, and let 

<::B = (~, ... ,cs,d1,. .. ,~) 

be the corresponding ordered basis for V. Then the matrix [r]<::B has 
the block diagonal form 

I 

Of course, this theorem may be extended to apply to multiple 
direct summands. In particular, referring to (7.1), if <::Bij is an ordered 
basis for the cyclic submodule (vi), and if 

<::B = (<::Bl 1' • • •' <::Bn k ) 
' 'n 
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denotes the ordered basis for V, obtained (as in Theorem 7.9) from 
these ordered bases, then 

block 

where riJ = r I (v· ·}' 
lJ e .. 

Now, the cyclic submodule (viJ) has monj~. order PiiJ(x), that 
is, the restriction riJ has minimal polynomial PiiJ(x). Thus, if 

then 

is an ordered basis for (viJ)· Hence, we arrive at the matrix 
representation of r described in the following theorem. 

Theorem 7.10 Let dim(V) < oo, and suppose that r E L{V) has 
minimal polynomial 

mr(x) = p~l(x)·. ·p:n(x) 

where the monic polynomials Pi(x) are distinct and irreducible. Then 
we can write 

where (vi) is a r-cydic subspace of V. The minimal polynomials for 
riJ = r I (v· . } are the elementary divisors 

IJ e .. 

of V, where 
min(ri) = PiiJ(x) 

e· = e· 1 > e· 2 > · · · > e· k l I1 - I1 - - I, j 

These elementary divisors are uniquely determined by r. Furthermore, e .. 
if deg Pi IJ(x) = diJ• then 

d. ·-1 
~iJ = (viJ•riJ(vi)• ... ' riJ IJ (vi)) 

is an ordered basis for (vi)• and the matrix of r with respect to the 
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ordered basis 

is the block diagonal matrix 

(7.2) [r]~ = 

block 

The matrix on the right is called the rational canonical form of r. I 

Let us denote the matrix on the right of (7 .2) by 

diag( C[p~1 • 1 (x)], ... , C[p:11'~(x)J) 

Theorem 7.10 implies that, for any r E L(V), we can find an ordered 
basis ~ for which the matrix [r]~ has the rational canonical form 
(7.2). On the other hand, r has only one rational canonical form (up 
to reordering of the blocks on the diagonal). To see this, suppose that, 
for some ordered basis e for v, the matrix [r]e has the form 

[r]e = diag( C[q~1 · 1 (x)], ... , C[q:::1 'km(x)]) 

Then V can be writte~ as a direct sum of cyclic submodules, with 
elementary divisors qi1J(x). Hence, the uniqueness of the rational 
canonical form (up to reordering of the blocks on the diagonal) follows 
from the uniqueness of the cyclic decomposition of V. 

Theorem 7.10 can be reformulated in terms of matrices as follows. 

Theorem 7.11 Any square matrix A is similar to a unique (except for 
the order of the blocks on the diagonal) matrix that is in rational 
canonical form. I 
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Corollary 7.12 Two matrices over the same field F are similar if and 
only if they have the same elementary divisors. I 

We will not go into the details of how best to find the rational 
canonical form of a matrix, since our main interest in this form is as a 
theoretical tool. However, for concreteness, here are some examples of 
rational canonical forms. 

Example 7.1 Let T be a linear operator on the vector space IR7, and 
suppose that T has minimal polynomial 

m-r(x) = (x -1)(x2 + 1)2 

Noting that x -1 and (x2 + 1)2 are elementary divisors, we have the 
following possibilities for the list of elementary divisors. 

1) x-1,(x2 +1)2,x2 +1 

2) x-1,x-1,x-1, (x2 +1)2 

These correspond to the following rational canonical forms 

1) -1 0 0 0 0 0 0 2) -1 0 0 0 0 0 0 
0 0 0 0 -1 0 0 0 -1 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 -1 0 0 0 0 
0 0 1 0 -2 0 0 0 0 0 0 0 0 -1 0 
0 0 0 1 0 0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 -1 0 0 0 0 1 0 -2 
0 0 0 0 0 1 0 0 0 0 0 0 1 0 

EXERCISES 
1. Show that a subset S of V is a submodule of the F[x]-module 

V if and only if it is an invariant subspace of the vector space V. 
2. Show that the units in F[x] are precisely the nonzero scalars in 

F. 
3. Verify that the concept of the minimal polynomial of a matrix is 

well-defined. Prove Theorem 7.6. 
4. We have seen that any T E .L(V) can be used to make V into 

an F[x]-module. Does every F[x]-module V come from some 
T E .L(V)? Explain. 

5. Formulate an invariant factor version of Theorem 7.10. 
6. Referring to the discussion immediately following Theorem 7.10, 

show that the rational canonical form of T is unique, up to the 
order of the block diagonal matrices. 
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7. Prove that the minimal polynomial of T E L(V) is the least 
common multiple of its elementary divisors. 

8. Let Q be the field of rational numbers. Consider the linear 
operator T E L(Q2) defined by r(e1) = ~' r(~) = -e1. 

9. 

10. 

11. 

12. 

a) Find the minimal polynomial for r, and show that the 
rational canonical form for T is 

[ 0-1] R= 1 0 

What are the elementary divisors of r? 
b) Now consider the map u E L( C2) defined by the same rules 

as r, namely, u(e1) = ~' u(~) = -e1. Find the minimal 
polynomial for u, and the rational canonical form for u. 
What are the elementary divisors of u? 

c) The invariant factors of T are defined, using the elementary 
divisors of r, in the same way as we did at the end of 
Chapter 6, for a module M. Describe the invariant factors for 
the operators in parts (a) and (b). 

Find all rational canonical forms (up to the order of the blocks on 
the diagonal) for a linear operator on 1R6 having minimal 
polynomial (x-1)2(x+ 1)2• 

How many possible rational canonical forms (up to order of 
blocks) are there for linear operators on IR6, with minimal 
polynomial (x -1)(x + 1)2? 
Prove that if C is the companion matrix of p(x), then p(C) = 
0, and C has minimal polynomial pix). 
Let T be a linear operator on F , with minimal polynomial 
mr(x) = (x2 + 1){x2 - 2). Find the rational canonical form for T 

if (a) F = Q, (b) F = IR, (c) F =C. 



CHAPTER 8 

Eigenvalues and Eigenvectors 

Contents: The Characteristic Polynomial of an Operator. Eigenvalues 
and Eigenvectors. The Cayley-Hamilton Theorem. The Jordan 
Canonical Form. Geometric and Algebraic Multiplicities. 
Diagonalizable Operators. Projections. The Algebra of Projections. 
Resolutions of the Identity. Projections and Diagonalizability. 
Projections and lnvariance. Exercises. 

Unless otherwise noted, we will assume throughout this chapter that all 
vector spaces are finite dimensional. 

The Characteristic Polynomial of an Operator 
Let us compute the determinant of the matrix xi- R, where R 

is the rational canonical form of T. To do this, we need the following 
result, whose proof is left to the reader. 

Lemma 8.1 If a square matrix M has the block diagonal form 

where A and B are square, then det(M) = det(A)det(B). I 

Now, let C[p(x)] be the companion matrix of the polynomial 
p(x) = a0 + a1x + · · · + an_1xn-l + xn, and let 
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X. 0 

-1 X 

A=xi-C[p(x))= 0 -1 

0 0 

X ~-2 

-1 X+~-

To compute the determinant of this matrix, we indicate its dependence 
on the coefficients ai by writing A= A(x;a0 , .•• ,~_1 ), and then look 
at some simple cases 

X 0 ao 
X a1 -1 X 

det(A(x;a0,a1,a2)) = -1 X a1 =x +ao 
-1 x+a2 0 -1 

0 -1 x+a2 

In general, expanding along the first row gives 

det(A(x,a0, ... ,an_1)) = x det(A(x,a11 ... , a11_ 1)) + ( -1)n+l( -1)n-1a0 

= x det(A(x,a1, ... , ~-1 )) + a0 

An induction argument thus leads to the following. 

Lemma 8.2 If C[p(x)] is the companion matrix of a polynomial p(x), 
then 

det(xl- C[p(x)]) = p(x) 

Combining Lemmas 8.1 and 8.2 gives the following. 

Theorem 8.3 If R is the rational canonical form for T E L(V), then 

CT(x) = det(xl- R) = IT p:iJ(x) 
iJ 

This determinant is called the characteristic polynomial of T. 1 

I 
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The characteristic polynomial is often defined first for matrices 
and then for linear operators. The characteristic polynomial of a square 
matrix A is defined to be CA(x) =det(xi-A). 

Theorem 8.4 
1) If A is similar to B, then CA(x) = Ca(x). Thus, the 

characteristic polynomial is an invariant under similarity. 
2) The characteristic polynomial of an operator T is equal to the 

characteristic polynomial of any matrix that represents T. 

3) The characteristic polynomial of an operator T is the product of 
the elementary divisors of T. I 

Even though the characteristic polynomial is an invariant under 
similarity (as is the minimal polynomial), the matrices 

A = [ ~ ~ ] and B = [ ~ ~ ] 
which have the same characteristic polynomial but are not similar, 
show that the characteristic polynomial is not a complete invariant. 

Eigenvalues and Eigenvectors 
Notice that A E F is a root of the characteristic polynomial 

CT(x) of a linear operator T E L(V) if and only if 

(8.1) det(AI- R) = 0 

that is, if and only if the matrix AI - R is singular. In particular, if 
dim(V) = d, then the rational canonical form R for T has size d x d, 
and so (8.1) holds if and only if there exists a nonzero vector x E pd 
for which 

(AI-R)x=O 
or 

rR(x) =Ax 

If v E V is the nonzero vector for which [v]c:s = x, where c:B is the 
ordered basis used to represent T by R, then this is equivalent to 

r(v) = Av 

This prompts the following definition, which applies to vector spaces of 
arbitrary dimension. 

Definition Let T E L(V) be a linear operator. A scalar A E F is an 
eigenvalue (or characteristic value) of T if there exists a nonzero vector 
v E V for which 
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r(v) = .Xv 

In this case, v is an eigenvector (or characteristic vector) of r, 
associated with .X. 

If A is a matrix over F, then .X E F is an eigenvalue for A if 
there exists a nonzero column vector x for which 

Ax=.Xx 

In this case, x is an eigenvector (or characteristic vector) for A, 
associated with .X. 0 

The set of all eigenvectors associated to a given eigenvalue .X, 
together with the zero vector, forms a subspace of V, called the 
eigenspace of .X. We will denote the eigenspace of an eigenvalue .X by 
S~. This applies to both linear operators and matrices. 

The following theorems summarize the key facts about eigenvalues 
and eigenvectors. 

Theorem 8.5 
1) A scalar A E F is an eigenvalue of T E .t(V) if and only if it is a 

root of the characteristic polynomial C-r(x) of T. 

2) A scalar A E F is an eigenvalue of T E .t{V) if and only if it is a 
root of the minimal polynomial m-r{x) of T. 

3) A scalar A E F is an eigenvalue of T if and only if it is an 
eigenvalue of any matrix that represents r. 

4) The eigenvalues of a matrix are invariants under similarity. 
5) If .X is an eigenvalue for a matrix A, then the eigenspace S~ is 

the solution space to the homogeneous system of equations 

(.XI- A)(x) = 0 

Proof. The first part of this theorem has already been established. 
Part {2) follows from the fact that the prime factors of the 
characteristic polynomial CAx) and the minimal polynomial mAx) 
are the same. 

As for part {3), .X is an eigenvalue of T if and only if 

(8.2) r(v) = .Xv 

for some nonzero v E V. Now, suppose that dim(V) = d, let C:.S be an 
ordered basis for V, a.nd let ¢'!B:V-+Fd be the is.omorphism defined by 
¢~(u) = [u]~. Then, If A = [rJ~, we have ( cf. Figure 3.2) 

T =(¢~)-IrA¢~ 

and so (8.2) is equivalent to 

{¢~)-1 rA¢c:.s(v) = .Xv = (¢~)-1 .X¢c:.s(v) 
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or 
rA</>~(v) = A¢~(v) 

which says that A is an eigenvalue for A. Hence, A is an eigenvalue 
for T if and only if it is an eigenvalue for A. This proves part {3). 
Part {4) follows from part (3), and part {5) is evident. I 

Theorem 8.6 Suppose that A1, ... , Ak are the distinct eigenvalues of a 
linear operator T E L(V). Then ~A· n ~A·= {0}. Moreover, 
eigenvectors associated with distinct ~igen~alues are linearly 
independent. That is, if vi E ~A· for i = 1, ... , k, then the vectors 
{ v1, ... , vk} are linearly independetlt. 

Proof. We leave it to the reader to show that ~A· n ~A·= {0}. Let 
viE ~A·' for i = l, ... ,k, where A1, ... ,Ak are distind eigefivalues of T. 

We wint to show that the vi's are linearly independent. Assuming 
that the vi's are linearly dependent, we may also assume {after 
renumbering if necessary) that, among all nontrivial linear 
combinations of these vectors that equal 0, the equation 

(8.3) r1v1 +···+rjvj=O 

is the shortest such equation {that is, has the fewest terms). Applying 
T gives 

or 
(8.4) 

Now we multiply {8.3) by A1, and subtract from {8.4), to get 

r2{A2- Al)v2 + ... + rj{Aj- Al)vj = 0 

But this is a shorter equation than (8.3), and so all of the coefficients 
must equal 0, and since the Ai's are distinct, we deduce that ri = 0 
for i = 2, ... ,j, and so r 1 = 0 as well. This contradiction implies that 
the vi's are linearly independent. I 

One way to compute the eigenvalues of a linear operator T is to 
first represent T by a matrix A, and then solve the characteristic 
equation 

CA(x) = 0 

Unfortunately, however, it is quite likely that we cannot solve this 
polynomial equation when deg CA(x) = dim(V) 2 3. As a result, the 
art of approximating the eigenvalues of a matrix is a very important 
area of applied linear algebra. 
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The Cayley-Hamilton Theorem 
Since the characteristic polynomial CAx) of a linear operator T 

is the product of its elementary divisors, and since the minimal 
polynomial of T is the. product 

mT(x) = p~l(x)·. ·p~n(x) 
we deduce that mr(x) I Cr(x). This important result is referred to as 
the Cayley-Hamilton theorem. 

Theorem 8.7 Let r E L(V). 
1) The minimal polynomial mAx) and the characteristic 

polynomial Cr(x) have the same prime factors. 
2) (The Cayley-Hamilton theorem) mr(x) I Cr(x), or equivalently, 

T satisfies its own characteristic polynomial. I 

The Jordan Canonical Form 
One of the virtues of the rational canonical form is that every 

linear operator T on a finite dimensional vector space has a rational 
canonical form. That is, the set of all matrices in rational canonical 
form constitutes a set of canonical forms (at least up to the order of the 
blocks on the diagonal). Unfortunately, however, the rational canonical 
form of a matrix may be far from the ideal of simplicity that we had in 
mind for a set of simple canonical forms. 

Fortunately, in certain important cases, we can do better than the 
rational canonical form. In particular, let us consider the case of a 
linear operator T E L(V) whose minimal polynomial factors into a 
product of linear factors 

(8.5) 

When a polynomial factors into a product of linear factors over a field 
F, we say that the polynomial splits over F. 

To put this in perspective, we note that a field F is said to be 
algebraically closed if every nonconstant polynomial over F has a root 
in F. Thus, the only irreducible polynomials over an algebraically 
closed field are the linear polynomials, and so any nonconstant 
polynomial over F splits over F. For example, the complex numbers 
C form an algebraically closed field, and so any linear operator over a 
complex vector space has minimal polynomial that splits over C. 

In some sense, the "weakness" in the rational canonical form 
comes in choosing the basis for the cyc~i.c submodules (vi), whose 
monic order is the elementary divisor p:1J(x), of which we know very 
little in general. Recall that, since (vi) is a r-cyclic subspace of V, 
we have chosen the ordered basis 



8 Eigenvalues and Eigenvectors 141 

However, when the minimal polynomial has the form (8.5), then 
the elementary divisors have the form 

e-. e· · 
Pi 1J(x) = (x- Ai) IJ 

In this case, we can make a more judicious choice of ordered basis. e .. 
Observe that dim( (vi)) = deg Pi 1J(x), and so it is easy to see that the 
set 

is an ordered basis for (vi)· Furthermore, denoting the kth basis 
vector in ei,j by ~ ' we have for k = 0, ... 'ei,j-2, 

T· .(k) = T· ·[(r· . - A·)k(v· ·)] = (r· . -A·+ A·)[(r·.- A·)k(v· ·)] IJ ~k IJ IJ I IJ IJ I I IJ I IJ 

For k = ei,j- 1, a similar computation, using the fact that 

k+1 e.· 
( T· · - A·) (v· ·) = (r· · - A·) 1J(v· ·) = 0 IJ I IJ IJ I IJ 

gives 
T· ·(b 1) = b IJ e.·- e. --1 IJ IJ 

Hence, the matrix of T· · = T I ( ) is the e· · X e· · matrix IJ Vi,j IJ IJ 

This matrix is referred to as a Jordan block associated to the scalar Ai. 
Note that a Jordan block has A/s on the main diagonal, 1s on the 
subdiagonal, and Os elsewhere. 

Now we can state the analog of Theorem 7.10 for this new choice 
of ordered basis. 

Theorem 8.8 Suppose that the minimal polynomial of an operator 
r E .f.(V) splits over the base field F, that is, 

m""(x) = (x- .X1)e1 .. ·(x- A1Jn 
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Then we can write 

where (vi) is a r-cyclic subspace of V. The minimal polynomials for 
rij = r I {vi·) are the elementary divisors 

J e .. 
min( ri) = (x- ,\) IJ 

of V, where 
e· = e· 1 > e. 2 > · · · > e· k 1 1, - 1, - - 1, j 

These elementary divisors are uniquely determined by r. Furthermore, 
the set 

is an ordered basis for (vi)• and the matrix of r with respect to the 
ordered basis 

is the block matrix 

[r]e = 

block 

The matrix on the right is called the Jordan canonical form of r. I 

We leave it to the reader to show that, for an algebraically closed 
field F, the set of matrices that are in Jordan canonical form is indeed 
a set of canonical forms for similarity (at least up to the order of the 
Jordan blocks). In other words, every matrix over F is similar to 
exactly one matrix that is in Jordan canonical form (again up to order 
of the Jordan blocks). 

Note that if r has Jordan canonical form j, then the diagonal 
elements of 3 are precisely the roots of the characteristic polynomial 
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Cr(x), including multiplicities. In other words, the number of times 
each diagonal element appears in l is the multiplicity of that element 
as a root of the characteristic polynomial. 

Geometric and Algebraic Multiplicities 
If .X E F is an eigenvalue of a linear operator r, then the 

multiplicity of .X, as a root of the characteristic polynomial Cr(x), is 
called the algebraic multiplicity of .X. On the other hand, the 
dimension of the eigenspace ~ .\ is called the geometric multiplicity 
of .X. 

Theorem 8.9 The geometric multiplicity of an eigenvalue .X of 
T E L(V) is less than or equal to its algebraic multiplicity. 

Proof. Suppose that .X is an eigenvalue of T. Thus, 

mAx) = (x- .X)ep(x) 

where x- .X does not divide p(x). Consider the rational canonical 
form for T. In the primary decomposition of V, we have 

where we may assume that 

The cyclic decomposition of this primary submodule is 

V Pt = (v1) EB • • • EB (vk) 

with elementary divisors 
e. 

min( rj) = (x- .X) J 

where Tj = T I (v·) and 
J 

Now, 

According to Theorem 8.4, the algebraic multiplicity of .X is 
k k 

a/g. mult. = L ej = L dim((vj}) = dim(Vp) 
. 1 . 1 1 
J= J= 

v E ~.\ => r(v) = .Xv => (r- .X)(v) = 0 

=> (r- .X)e(v) = 0 => v E VP1 

and so ~ .x C V Pt, that is, all eigenvectors associated to .X lie in V Pt' 
In fact, we can say more. Recall that the set 
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ej = ( vj,( rj- A)(vj), ... , ( rj- A/j-\vj)) 

is a basis for (vj), for all j = 1, ... , k, and that 

If 

e. 
(rj- A) l(vj) = 0 

e--1 
J 

u = :~:::>i(r- A)i(vj) 
i=O 

is an eigenvector in VP1, then (r- A)(u) = 0, that is, 

ej-1 ej-2 

0 = I>i(r- A)i+l(vj) = l::>i(r- A)i+l(vj) 
i=O i=O 

and so ri = 0 for i = 0, ... , ej - 2, which implies that 

e--1 
u = re.-1(r- A) J (vj) 

J 

Hence, the only eigenvectors in (vj) are the scalar multiples of the 
vector e.-1 

(r-A) J (vj) 

This shows that the geometric multiplicity of A is the number k of 
r-cyclic subspaces (vj) that form V P . Since the algebraic multiplicity 
is the sum of the dimensions of theJe r-cyclic subspaces, the theorem 
follows. I 

Diagonalizable Operators 
We are now in a position to give several different characterizations 

of diagonalizable linear operators, that is, operators that can be 
represented by a diagonal matrix. The first characterization amounts 
to little more than the definitions of the concepts involved. 

Theorem 8.10 An operator r E L(V) is diagonalizable if and only if 
there is a basis for V that consists entirely of eigenvectors of r, that 
is, if and only if 

dim(~>. E9 · · · Ef) ~ >. ) = dim(V) 
1 k 

where A1, ..• ,Ak are the distinct eigenvalues of r. I 

The Jordan canonical form gives us another characterization of 
diagonalizable operators. For, suppose that r is diagonalizable, and 
that 
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At 0 0 

0 .x2 
[r)c:s = 

0 

0 0 .xk 
where the diagonal elements are not necessarily distinct. Suppose 
further that 

.Xi , ... , .Xi 
t s 

are the distinct diagonal elements. Then the minimal polynomial of r, 
which is the same as the minimal polynomial of [r]c:s, is 

mT(x) = IT (x- .Xi.) 
j J 

Thus, mT(x) is the product of distinct linear factors. 
Conversely, suppose that T E L(V) has the property that mT(x) 

is the product of distinct linear factors, say 

mT(x) = (x- At)·· ·(x- \) 

where the .Xi's are distinct. Then T has a Jordan canonical form. 
Moreover, referring to Theorem 8.8, all of the elementary divisors have 
the form x- .Xi, and so 

min(r· ·) = x- A· 
lJ 1 

In other words, all vectors in (vi) are eigenvectors, and so the basis 
for V, constructed in Theorem 8.8, consists only of eigenvectors for V. 
Hence, T is diagonalizable. We have established the following result. 

Theorem S.ll A linear operator r E L(V) on a finite dimensional 
vector space is diagonalizable if and only if its minimal polynomial is 
the product of distinct linear factors. I 

Projections 
In order to obtain another characterization of diagonalizable 

operators, we turn to a discussion of a special type of operator. 

Definition Let V = S EB sc. The map p:V-+V defined by 

p(8+8c) = 8 

where 8 E S and 8c Esc, is a linear operator on V, called projection 
on S along sc. 0 

Figure 8.1 illustrates the concept of a projection. 
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/ 

At/ 
----;f--...__ __ s 

Figure 8.1 

The following theorem describes projection operators. 

Theorem 8.12 
1} Let p be projection on S along sc. Then 

im(p} = S, ker(p) = sc 

V = im(p) El7 ker(p) 

v E im(p) <=> p(v) = v 

Note that the last condition says that a vector is in the image of 
p if and only if it is fixed by p. 

2} Conversely, if u E L(V) has the property that 

V = im(u) 67 ker(u) and u I im(u) = id 

then u is projection on im(u) along ker(u). I 

Projection operators (or projections, for short) play a major role in 
the spectral theory of linear operators, which we will discuss in Chapter 
10. Now we turn to some of the basic properties of these operators. 

Theorem 8.13 A linear operator p E L(V) is a projection if and only if 
it is idempotent, that is, if and only if p2 = p. 

Proof. To see that the projection operator p on S along sc is 
idempotent, observe that, for any s E S and sc Esc, 

p2(s + sc) = p(p(s + sc}) = p(s) = s = p(s + sc) 

and so p2 = p. Conversely, if p is idempotent, let 

s = { v E v I p( v) = v} 

be the set of all vectors that are fixed by p. Then S C im(p). Also, if 
v E im(p), then v = p(w) for some wE V, and so 

p(v) = p2(w) = p(w) = v 
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Hence, im(p) C S, and so S = im(p ). In other words, 

pI im(p) = id 

Now, if v E im(p) n ker(p), we have 

p(v) = v and p(v) = 0 

and so v = 0. Hence, im(p) n ker(p) = {0}. 
Finally, observe that for v E V, 

v = p(v) + (v- p(v)) E im(p) + ker(p) 

and so 
V = im(p) E& ker(p) 

An appeal to Theorem 8.12 completes the proof. I 

The Algebra of Projections 

147 

If p is a projection, then so is l- p, where l is the identity 
operator on V, for we have 

(t- p)2 = t 2 -lp- pl + p2 = l- p 

It is not hard to see that ker( l- p) = im(p) and im( t- p) = ker(p ). 
Hence, if p is projection on S along sc, then t- p is projection on 
sc along S. 

Definition Two projections p,CT E .t(V) are orthogonal, written p ..l CT, 
if pCT = CT p = 0. 0 

Note that p ..l f.T if and only if 

im(p) C ker( f.T) and im( f.T) C ker(p) 

The following example shows that it is not enough to have pCT = 0 in 
the definition of orthogonality, since it is possible for pCT = 0 and yet 
CTp may not even be a projection. 

Example 8.1 Let V = F2, and let 

D = {(x,x) I x E F}, X= {(x,O) I x E F}, Y = {(O,y) I y E F} 

Thus, D is the diagonal, X is the x-axis and Y is the y-axis in F2• 

(The reader may wish to draw pictures in IR2.) Using the notation 
p A,B for the projection on A along B, we have 

PD,XPD,Y = PD,Y :f. PD,X = PD,YPD,X 

From this we deduce that if p and f.T are projections, it may happen 
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that both products pfr· and fr p are projections, but that they are not 

equal. 
We leave it to the reader to show that py xPx D = 0 (which is a 

projection), but that Px DPY x is not a projection. 'Thus, it may also 

happen that pfr is a pr~jecti'on (even the zero projection) but that frP 

is not a projection. D 

If p and fr are projections, it does not necessarily follow that 

p + fr, p- fr or pfr is a projection. The sum p + fr is a projection if 

and only if 

or 
(8.7) pfr + frP = 0 

Multiplying this on the left by p and on the right by p, gives 

Pfr + PfrP = 0 
and 

PfrP + frP = 0 

Hence, 
Pfr = frP 

which, together with (8. 7), gives 2pfr = 0. Therefore, if char( F) 'f:. 2 
(so that 2 'f:. 0) then p(f = 0 and frP = 0. This shows that if p + fr is 
a projection, then p ..l fr. Conversely, if pfr = frP = 0, then 

(p + fr) 2 = p + fr, and so p + fr is a projection. 
Now suppose that pfr = frP = 0, and so p + fr is a projection. 

To determine the kernel of p + fr, note that 

(p + fr)(v) = 0 => p(v) + fr(v) = 0 =>p2(v) + pfr(v) = 0 => p(v) = 0 

and so ker(p + fr) C ker(p). In a similar way, ker(p + fr) C ker(fr), and 
so 

ker(p + fr) c ker(p) n ker( fr) 

But the reverse inclusion is obvious, and so 

ker(p + fr) = ker(p) n ker( fr) 

As to the image of p + fr, we know that im(p + fr) is the set of 

vectors in V that are fixed by the projection p + fr. Hence, 

v E im(p + fr) => v = (p + fr)(v) = p(v) + fr(v) E im(p) + im(fr) 

and so im(p + fr) C im(p) + im(fr). But notice that 

X E im(p) n im(fr) => p(x) =X= fr(x) =>X= p(x) = p2(x) = Pfr(x) = 0 

which implies that im(p) n im(fr) = {0}. Therefore, 
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im(p + u) C im(p) EB im(u) 

To establish the reverse inequality, observe that if v E im(p) EB im(u), 
then v = r+8, for r E im(p) and 8 E im(u), and so 

(p + u)(v) = (p + u)(r) + (p + u)(8) = r + 8 = v 

This implies that v E im(p + u), and so 

im(p + u) = im(p) EB im(u) 

Let us summarize. 

Theorem 8.14 Let p,u E L(V) be projections, where V is a vector 
space over a field of characteristic =f:. 2. Then p + u is a projection if 
and only if p .l u, in which case p + u is projection on im(p) EB im(u) 
along ker(p) n ker(u). I 

Let us next consider the difference p - u. We know that p - u 
is a projection if and only if 8 = £- (p- u) = (t- p) + u is a 
projection. Hence, we may apply the previous theorem to this case as 
well, to deduce that p - u is a projection if and only if 

( £- p )u = u( £- p) = 0 
or, equivalently, 

pu =up= u 

Moreover, in this case, p- u = £-8 is projection on ker(8) along 
im(8). Again using Theorem 8.14, since 8 = (t- p) + u, we have 

im(O) = im(t- p) EB im(u) = ker(p) EB im(u) 
and 

ker(8) = ker(t- p) n ker(u) = im(p) n ker(u) 

We have proved the following. 

Theorem 8.15 Let p,u E L{V) be projections, where V is a vector 
space over a field of characteristic =f:. 2. Then p - u is a projection if 
and only if 

pu =up= u 

in which case p - u 1s projection on 
ker(p) EB im(u). I 

im(p) n ker( u) 

Finally, let us consider the product pu of two projections. 

along 

Theorem 8.16 Let p,u E L(V) be projections. If pu =up then pu 
is a projection. In this case, pu is projection on im(p) n im(u) along 
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ker{p) + ker{ u ). 

Proof. If pu = up, then 

(pu)2 = pupu = p2u2 = pu 

and so pu is a projection. To find the image of pu, we observe that if 
v = pu(v), then 

p(v) = p(pu(v)) = pu(v) = v 

and so v E im(p). Similarly, v E im(u) and so 

im(pu) c im(p) n im{ 0") 

The reverse inclusion is clear, and so 

im(pu) = im(p) n im(u) 

Next, we observe· that if v E ker{pu), then pu(v) = 0 and so 
u(v) E ker{p). Hence, 

v = u(v) + (t- u(v)) E ker{p) + ker{u) 

Moreover, if v = r+s E ker{p) + ker{u), then 

pu(v) = pu(r + s) = up(r) + pu(s) = 0 + 0 = 0 

and so v E ker{pu). Thus, 

{8.8) ker{pu) = ker{p) + ker{ u) I 

We should remark that if p = u, then ker{p) = ker{u), and so the 
sum in (8.8) need not be direct. 

Resolutions of the Identity 
If p is a projection, then 

p _l ( L - p) and p + ( L - p) = L 

Let us generalize this to more than two projections. 

Definition If p1, ••• , Pk are projections for which 
1) Pi .l Pj for i I j 
2) Pt + ... + Pk = L 

then we refer to the sum in (2) as a resolution of the identity. D 

The next theorem displays a correspondence between direct sum 
decompositions of V and resolutions of the identity. 
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Theorem 8.17 
1) If PI+···+ Pk = t is a resolution of the identity, then 

V = im(pi) El1· · · El1 im(pk) 

2) Conversely, if V ..... = SI E11· • • E11 Sk, and Pi is projection on Si 
along SI El1· O O El1 si El1· O O El1 sk, where the hat A means that the 
corresponding term is missing from the direct sum. Then 

PI+ ... + Pk = t 

is a resolution of the identity. 

Proof. To prove (1) suppose that p1 + .. · + Pk = t is a resolution of 
the identity. Then for any v E V, we have 

v =tv= PI(v) + · · · + Pk(v) 

which shows that V = im(pi) + · · · + im(pk). Now, since the projections 
Pi are orthogonal, for each i, we have im(pj) C ker(pi) for all j # i. 
Hence, 

which shows that 

and so 

im(pJ n I: im(pj) = {o} 
j # i 

V = im(pi) El1· · · El1 im(pk) 

To prove part (2), observe that for i # j, 
im(pi) = si c ker(pj) 

and so Pi j_ Pj· Also, 

tv=si+ .. ·+~=pi(v)+ .. ·+pk(v)= LPu(v) 
u 

and so t =PI+···+ Pk is a resolution of the identity. I 

Projections and Diagonalizability 
Now let us consider a linear combination 

T = AIPI + ... + AkPk 

where PI+···+ Pk = t is a resolution of the identity. Since any vector 
v E V has the form 

where si E im(pi), we have 
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r(v) = L AiPi(v) = L \si 
i i 

Thus, the action of r has the particularly simple form 

(8.9) v = s1 + · · · + 1\: :=?- r(v) = )1s1 + · · · + AkSX: 

Moreover, we have the following. 

Theorem 8.18 A linear operator r E L(V) is diagonalizable if and only if 
it has the form 

(8.10) 

for some resolution of the identity p1 + · · · + Pk = t. Moreover, if r 
has the form (8.10), where the \'s are distinct and the p/s are 
nonzero, then the \'s are the eigenvalues of r, and im(pi) is the 
eigenspace of r associated with Ai. 

Proof. Suppose that r is diagonalizable, and that ) 1, ... , Ak are the 
distinct eigenvalues of r. Then we have 

V = ~Al EJj ••• EJj ~Ak 

According to Theorem 8.17, the projections Pi on ~A· along 
1 

~Al EJj ••• EJj i Ai EJj ••• EJj ~Ak 

form a resolution of the identity. Moreover, if v E ~A·' then 

r(v) = Aiv = ()1p1 + · · · + AkPk)(v) 

from which we deduce that r = ) 1p1 + · · · + AkPk· 

1 

Conversely, suppose that r has the form (8.10). Then, using 
Theorem 8.14, we may assume that the )/s are distinct. Also, 

V = im(p1 ) EI7 • • • EI7 im(pk) 

In view of (8.9), we have, for any si E im(pi) 

r(s·) = A·S· 1 1 1 

which shows that Ai is an eigenvalue of r, and that im(pJ C ~A·' 
To see the reverse inclusion, let v = s1 + · · · + sk E ~A·' 1where 

si E im(pj). Then 1 

\(s1 + · · · + sk) = \v = r(v) = )1s1 + · · · + )ksk 

which implies that (Ai- A)sj = 0 for all j, and since the A.'s are 
distinct, we have sj = 0 for j ::j:. i. Thus, v = si E im(pi), land so 
im(pi) = ~A·. This shows that 

1 
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and so r is diagonalizable. 
Finally, we observe that if A is an eigenvalue of 

eigenvector v = s1 + · · · + ~· Then 

A(s1 + · · · + ~) = Av = r(v) = A1s1 + · · · + Ak~ 
and so (A- Ai)si = 0 for all i. Therefore, if A ::j:. Ai for all 
si = 0 for all i, that is, v = 0, which is not possible. 
eigenvalues are among the coefficients \· I 

153 

r, with 

i, we have 
Hence, all 

Definition The set of eigenvalues of a linear operator on a finite 
dimensional vector space V is called the spectrum of r. If r is 
diagonalizable, and 

(8.11) 

where p1 + · · · + Pk = t is a resolution of the identity, the Ai's are 
distinct, and the p/s are nonzero, then (8.11) is called the spectral 
resolution of the operator r. 0 

Projections and Invariance 
There is a connection between projections and the notions of 

invariant subspace and reducing pair for a linear operator r. 

Theorem 8.19 Let r E L(V). 
1) If S is an invariant subspace under r, then prp = rp for all 

projections p on S. 
2) If S is a subspace of V, and if prp = rp for any projection p 

on S, then S is invariant under r. 

Proof. To prove part (1), let S be invariant under r, and let p be 
projection on S along T, whence V = S EB T. Now, let v = s + t E V, 
where s E S and t E T. Then, since p fixes S, 

prp(v) = pr(s) = r(s) = rp(v) 

and so prp = rp. As to part (2), suppose that prp = rp, where p 1s 
projection on S along T. Let s E S. Then, since p fixes S, 

pr(s) = prp(s) = rp(s) = r(s) 

and so p fixes r(s), which implies that r(s) E S. Thus, S 1s 
invariant under r. I 

Theorem 8.20 Let V = S EB T. Then a linear operator r E L(V) 1s 
reduced by the pmr (S,T) if and only if rp = pr, where p 1s 
projection on S along T. 
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Proof. Suppose first that rp = pr, where p is projection on S 
along T. Since v E S if and only if p(v) = v, we have for s E S, 

pr(s) = rp(s) = r(s) 

and so p fixes r(s), which implies that r(s) E S. Hence, S is 
invariant under T. Also, vET if and only if p(v) = 0, and so, for 
teT, 

pr(t) = pr(t) = 0 

implies that r(t) E T. Hence, T is invariant under T. 

Conversely, suppose that (S,T) reduces T. Then the projection 
operator p fixes vectors in S, and sends vectors in T to 0. Hence, 
for s E S and t E T, since r(s) E S, we have 

pr(s) = r(s) = rp(s) 
and 

pr(t) = 0 = rp(t) 

which imply that pr = rp. I 

EXERCISES 
1. A linear operator T E l.(V) is said to be nonderogatory if its 

minimal polynomial is equal to its characteristic polynomial. 
Prove that T is nonderogatory if and only if V is a cyclic 

2. 
3. 

4. 

5. 

6. 
7. 

8. 

9. 

10. 

module. 
Show that the eigenspace of an eigenvalue A is a subspace of V. 
Prove directly that the eigenvalues of a matrix are invariants 
under similarity. 
Prove that the eigenvalues of a matrix do not form a complete set 
of invariants under similarity. 
Show that not all matrices (hence linear operators) have 
eigenvalues in the base field. 
Show that the set eiJ in (8.6) is an ordered basis for (viJ 
Show that T E l.(V J is invertible if and only if 0 is not an 
eigenvalue of T. 

Let A be an n x n matrix over an algebraically closed field F, 
such as the complex field C. Thus, all of the roots of the 
characteristic polynomial lie in F. Prove that det(A) is the 
product of the eigenvalues of A. Formulate a statement in this 
regard about linear operators. 
Show that is A is an eigenvalue of r, then p(A) is an eigenvalue 
of p(r), for any polynomial p(x). Also, if A =f. 0, then A-1 IS 

an eigenvalue for r-1• 

An operator T E l.(V) is nilpotent if rn = 0 for some n E N. 
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a) Show that if r is nilpotent, then 0 is an eigenvalue of r, 
and it is the only eigenvalue of r. 

b) Find an operator r that has 0, and only 0 as an eigenvalue, 
but is not nilpotent. 

11. Show that if r ,<r E L(V), then r<r and <rr have the same 
eigenvalues. 

12. Suppose that r, <r E L(V). Show that if m = <rr, then r and 
<r have a common eigenvector. 

13. Let p be a projection. Show that ker( t- p) = im(p) and 
im(t- p) = ker(p). 

14. Complete the details of Example 8.1. 
15. Find projections p and <r for which p<r is a nonzero projection, 

but <r p is not a projection. 
16. (Halmos) 

a) Find a linear operator r that is not idempotent, but for which 
r 2(t-r) = 0. 

b) Find a linear operator r that is not idempotent, but for which 
r(t-r)2 = 0. 

c) Prove that if r 2(t- r) = r(t- r) 2 = 0, then r is idempotent. 
17. An involution is a linear operator B for which 82 = t. If r is 

an idempotent, what can you say about 2r- t? Construct a one­
to-one correspondence between the set of idempotents on V and 
the set of involutions. 

The Trace of a Matrix 
18. Let A be an n X n matrix over an algebraically closed field F, 

such as the complex field C. Thus, all of the roots of the 
characteristic polynomial lie in F. The trace of A, denoted 
tr(A), is the sum of the elements on the main diagonal of A. 
Verify the following statements. 
a) tr(rA) = r tr(A), for rEF 
b) tr(A +B)= tr(A) + tr(B) 
c) tr(AB) = tr(BA) 
d) the trace is an invariant under similarity 
e) the trace of A is the sum of the eigenvalues of A. 
Formulate a definition of the trace of a linear operator, show that 
it is well-defined, and relate this concept to the eigenvalues of the 
operator. 

19. Use the concept of the trace of a matrix, as defined in the previous 
exercise, to prove that there are no matrices A, BE .Abn(C) for 
which AB-BA= I. 

20. Let T:.Abn(F)---+F be a function with the following properties. 
For all matrices A, BE .Abn(F), and rEF, 
1) T(rA) = rT(A) 
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2) T{A +B) = T(A) + T{B) 
3) T{AB) = T{BA) 
Show that there exists an s E F for which T{A) = s tr(A), for all 
A E .Abn(F). 

Simultaneous Diagonalizability 
A pair of linear operators u, T E .t{V) are simultaneously 
diagonalizable if there is an ordered basis c:B for V for which [r]c:B 
and [u]c:B are both diagonal. 

21. The purpose of this exercise is to prove that two diagonalizable 
operators u and T are simultaneously diagonalizable if and only 
if they commute, that is, ur = ru. 
a) To prove necessity, suppose that c:B is a basis of eigenvectors 

for both u and T. Show that ru and ur agree on the 
vectors in c:B. 

b) To prove sufficiency, suppose that ur = ru. Show that the 
eigenspaces of T are invariant under u. 

c) If ui is the restriction of u to the ith eigenspace of r, show 
that ui is diagonalizable. Hint: consider the minimal 
polynomials of u and ui. 

d) Use the results of part (b) and (c) to complete the proof. 



CHAPTER 9 

Real and Complex 
Inner Product Spaces 

Contents: Introduction. Norm and Distance. Isometries. 
Orthogonality. Orthogonal and Orthonormal Sets. The Projection 
Theorem. The Gram-Schmidt Orthogonalization Process. The Riesz 
Representation Theorem. Exercises. 

Introduction 
We now turn to a discussion of real or complex vector spaces that 

have an additional function defined on them, called an inner product, as 
described in the upcof!ling definition. Thus, in this chapter, F will 
denote either the real or complex field. If r is a complex number, then 
f denotes the complex conjugate of r. 

Definition Let V be a vector space over F, where F = IR or F = C. 
An inner product on V is a function (,):V x V-+F with the following 
properties. 

1) (Positive definiteness) For all v E V, 

(v,v) ~ 0 and (v,v) = 0 if and only if v = 0 

2) For F = C: (Conjugate symmetry, or Hermitian symmetry) 

(u,v) = (v,u) 

For F = IR: (Symmetry) 
(u,v) = (v,u) 

3) (Linearity in the first coordinate) For all u,v E V and r,s E F 

{ru + sv, w) = r(u, w) + s(v, w) 
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A real (or complex) vector space V, together with an inner product 
defined on V, is called a real (or complex) inner product space. 0 

We will study bilinear forms ("inner products") on vector spaces 
over fields other than IR or C in Chapter 13. Note that property (1) 
implies that the quantity (v,v} is always real, even if V is a complex 
vector space. 

Combining properties (2) and (3), we get, in the complex case 

(w,ru + sv} = (ru + sv,w} = r(u,w} + s(v,w} = r(w,u} + s(w,v) 

This is referred to as conjugate linearity. Thus, a complex inner 
product is linear in its first coordinate and conjugate linear in its second 
coordinate. This is often described by saying that the inner product is 
sesquilinear. (Sesqui means one and a half times.) 

In the real case (F = IR), the inner product is linear in both 
coordinates -a property referred to as bilinearity. 

Example 9.1 
1) The vector space IRn is an inner product space under the 

standard inner product, or dot product, defined by 

((rv ... ,rn),(sl, ... 'sn)} = rlsl + ... + rnsn 

The inner product space IRn is often called n-dimensional 
Euclidean space. 

2) The vector space en is an inner product space under the 
standard inner product, defined by 

((rl, ... 'rn),(sl, ... ,sn)} = rlsl + ... + rnsn 

This inner product space is often called n-dimensional unitary 
space. 

3) The vector space V(n,2) of all binary n-tuples is an inner product 
space, under the inner product 

((r1, ..• ,rn),(s1, ... ,sn)} = (r1s1 +···+rns11) mod 2 

4) The vector space C[a,b] of all continuous complex-valued 
functions on the closed interval [a,b] is an inner product space 
under the inner product 

(f,g} = J: f(x)g(x) dx D 

Example 9.2 One of the most important inner product spaces is the 
vector space £2 of all complex sequences (sn) with the property that 
E I S11 I 2 < oo, under the inner product 
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00 

((sn),(tn)) = L sntn 
n=O 

Of course, for this inner product to make sense, the sum on the right 
must converge. To see this, observe that since (sn), (tn) E £2, 

00 00 

s = L I sn I 2 < oo and t = L I tn 1 2 < oo 
n=O n=O 

Now, 

and so 

which gives 

We leave it to the reader to verify that e2 is an inner product space. 0 

The following simple result is quite useful and easy to prove. 

Lemma 9.1 If V is an inner product space, and (u,x) = (v,x) for all 
x E V, then u = v. I 

Note that a vector subspace S of an inner product space V is 
also an inner product space under the restriction of the inner product of 
V to S. 

Norm and Distance 
If V is an inner product space, then we can define the norm, or 

length, of each v E V by 

(9.1) II vII = J(Y,V) 
A vector v E V is a unit vector if II v II = 1. 

Here are the basic properties of the norm. 

Theorem 9.2 
1) II v II ~ 0 and II v II = 0 if and only if v = 0. 
2) II rv II =I r I II vII, for all rEF, v E V 
3) (The Cauchy-Schwarz inequality) For all u,v E V, 

l(u,v)l :S !lull llvll 
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with equality if and only if u = rv for some rEF. 
4) (The triangle inequality) For all u,v E V, 

II u +vII :S II u II + II vII 

with equality if and only if u = rv for some rEF. 
5) For all u,v,x E V, 

llu-vll :S llu-xll + llx-vll 

6) For all u,v E V, 

Ill u II - II vII I :S II u- vII 

7) (The parallelogram law) For all u,v E V, 

II u + v 11 2 + II u- v 11 2 = 211 u 11 2 + 211 vII 2 

Proof. We prove only {3) and {4). To prove {3), we proceed as follows. 
If either u or v is zero, the result follows. Assume that u,v -=f. 0. 
Then, for any real number r E IR, 

0 :S II u + rv 112 

= (u+rv,u+rv) 

= (u,u) + r(u,v) + r(v,u) + r2(v,v) 

= (u,u) + r(v,u) + r(v,u) + r2(v,v) 

:S (u,u) + 2r I (v,u) I + r2(v,v) = f{r) 

This implies that the quadratic polynomial f{r) must have nonpositive 
discriminant, that is, 

41 (v,u) 12 - 4(v,v)(u,u) :S 0 

from which the Cauchy-Schwarz inequality follows. Furthermore, if 
equality holds, then there exists an rEF for which f(r) = 0, that is, 
0 = II u + rv II 2, and so u + rv = 0, which implies that u is a scalar 
multiple of v. (If u is a scalar multiple of v, then equality is easily 
seen to hold.) 

To prove the triangle inequality, we use the Cauchy-Schwarz 
inequality to get 

llu+vll 2 = (u+v,u+v) 

= (u,u) + (u,v) + (v,u) + (v,v) 

:S llull 2 +2l(u,v)l+ llvll 2 

:S llnll 2 +2llull llvll + llvll 2 

= ( II u II + II v II )2 
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from which the triangle inequality follows. The proof of the statement 
concerning equality is left to the reader. I 

Any vector space V, together with a function II II :V-+IR that 
satisfies properties {1), {2) and {4) of Theorem 9.2, is called a normed 
linear space. (And the function II II is called a norm.) Thus, any 
inner product space is a normed linear space, under the norm given by 
{9.1). 

It is interesting to observe that the inner product on V can be 
recovered from the norm. 

Theorem 9.3 
1) If V is a real inner product space, then 

(u,v) =!(II u + v 11 2 - II u- v 11 2) 

2) If V is a complex inner product space, then 

(u,v) =!(II u + v 11 2 - II u- v 11 2) + ii( II u + iv 11 2 - II u- iv 11 2 ) 

The formulas in Theorem 9.3 are known as the polarization 
identities. The norm can be used to define the distance between any 
two vectors in an inner product space. 

Definition Let V be an inner product space. We define the distance 
d(u,v) between any two vectors u and v in V by 

(9.2) d(u,v) = II u- vII o 

Here are the basic properties of distance. 

Theorem 9.4 
1) d(u,v) ~ 0 and d(u,v) = 0 if and only if u = v 
2) (Symmetry) d(u,v) = d(v,u) 
3) (Triangle inequality) 

d(u,v) ~ d(u,w) + d(w,v) 0 

Any nonempty set v, together with a function d:V X v-IR that 
satisfies the properties of Theorem 9.4, is called a metric space, and the 
function d is called a metric on V. Thus, any inner product space is 
a metric space under the metric (9.2). 

Before continuing, we should make a few remarks about our goals 
in this and the next chapter. The presence of an inner product, and 
hence a metric, raises a host of topological issues, related to the notion 
of convergence. We say that a sequence (vn) of vectors in an inner 
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product space converges to v E V if 

or, equivalently, if 
lim d(vn,v) = 0 n-+oo 

Ji~Yo II vn -vII = o 
Some of the more important concepts related to convergence are 
closedness and closures, completeness, and the continuity of linear 
operators and linear functionals. 

In the finite dimensional case, the situation is very 
straightforward- all subspaces are closed, all inner product spaces are 
complete, and all linear operators and functionals are continuous. 
However, in the infinite dimensional case, things are not as simple. 

Our goals in this chapter and the next are to describe some of the 
basic properties of inner product spaces- both finite and infinite 
dimensional, and then to discuss certain special types of operators 
(normal, unitary and self-adjoint), in the finite dimensional case only. 
To achieve the latter goal as rapidly as possible, we will postpone a 
discussion of topologica1 properties until Chapter 13. This means that 
we must describe some results for the finite dimensional case only in 
this chapter, deferring the infinite dimensional case to Chapter 13. 

lsometries 
An isomorphism of vector spaces preserves the vector space 

operations. The corresponding concept for inner product spaces is the 
following. 

Definition Let V and W be inner product spaces, and let 
r E L(V,W). 
1) r is an isometry if it preserves the inner product, that is, if 

2) 

(r(u),r(v)) = (u,v) 

for all u,v E V. 
A bijective isometry is called an isometric isomorphism. 
r: V-+ W is an isomorphism, we say that V and 
isometrically isomorphic. 0 

When 
W are 

It is not hard to show that an isometry is injective, and so it is an 
isometric isomorphism provided it is also surjective. Moreover, if 
dim(V) = dim(W) < oo, injectivity implies surjectivity, and so the 
concepts of isometry and isometric isomorphism are equivalent. On the 
other hand, the following example shows that this is not the case for 
infinite dimensional inner product spaces. 
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Example 9.3 Let r:e2~e2 be defined by 

r(x1,x2,x3 ... ) = (O,x1,x2, ... ) 

163 

(This is the right shift operator.) Then T is an isometry, but it is 
clearly not surjective. 0 

Theorem 9.5 A linear transformation T E L(V, W) is an isometry if 
and only if it preserves the norm, that is, if and only if 

II r(v) II = II vII 

for all v E V. 

Proof. Clearly, an isometry preserves the norm. The converse follows 
from Theorem 9.3. In the real case, if r preserves the norm, then 

(r(u),r(v)) = t( II r(u) + r(v) 11 2 - II r(u)- r(v) 11 2) 

= t( II r(u + v) 11 2 - II r(u- v) 11 2) 

= l< II u + v 11 2 - II u- v 11 2) 

= (v,w) 

and so T is an isometry. The complex case is similar. I 

The next result points out one of the main differences between real 
and complex inner product spaces. 

Theorem 9.6 Let V be an inner product space, and let T E L(V). 
1) If (r(v),w) = 0 for all v, wE V, then T = 0. 
2) If V is a complex inner product space, and (r(v),v} = 0 for all 

v E V, then T = 0. 
3) Part (2) does not hold in general for real inner product spaces. 

Proof. Part (1) follows directly from Lemma 9.1. As for part (2), let 
v=rx+y,for x,yEV and rEF. Then 

0 = (r(rx+y),rx+y) 

= I r 1 2(r(x),x) + (r(y),y) + r(r(x),y) + F(r(y),x) 

= r(r(x),y) + F(r(y),x) 

Setting r = 1 gives 
(r(x),y} + (r(y),x) = 0 

and setting r = i gives 
(r(x),y)- (r(y),x) = 0 

These two equations imply that (r(x),y} = 0 for all x,y E V, and so 
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r = 0 by part (1). As for part (3), consider the real inner product 
space IR2, and let r E L(V) be defined by r( e1) = e2 and r( e2) = 
-e1. Thus, r is rotation by 90°, and (r(v),v) = 0 for all v, but 
r =f. 0. I 

Orthogonality 
The presence of an inner product allows us to define the concept of 

orthogonality, or perpendicularity. 

Definition Let V be an inner product space. 
1) Two vectors u,v E V are said to be orthogonal if (u,v) = 0. In 

this case, we write u .l v. 
2) If S and T are subsets of V, and 8 .l t for all 8 E S and 

t E T, we say that S is orthogonal to T, and write S .l T. 
3) The orthogonal complement of a subset S C V is the set 

SJ. = { v E v I v _l S} 0 

The following result is easily proved. 

Theorem 9.7 Let V be an inner product space. 
1) For any subset S C V, the orthogonal complement SJ. of S is a 

subspace of V. 
2) For any subspace S of V, S n SJ. = {0}. I 

Orthogonal and Orthonormal Sets 

Definition A nonempty collection 0 = { ui I i E K} of vectors in an 
inner product space is said to be an orthogonal set if ui .l uj for all 
i =f. j E K. If, in addition, each vector ui is a unit vector, the set 0 is 
an orthonormal set. Thus, a set is orthonormal if 

(U·,U·} = 0· · I J IJ 

for all ij E K, where 6i,j is the Kronecker delta function. 0 

Note that given any nonzero vector v E V, we may obtain a unit 
vector u by simply multiplying v by the reciprocal of the norm of v 

u=lfhrv 

Thus, it is a simple matter to construct an orthonormal set from an 
orthogonal set of nonzero vectors. 
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Theorem 9.8 Any orthogonal set of nonzero vectors in V is linearly 
independent. 

Proof. Let (j = { ui I i E K} be an orthogonal set of nonzero vectors, 
and suppose that 

r 1 ul + ... + rn ~l = 0 

Then, for any k = 1, ... , n, 

0 = (r1 u1 + .. · + rn~•uk) = rk(uk,uk) 

and so rk = 0, for all k. Hence, (j is linearly independent. I 

Definition A maximal orthonormal set in an inner product space V 1s 
called a Hilbert basis for V. 0 

Zorn's lemma can be used to show that any nontrivial inner 
product space has a Hilbert basis. We leave the details to the reader. 

Extreme care must be taken here not to confuse the concepts of a 
basis for a vector space and a Hilbert basis for an inner product space. 
To avoid confusion, a vector space basis, that is, a maximal linearly 
independent set of vectors, is referred to as a Hamel basis. The 
following example shows that, in general, the two concepts of basis are 
not the same. 

Example 9.4 Let V = £2, and let M be the set of all vectors of the 
form 

ei = (0, ... ,0,1,0 ... ) 

where e; has a 1 in the ith coordinate, and Os elsewhere. Clearly, M 
is an orthonormal set. Moreover, it is maximal. For if x = (x11) E £2 

has the property that x j_ M, then 

xi = (x,e;) = 0 

for all i, and so x = 0. Hence, no nonzero vector x ~ M is orthogonal 
to M. This shows that M is a Hilbert basis for the inner product 
space £2 • 

On the other hand, the vector space span of M is the subspace S 
of all sequences in £2 that have finite support, that is, have only a 
finite number of nonzero terms, and since span(M) =Sf. £2, we see 
that M is not a Hamel basis for the vector space £2• 0 

We will show in Chapter 1:3 that all Hilbert bases for an inner 
product space have the same cardinality, and so we can define the 
Hilbert dimension of an inner product space to be that cardinality. 
Once again, to avoid confusion, the cardinality of any Hamel basis for 
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V is referred to as the. Hamel dimension of V. The Hamel dimension 
is, in general, not the same as the Hilbert dimension. However, as we 
will now show, they are equal when the Hamel dimension is finite. 

Definition Let V be an inner product space with finite Hamel 
dimension. A Hamel basis for V that is also an orthogonal set is 
called an orthogonal Hamel basis for V, and a Hamel basis for V that 
is also an orthonormal set is called an orthonormal Hamel basis for V. 
(These concepts are defined only for finite dimensional vector spaces.) 0 

Theorem 9.9 Let V be an inner product space with finite Hamel 
dimension. Then any Hilbert basis is a Hamel basis. Hence, the 
Hilbert dimension of V is the same as the Hamel dimension. 

Proof. Let V have Hamel dimension n. Since orthonormal sets of 
vectors in V are linearly independent, their size cannot exceed n. In 
particular, a maximal orthonormal set has size at most n. 

If 0 = { u1 , ... , uk} is a maximal orthogonal set with k < n, then 
there exists a vector v E V for which 0 U { v} is linearly independent. 
If 

w=v+r1u1 +···+rkuk 

then (w,ui) = 0 if and only if 

0·= (w,ui) = (v,ui) + ri(ui,ui) 
or, equivalently 

(v,ui) 
r·=--

1 (ui,ui) 

Thus, by defining ri m this way, we obtain a vector w that is 
orthogonal to all vectors in 0. Hence, 0 U {w/ II w II} is an 
orthonormal set that properly contains the maximal orthonormal 
set 0. This contradiction implies that k = n, and so 0 is a Hamel 
basis. I 

It is also true that if an inner product space has finite Hilbert 
dimension, then this is also equal to its Hamel dimension. (This will 
follow from our upcoming discussion of Gram-Schmidt 
orthogonalization.) Therefore, the term finite dimensional can be 
applied unambiguously to an inner product space. We will use the term 
orthonormal basis to refer to an orthonormal Hamel basis. 

Orthonormal bases have a great advantage over arbitrary bases. 
To see this, suppose that ~ = { v 1, ... , vn} is a basis for V. Then each 
v E V has the form 
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In general, however, determining the coordinates ri requires solving a 
system of linear equations of size n x n. 

On the other hand, suppose that 0 = { u1, ... , ~} is an 
orthonormal basis for V. As before, any vector v E V has the form 

v=r1u1 +···+r11~ 
But now we have 

(v,1Ij) = (r1 u1 + · · · + r11~,1Ij) = ri(ui,ui) = ri 

Thus, in the case of an orthonormal basis, we have a very simple 
procedure for finding the coordinates of any vector v E V. 

Theorem 9.10 Let 0 = { u1, ••. , ~} be an orthonormal basis for V. 
1) For any v E V, 

v = (v,u1)u1 + ··· + (v,~)~ 

The coordinates (v,ui) are called the Fourier coefficients of v 
with respect to 0, and the expression for v on the right is called 
the Fourier expansion of v with respect to 0. 

2) (Bessel's identity) For any v E V, 

II v 11 2 = I (v,ul) 12 + .. · + I (v,~) 12 

3) (Parseval's identity) For v,w E V, 

(v,w) = (v,u1)(w,u1) + · · · + (v,u11)(w,~) I 

Theorem 9.10 shows clearly that orthonormal bases are a pleasure 
to work with. The following result is included primarily to establish an 
analogy with the infinite dimensional case, which we will discuss in 
Chapter 13. 

Theorem 9.11 Let V ·be a finite dimensional inner product space. Let 
0 = { u1, ... , uk} be an orthonormal set of vectors in V. For any 
v E V, the vector 

v = (v,u1)u1 + · · · + (v,uk)uk 

is called the Fourier expansion of v with respect to 0. 
1) (Bessel's inequality) For all v E V, 

llvll ~ llvll 
2) The set 0 is an (orthonormal) Hamel basis for V if and only if 

v = v, for all v E V. 
3) The set 0 is an (orthonormal) Hamel basis for V if and only if 

Bessel's identity holds for all v E V, that is, if and only if 
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for all v E V. 
4) The set 0 is an (orthonormal) Hamel basis for V if and only if 

Parseval's identity holds for all v,w E V, that is, if and only if 

(v,w) = (v,u1)(w,u1) + · · · + (v,uk)(w,uk) 

for all v,w E V. I 

The Projection Theorem 
We have seen that if S is a subspace of an inner product space 

V, then S n S.L = { 0}. This raises the question of whether or not the 
orthogonal complement of a subspace S is a (vector space) 
complement of S, that is, whether or not V = S $ S.L. 

If S is a finite dimensional subspace of V, the answer is yes, but 
for infinite dimensional subspaces, S must have the topological 
property of being complete. Hence, in accordance with our goals in this 
chapter, we will postpone a discussion of the general case to Chapter 13, 
contenting ourselves here with an example to show that, in general, 
v #= s EB s.L. 

Example 9.5 As in Example 9.4, let V = £2, and let S be the 
subspace spanned by the vectors 

ei = (0, ... ,0,1,0 ... ) 

where ei has a 1 in the ith coordinate, and Os elsewhere. Thus, S is 
the subspace of all sequences in £2 that have finite support, that is, 
have only a finite number of nonzero terms. 

Now, if X= (?Cn) E s.L, then Xj = (x,ei) = 0 for all i, and so 
X= o. Therefore, s.L = {0}, and 

s EB s.L = s #= e2 o 

As the next theorem shows, in the finite dimensional case, 
orthogonal complements are also vector space complements. This 
theorem is often called the projection theorem, for reasons that will 
become apparent when we discuss projection operators. (We will 
discuss the projection theorem in the infinite dimensional case in 
Chapter 13.) 

Theorem 9.12 (The projection theorem) Let S be a finite 
dimensional subspace of an inner product space. Then V = S EB S.L. 
That is, for any v E V, there are unique vectors s E S and s.L E S.L 
for which 

v = s+s.L 
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Proof. Let 0 = { u1 , ... , uk} be an orthonormal basis for S. For each 
v E V, consider the Fourier expansion 

v = (v,u1)u1 + · · · + (v,uk)uk 

with respect to 0. We may write 

v=v+(v-v) 

h ~s ~s.~.. w ere v E . Moreover, v- v E , smce 

(v- v,uj) = (v,uj)- (v,uj) = 0 

Hence V = S + S.~.. We have already observed that S n S.!. = {0}, and 
so V = S EB S.~.. I 

According to the proof of the projection theorem, the component 
of v that lies in S is just the Fourier expansion of v with respect to 

any orthonormal basis 0 for S. This is pictured in Figure 9.1. 

Figure 9.1 

Definition Let V be an inner product space, and let S1, ... , S11 be 
subspaces of V. If 
1) V = S1 EB···EBSn 
2) sj j_ sj for i # j 
then we say that v is the orthogonal direct sum of sl, ... , sn, and 

write S = S1 CD···CDSn. D 

Theorem 9.12 states that V = SCDS.L, for any finite dimensional 
subspace S of V. The following simple result is very useful. 

Theorem 9.13 Let V be an inner product space. The following are 

equivalent. 
1) V=SQ;JT 
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2) V = S $ T and T = S~ 
3) V = S $ T and T C S~ 

Proof. Suppose ( 1) holds. Then V = S $ T and S .l T, which implies 
that TcS~. Butif wES~,then w=8+t for 8ES,tET,andso 

0 = (81w) = (818) + (s,t) = (818) 

showing that 8 = 0, which implies that wET. Thus, S~ C T and so 
S~ = T. Hence, (2) holds. Of course, (2) implies (3). Finally, if (3) 
holds, then T C S~, which implies that S .l T, and so (1) holds. I 

Theorem 9.14 Let V be an inner product space. 
1) If dim(V) < oo and S is a subspace of V, then 

dim(S~) = dim(V) - dim(S) 

2) If S is a finite dimensional subspace of V, then Su = S. 
3) If S is a subset of V and dim(span(S)) < oo, then Su = 

span(S). 

Proof. Since v = s $ s~ I we have dim(V) = dim(S) + dim(S~), which 
proves part (1). As for part (2), it is clear that S C Su. On the other 
hand, if v E Su, then by the projection theorem 

v = s+8' 

where 8 E S and 81 E S~. But v E S~~ implies that 0 = (v,8'} = 
(s',s'}, and so 81 = 0, showing that v E S. Therefore, S~~ c S, and 
S~~ = S. We leave the proof of part (3) as an exercise. I 

The Gram-Schmidt Orthogonalization Process 
Given a linearly independent sequence <!B = (v1, v2, ... ) in an inner 

product space V, we can easily construct an orthogonal sequence 0 = 
(u11 u2, ... ) in V, with the property that 

span{u1, ... , uk} = span{v1, • .. , vd 
for all k. The following construction is known as the Gram-Schmidt 
orthogonalization process. 

The first step is to let u1 = v1• Next, we search for a vector u2 
of the form u2 = v2 + r1 u1 for which (u2,u1) = 0, that is, for which 

0 = (u2,u1) = (v2 + r1 u1,u1) = (v2,u1) + r1 (u1,u1) 

or, equivalently, 
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Hence, defining r 1 by this formula, we see that the set { u1, u2} is 

orthogonal, and that span{u1,u2} = span{v1,v2}. 
More generally, suppose that { u1, ... , uk_1} is orthogonal, and 

that span{u1, ... ,uk_1} = span{v1, ... ,vk_1}. We want a vector uk of 

the form 
uk = vk+r1u1 +···+rk-1uk-1 

for which (uk,ui) = 0 for all i = 1, ... , k-1, that is, 

0 = (uk,ui) = (vk+r1ul +···+rk-1uk-1,ui) = (vk,ui)+ri(ui,ui) 

or, equivalently, 
(vk,ui) 

ri = --(--) 
ui,ui 

for all i = 1, ... ,j. Defining the ri's by this formula gives us the 

desired vector uk. Let us summarize. 

Theorem 9.15 (The Gram-Schmidt orthogonalization process) Suppose 

that ':B = (v1,v2, ... ) is a sequence of linearly independent vectors in an 

inner product space V. If we define 

~ (vk,ui) 
uk=vk- ~ --ui 

i=1 (ui,ui) 

then the sequence 0 = (u1, u2, ... ) is an orthogonal sequence of linearly 

independent vectors, with the property that 

span{u1, ... ,ud = span{v1, ... ,vk} 

for all k = 1, 2,. . .. I 

Example 9.6 Consider the inner product space F[x] of all polynomials 

over F, with inner product defined by 

(p(x),q(x)) = f ~ 1 p(x)q(x)dx 

Applying the Gram-Schmidt process to the sequence ':B = (1,x,x2,x3, ... ) 

gives 

I 1 x dx 
u2(x) = x- -11 · 1 = x 

I dx 
-1 

I 1 x2 dx I 1 x3 dx 1 
( ) 2 -1 1 -1 2 

U X =X - · - ·X= X --

3 I 1 dx J 1 x dx 3 
-1 -1 
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and so on. The polynomials in this sequence are (at least up to 
multiplicative constants) the Legendre polynomials. (] 

The Riesz Representation Theorem 
If x is a vector in an inner product space V, then the function 

¢x:V-+F defined by 
¢x(v) = {v,x) 

is easily seen to be a linear functional on V. The following theorem 
shows that all linear functionals on a finite dimensional inner product 
space V have this form. (We will see in Chapter 13 that, in the infinite 
dimensional case, all continuous linear functionals on V have this form.) 

Theorem 9.16 (The Riesz representation theorem) Let V be a finite 
dimensional inner product space, and let f E V* be a linear functional 
on V. Then there exists a unique vector x E V for which 

(9.3) f(v) = (v,x) 

for all v E V. 

Proof. If f is the zero functional, we may take x = 0, so let us assume 
that f f. 0. By way of motivation, observe that if x has the desired 
property, then (v,x) = 0 for all v E ker(f). Hence, we should look for 
an x in ker( f).L. 

Note that, if dim(V) = n, then dim(ker(f)) = n -1. Hence, we 
can choose a unit vector u E ker(f).L, and write 

V = (u) Q;) ker(f) 

Our goal is to find an r E F for which 

f(v) = (v,ru) 

for all v E V. In particular, for v = u, we want 

f(u) = (u,ru) = f{u,u) = f 

Therefore, let us take r = f(u), and so 

x= f(u)u 

Any vector v E V has the form v =au+ bw, with wE ker(f), and so 
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(v,x) = (v,f(u)u) = f(u)(v,u) = f(u)a = f(au) = f(au + bw) = f(v) 

Proof of uniqueness is left as an exercise. I 

Using the Riesz representation theorem, we can define a map 

cf;:V* -.Y by ¢;(f) = x, where x is the unique vector in V for which 

(9.3) holds, that is, ¢;(f) is defined by 

f(v) = (v,cf;(f)) 
for all v E V. Since 

we have 

(v,cf;(rf + sg)) = (rf + sg)(v) 

= rf(v) + sg(v) 

= (v,rcf;(f)) + (v,scf;(g)) 

= (v,rcf;(f) + scf;(g)) 

cf;(rf + sg) =ref;( f)+ scf;(g) 

and so ¢; is conjugate linear. In addition, ¢; is clearly surjective, and 

it is injective, since ¢;(f) = 0 implies that f = 0. Thus, the map 

cf;:V* -.Y is a "conjugate isomorphism." 

EXERCISES 
1. Verify the statement concerning equality in the triangle inequality. 

2. Prove the parallelogram law. 
3. Prove Appolonius' identity 

II w---- u 11 2 + II w---- v 11 2 =!II u- v 11 2 + 211 w---- !(u + v) 11 2 

4. Let V be an inner product space with basis ':B. Show that the 
inner product is uniquely defined by the values (u, v), for all 

u,v E ':B. 
5. Prove that two vectors u and v in a real inner product space V 

are orthogonal if and only if 

II u + v 11 2 = II u 11 2 + II v 11 2 

6. Show that an isometry is injective. 
7. Use Zorn's lemma to show that any nontrivial inner product space 

has a Hilbert basis. 
8. Prove Bessel's inequality. 
9. Prove that an orthonormal set 0 is a basis for V if and only if 

v = v, for all v E V. 
10. Prove that an orthonormal set 0 is a basis for V if and only if 

Bessel's identity holds for all v E V, that is, if and only if 
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II vii II vii 
for all v E V. 

11. Prove that an orthonormal set 0 is a basis for V if and only if 
Parseval's identity holds for all v,w E V, that is, if and only if 

(v,w) = (v,u1)(w,u1) + · · · + (v,uk)(w,uk) 

for all v,w E V. 
12. Let V be an inner product space. Prove that S C S.L.L for any 

subspace S C V. 
13. Let V be a finite dimensional inner product space. Prove that 

for any subset S of V, we have S.L.L = span(S). 
14. Let c:P3 be the inner product of all polynomials of degree at 

most 3, under the inner product 

(p(x),q(x)) = J ~00p(x)q(x)e-x2 dx 

Apply the Gram-Schmidt process to the basis {1,x,x2,x3}, thereby 
computing the first four Hermite polynomials (at least up to 
multiplicative constant). 

15. Verify uniqueness in the Riesz representation theorem. 
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Contents: The Adjoint of a Linear Operator. Orthogonal 
Diagonalizability. Motivation. Self-Adjoint Operators. Unitary 
Operators. Normal Operators. Orthogonal Diagonalization. 
Orthogonal Projections. Orthogonal Resolutions of the Identity. The 
Spectral Theorem. Functional Calculus. Positive Operators. The 
Polar Decomposition of an Operator. Exercises. 

The Adjoint of a Linear Operator 
The purpose of this chapter is to study the structure of certain 

special types of linear operators on an inner product space. In order to 
define these operators, we introduce another type of adjoint (different 
from the operator adjoint of Chapter 3). We will define this adjoint in 
the finite dimensional case only, deferring the infinite dimensional case 
to Chapter 13. 

Theorem 10.1 Let V and W be finite dimensional inner product 
spaces over F, and let r E !(V,W). Then there is a unique function 
r*:W-.V, defined by the condition 

(r(v),w) = (v,r*(w)) 

for all v E V and wE W. This function is in !(W,V), and is called 
the adjoint of r. 

Proof. For a fixed wE W, consider the function Bw:V-.F defined by 

Bw(v) = (r(v),w) 
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It is easy to verify that Ow is a linear functional on V, and so, by the 
Riesz representation theorem, there exists a unique vector x E V for 
which 

o .. (v) = (r(v),w) = (v,x) 

for all v E V. Hence, if we set r*(w) = x, then 

(r(v),w) = (v,r*(w)) 

for all v E V. This establishes the existence and uniqueness of r*. To 
show that r* is linear, observe that 

(v,r*(rw + sw')) = (r(v),rw + sw') 

for all v E V, and so 

= r(r(v),w) + s{r(v),w') 

= r(v,r*(w)) + s(v,r*(w')) 

= (v,rr*(v)) + (v,sr*(w')) 

= (v,rr*(w) + sr*(w')) 

r*(rw + sw') = rr*(w) + sr*(w') 

Hence r* E L(V,W). I 

We should make some remarks about the differences between the 
operator adjoint T x of r, as defined in Chapter 3, and the adjoint 
r* that we have just defined, which is sometimes called the Hilbert 
space adjoint. In the first place, if r: V--+ W, then 

rx:w*-v* 
but 

r*:W-+V 

These maps are shown in Figure 10.1, where ¢J1 and ¢J2 are the 
conjugate linear maps that we discussed in Chapter 9, following our 
discussion of the Riesz representation theorem. 

* Tx * 
v< w 

+,1 
T* l" 

v< ) w 
T 

Figure 10.1 
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We can define a function (}:W* ___.y* by 

(10.1) 

Because (} involves two conjugate linear maps (and one linear map), 
it is linear. Moreover, for all fEW* and v E V 

[df)](v) = [(<P1)-1r*</J2(f)](v) = (<P1)-1[r*</J2(f)](v) 

= (v,r*</J2(f)) = (r(v),</!2(f)) = f(r(v)) = T x (f)(v) 

and so (} = r x. Hence, the relationship between T x and r* is given 
by 

T X = (</Jl)-lr*</J2 

In Chapter 3, we showed that the matrix of the operator adjoint 
T x is the transpose of the matrix of the map T. For Hilbert space 
adjoints, the situation is slightly different. Suppose that <:B = 

(bl' ... 'bn) is an ordered orthonormal basis for v' and e = ( cl' ... ' em) 
is an ordered orthonormal basis for W. If we let 

[r]<:B,e = (ai) 

then aiJ is the coordinate of ci in r(bj), that is 

a .. = (r(h·) c.) 
IJ J ' J 

On the other hand, if 

then o:i,j is the coordinate of hi in r*( cj), that is 

If A= (ai) is a matrix over F, then the conjugate transpose of A 1s 
the matrix 

A*=(a·Y J,j 

With this terminology, we have proved the following. 

Theorem 10.2 Let r E L(V,W), where V and 
dimensional inner product spaces. Let <:B and 
orthonormal bases for V and W, respectively. Then 

[r*le <:B = ([r]<:B e)* , , 

W are finite 
e be ordered 

In words, the matrix of the adjoint r* is the conjugate transpose of 

the matrix of T. I 
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Here are some of the basic properties of the adjoint. 

Theorem 10.3 Let u,r E .t(V,W), where V and W are finite 
dimensional. 
1) (r*(v),u) = (v,r(u)) 
2) (u+r)*=u*+r* 
3) (rr)* = rr* 
4) r** = r* 
5) (ur)* = r*u*, if V = W 
6) If T is invertible, then ( r-1 )* = ( r*)-1 

Proof. We prove (3) only: 

(v,(rr)*u) = (rr(v),u) = r(r(v),u) = r(v,r*(u)) = (v,rr*(u)) 

and so (rr)* = rr*. I 

Orthogonal Diagonalizability 
Recall that a linear operator T E .t(V) on a finite dimensional 

vector space V is diagonalizable if and only if V has a basis 
consisting entirely of eigenvectors of r, or equivalently, if and only if T 

has a spectral resolution 
T = AlP! + ... + AkPk 

where p1 + · · · + Pk = t is a resolution of the identity, the A/s are the 
distinct eigenvalues of T, and Pi is projection onto the eigenspace ~.x.· 
Since in this case 1 

v =~.XI E£7 ... E£7 ~.xk 

the action of T can be described in the simple form 

v=v1 + .. ·+vk => r(v)=A1v1 + .. ·+Akvk 

where vi E ~_x. for all i. 
While tlfis description of T is simple, it does require finding the 

components of v that belong to each eigenspace S_x. which, in general, 
requires solving a system of equations. 1 

However, suppose that V is a finite dimensional inner product 
space, and that 0 is an ordered orthonormal basis consisting entirely 
of eigenvalues of T. If 

oi = (~.1''"' ui,d 
1 

is the subset of 0 consisting of the eigenvalues associated to Ai, then 
it is not hard to see that oi is an ordered orthonormal basis for ~_x., 

and the component vi of v in S_x. is the easily computed FouriJr 
• 1 expansiOn 

V· = (v,u. 1)u· 1 + · · · + (v,u· k )u· k 1 I, I, 17 j 1, j 
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of v with respect to O'i. Hence, the action of r has the truly simple 
form 

Definition Let V be a finite dimensional inner product space, and let 
r E l..(V). If there is an orthonormal basis 0' for V for which [r]0 
is a diagonal matrix, we say that r is orthogonally diagonalizable. D 

It is clear from this discussion that r 1s orthogonally 
diagonalizable if and only if there is an orthonormal basis for V 
consisting entirely of eigenvectors of r, that is, if and only if 

v = ~,\ Q)···Q)~,\ 
1 k 

Thus, orthogonally diagonalizable operators are very well behaved 
indeed, and this leads us to seek a simple criterion for determining 
whether or not a given operator is orthogonally diagonalizable. 
Remarkably, there is a simple criterion. 

Motivation 
By way of motivation, suppose that V is a finite dimensional 

inner product space over F, and that all of the roots of the 
characteristic polynomial of r E l..(V) lie in F, that is, that the 
minimal polynomial of r splits into a product of linear factors over F, 
say, 

where the \'s are the distinct eigenvalues of r. (This happens for all 
operators on a complex inner product space, for instance.) Then, 
according to the primary decomposition theorem, we may write V as 
the direct sum 

V=V1 E&···E&Vk 
where 

vi= {v E vI (r- .A/i(v) = 0} 

If v is an eigenvector of r associated with \, then 
(r- \)(v) = 0, and so v E vi. In other words, ~,\. c vi. Thus, T 

will be orthogonally diagonalizable if and only if 1 

1) ~,\.=vi, for all i, and 
J 

2) ~,\ . .1..~..\. for i#j. 
J J 

Let us consider property (2) first. This property is equivalent to 
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r(v) = \v and r(w) = ·\w ::} (v,w) = 0 

for i # j. Now, let us observe that 

-\(v,w) = (r(v),w) = (v,r*(w)) 

and further, if it were true that r*(w) = 'Xjw, then we could continue 

= (v,'Xjw) = Aj(v,w) 

which implies that (v,w) = 0 (since Ai # Aj)· Thus, if r has the 
property that 

* -r(w) = Ajw ::} r (w) = Ajw 

for all j, then property (2) will hold. This is equivalent to 

(r- Aj)(w) = 0 ::} (r*- 'Xj)(w) = 0 

or, since 
operator), 

A!"= "X. 
J J 

(that is 

(r-\)(w) = 0 ::} (r-Aj)*(w) = 0 

If we set o- =r-Aj, then this is equivalent to 

o-(w) = 0 ::} o-*(w) = 0 

which in turn is equivalent to 

(o-(w),o-(w)) = 0 ::} (o-*(w),o-*(w)) = 0 

This will hold if o-* o- = o-o-*, for in this case, 

1s the identity 

(o-(w),o-(w)) = (o-*o-(w),w) = (o-o-*(w),w) = (o-*(w),o-*(w)) 

But o-*o- = o-o-* if and only if r*r = rr*, and so we conclude that 

r*r = rr* ::} property (2) holds 

As we will see, if r* r = rr*, then property ( 1) holds as well! In any 
case, we have motivated one of the following definitions. 

Definition Let V be an inner product space, and let r E .L(V). Then 
1) r is self-adjoint, or Hermitian, if r* = r. 
2) r is unitary if it is bijective and r* = r-1. 

3) r is normal if rr* = r*r. D 

It is clear that self-adjoint and unitary operators are normal. 
There are also matrix versions of these definitions, but the 

terminology differs for real and complex matrices. Recall that if A = 
(ai) is a matrix over F, then A*= (ai)T is the conjugate transpose 
of A. (If F = IR, then A* = AT.) 
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Definition Let A be a complex matrix. Then 
1) A is Hermitian if A* = A. 
2) A is skew-Hermitian, if A* = -A. 
3) A is unitary if it is invertible and A*= A - 1. 

4) A is normal if AA* = A*A. 
Let A be a real matrix. Then A* = AT, and we say that 
5) A is symmetric if AT =A. 
6) A is skew-symmetric if AT= -A. 
7) A is orthogonal if A is invertible and AT = A - 1. D 

In the finite dimensional case, we have seen that 

[r*]0 = [r](, 

for any ordered orthonormal basis 0 of V, and so if T is normal, 
then 

[r]0 [r](, = [r]0 [r*]0 = [TT*]0 

= [r*r] 0 = [r*]0 [r]0 = [r](,[r]0 

which implies that the matrix [r]0 of r is normal. The converse 
holds as well. In fact, we can say that T is normal ( resp. self-adjoint, 
unitary) if and only if any matrix that represents r, with respect to an 
ordered orthonormal basis 0, is normal ( resp. Hermitian, unitary). 

Let us now turn to a discussion of the three types of operators 
that we have just defined. 

Self-Adjoint Operators 
By definition, an operator r is self-adjoint if and only if 

(r(v),w) = (v,r(w)) 

for all v,w E V. Here are some of the basic properties of these 
extremely important operators. 

Theorem 10.4 Let V be an inner product space, and let (f 1T E L(V). 
1) If (f and r are self-adjoint, so is (f + r. 
2) If r is self-adjoint and r is real, then rr is self-adjoint. 
3) If (f and r are self-adjoint, then (fT is self-adjoint if and only 

if (fT = T(f. 
4) If r is self-adjoint and invertible, then so is r-1. 

Proof. We prove only (3). To this end, observe that ((fr)* = r*(f*, 
and so 

((fr)* = (fT {::} r*(f* = (fT {::} T(f = (fT I 
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Theorem 10.5 Let V be an inner product space. 
1) If r is self-adjoint, then (r(v),v) is real, for all v E V. 
2) If V is complex and (r(v),v) is real for all v E V, then r is 

self-adjoint. 
3) If r is self-adjoint and (r(v),v) = 0 for all v E V, then r = 0 

( cf. Theorem 9.6). 
4) If r is self-adjoint then rk(v) = 0 for any k > 0 implies that 

r(v) = 0. 
5) If r is self-adjoint, then all complex roots of the characteristic 

polynomial (and lienee minimal polynomial) of r are real. 
6) If A, Jl are distinct eigenvalues of a self-adjoint operator r, then 

S_xj_SIA. 

Proof. 
1) For part (1), we have 

(r(v),v) = (v,r(v)) = (r(v),v) 

and so (r(v),v) must be real. 
2) To prove part (2), we have 

((r- r*)(v),v) = (r(v),v)- (r*(v),v) 

= {r(v),v)- {v,r(v)) 

= {r(v),v)- (r(v),v) 

= 0 (since (r(v),v) is real) 

Hence, according to Theorem 9.6, r- r* = 0, which shows that 
r is self-adjoint. 

3) As for part (3), Theorem 9.6 implies that this is true for the 
complex case, so we need only consider the real case, for which we 
have 

0 = (r(x+y),x+y) 

and so T = 0. 

= (r(x),x) + (r(y),y) + (r(x),y) + (r(y),x) 

= (r(x),y) + (r(y),x) 

= (r(x),y) + (x,r(y)) 

= (r(x),y) + (r(x),y) 

= 2(r(x),y) 

4) If rk(v) = 0 for all v E V, then r 2m(v) = 0 for some m. Thus, 

0 = (r2m(v),v) = (r2m-l T2m-\v),v) = (r2m-\v),r2m-l (v)) 
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m-1 
and so r 2 = 0. Repeating this process, we eventually get 
T = 0. 

5) Suppose first that V is a complex vector space, and that A is a 
root of C-rCx). Then r(v) = Av, for some v f:: 0 and we have 

(r(v),v) = (Av,v) = A(v,v) 
and 

(r(v),v) = (v,r(v)) = (v,Av) = "X(v,v) 

and so A ="X, which shows that A is real. 
If V is a real vector space, we must be careful, since if A 

is a complex root of CT(x), it does not follow that r(v) = AV for 
some 0 f:: v E V. However, we can proceed as follows. Let T be 
represented by the matrix A, with respect to some ordered basis 
for V. Then CT(x) = CA(x). Now, A is a real symmetric 
matrix, but can be thought of as a complex Hermitian matrix, 
that happens to have real entries. As such, it represents a self­
adjoint linear operator on the complex space C11 , and so, by what 
we have just shown, all (complex) roots of its characteristic 
polynomial are real. But the characteristic polynomial of A is 
the same, whether we think of A as a real or a complex matrix, 
and so the result follows. 

6) Suppose that r(v) = Av and r(w) = J.lW, where v,w f:: 0. Then 

A(v,w) = (r(v),w) = (v,r(w)) = (v,J.lw) = J.l(v,w) 

and so A f:: J.l implies that (v,w) = 0. I 

Of course, the fact that all complex eigenvalues of a self-adjoint 
operator are real implies that the minimal polynomial of T factors into 
a product of linear factors. 

Unitary Operators 
We now turn to the basic properties of unitary operators. Note 

that T is unitary if and only if 

(r(v),w) = (v,r-1(w)) 

for all v,w E V. 

Theorem 10.6 Let V be an inner product space, and let (J',T E .L(V). 
1) If T is unitary, so is r-1• 

2) If (J',T are unitary, so is (J'T. 

3) T is unitary if and only it is a surjective isometry 
4) If dim(V) < oo, then T is unitary if and only if T takes an 

orthonormal basis to an orthonormal basis. 
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5) If r is unitary, then the eigenvalues of T have absolute value 1. 

Proof. We leave the proofs of (1) and (2) to the reader. 
3) For a bijective linear map r, we have 

T is an isometry ¢:} (r(v),r(w)) = (v,w) for all v,w E V 

¢:} (v,r*r(w)) = (v,w) for all v,w E V 

¢:} r*r(w) = w for all wE V 

¢:} r*r = L 

¢:} r* = r-1 

¢:} T is unitary 

4) Suppose that T is unitary, and that 0 = {u1, ... ,~} IS an 
orthonormal basis for V. Then 

(r(~),r(ll_j)) = (ui,uj) = 8iJ 

and so r(O) is an orthonormal basis for V. Conversely, suppose 
that 0 and r(O) are orthonormal bases for V. Then 

(r(ui),r(uj)) = 8iJ = (ui,uj) 

and so, if v = Eriui and w = Esjuj, we have 

(r(v),r(w)} = ( ~rir(ui), ~sjr(uj)} 
I J 

= ~riSj(r(ui),r(uj)) 
IJ 

and so r is unitary. 

= "'r·S.(u· U·} H 1 J I' J 
IJ 

= (~riui,~Sjll_j) 
I J 

= (v,w) 

5) If T is unitary, and r(v) = ..\v, then 

..\~(v,v) = (..\v,..\v) = (r(v),r(v)) = (v,v) 

and so I ..\ 1 2 = ..\~ = 1, which implies that I ..\ I = 1. I 

We also have the following theorem concerning unitary (and 
orthogonal) matrices. 
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Theorem 10.7 Let A be a matrix. 
1) An n x n matrix A is unitary if and only if the columns of A 

form an orthonormal set in en. 
2) An n x n matrix A is unitary if and only if the rows of A form 

an orthonormal set in en. 
3) If A is unitary, then I det(A) I = 1. In particular, if A is 

orthogonal, then det(A) = ± 1. 

Proof. The matrix A is unitary if and only if AA *=I, which is 
equivalent to saying that the rows of A are orthonormal. Similarly, 
A is unitary if and only if A* A = I, which is equivalent to saying that 
the columns of A are orthonormal. As for part (3), we have 

AA * =I =? det(A)det(A *) = 1 =? det(A)det(A) = 1 

from which the result follows. I 

Normal Operators 
Now let us discuss the properties of normal operators, including 

the key properties that we used to motivate the definition of normal 
operators. 

Theorem 10.8 Let V be an inner product space, and let r be a 
normal operator on V. 
1) For any polynomial p(x) E F[x], the operator p(r) is also 

normal. 
2) r(v) = 0 =? r*(v) = 0 
3) rk(v) = 0 for any k > 0 :::} r(v) = 0 
4) For any ..\ E F, (r-..\)k(v) = 0 =? (r-..\)(v) = 0 
5) If r(v) = ..\v, then r*(v) = 1(v). 
6) If ..\, Jl are distin_ct eigenvalues of r, then ~A l. ~lA. 

Proof. We leave the proofs of parts (1) and (2) as exercises. 
3) The operator u = rr* is easily seen to be self adjoint, and since 

r is normal, we have 

4) 
5) 

uk(v) = (r*)k(r)k(v) = 0 

and so, according to Theorem 10.5, u(v) = 0, that is, rr*(v) = 
0. But then 

0 = (rr*(v),v) = (r(v),r(v)) 
and so r(v) = 0. 
Part (4) follows from parts (1) and (3). 
Suppose that r(v) = ..\v, where v =F 0. Then 
Hence, according to part (2), (r-..\)*(v) = 0. 
r* -1, from which the result follows. 

(r- ..\)(v) = 0. 
But (r-..\)* = 
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6) Suppose that r(v) = ..\v and r(w) = JJW, where v,w # 0. Then 

..\(v,w) = (r(v),w) = (v,r*(w)) = (v,Jiw) = JJ(v,w) 

and so ..\ # fJ implies that (v,w) = 0. I 

Orthogonal Diagonalization 
We are now in a position to state one of the most beautiful 

theorems in linear algebra. 

Theorem 10.9 Let V be a finite dimensional complex inner product 
space. 
1) A linear operator r on V is orthogonally diagonalizable if and 

only if it is normal. 
2) Among all normal operators on V, we can characterize self­

adjoint and unitary ones by their eigenvalues. To wit: 
a) A normal operator is self-adjoint if and only if all of its 

eigenvalues are real. 
b) A normal operator is unitary if and only if all of its 

eigenvalues have absolute value 1. 

Proof. To prove part (1), let r be a normal operator on a complex 
inner product space. If the prime factorization of the minimal 
polynomial of r is 

e ek mT(x) = (x- ,\) 1• • ·(x- ..\k) 

then the primary decomposition theorem gives 

V=V1 E9 .. ·E9Vk 

where, according to part ( 4) of Theorem 10.8, 

vi= {v E vI (r- ..\li(v) = 0} = {v E vI (r- \)(v) = 0} = s..\. 
I 

Hence, the minimal polynomial of r I v. is x- ..\i, and so ei = 1 for 
illLThu 1 

V=S..\ E9 .. ·E9S..\ 
1 k 

Moreover, part (6) of Theorem 10.8 shows that V is the orthogonal 
direct sum 

V = S..\ <D .. ·<DS..\ 
1 k 

Hence, we may construct an orthonormal basis of eigenvectors of r by 
combining orthonormal bases for each eigenspace, and so r 1s 
orthogonally diagonalizable. 

For the converse, if r is orthogonally diagonalizable, then there 
is an orthonormal basis 0 = { u1, ... , ud for V consisting of 
eigenvectors of r, say r(ui) = \ui. Then 
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* -(ui,r (uj)) = (r(ui),uj)) = Ai(ui,uj) = -\8iJ = AAJ = (Dj,\Uj) 

and so * -T (ll_j) = Ajll_j· Thus, 

* - - - * * TT (ll_j) = Ajr(uj) = AjAjuj = AjAjuj = AjT (ll_j) = T r(uj) 

and so T is normal. 
As for part {2a), we have already seen that a self-adjoint operator 

is normal, and has real eigenvalues. On the other hand, if r is normal 
and has real eigenvalues, then for any eigenvector ll_j• associated to Aj, 

* -r (uj) = Ajuj = Ajll_j = r(uj) 

and since there is a basis of eigenvectors, r is self-adjoint. The proof 
of part ( 2 b) is similar. I 

Thus, on a finite dimensional complex inner product space, 
diagonal matrices form a set of canonical forms for the class of normal 
operators (at least up to order of the diagonal entries). For real inner 
product spaces, the situation is a bit different. 

Theorem 10.10 A linear operator r on a finite dimensional real inner 
product space is orthogonally diagonalizable if and only if it is self­
adjoint. 

Proof. Suppose that V is a real inner product space. If r is self­
adjoint, then according to part (5) of Theorem 10.5, the minimal 
polynomial of T splits over lit Moreover, parts (4) and (6) of 
Theorem 10.5 (with part ( 4) applied to the symmetric operator T- A), 
show that V has an orthonormal basis of eigenvectors for r. Hence, 
T is orthogonally diagonalizable. (This is similar to the proof of 
Theorem 10.9.) 

Here is a matrix proof of the converse. If r is orthogonally 
diagonalizable, then there is an orthonormal basis 0 for V for which 
[r]0 is diagonal, and since [r]0 is real, it is symmetric. Hence, 

T 

[r*]o = [r](, = [r]0 = [r]0 

and so r* = r. I 

The matrix versions of Theorems 10.9 and 10.10 are as follows. 

Theorem 10.11 
1) Let A be a square complex matrix. Then there exists a unitary 

matrix U for which UAU-1 is diagonal if and only if A is 
normal. 

2) Let A be a square real matrix. Then there exists an orthogonal 
matrix 0 for which OAo-I is diagonal if and only if A is 
symmetric. I 
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We must work a little harder to find a canonical form for unitary 
operators over the real field. The problem is that the minimal 
polynomial mT(x) of a real unitary operator T may not split over 11\t 

However, we can proceed as follows. If T is real unitary, then 
u = r + r* = r + r-1 is self-adjoint, and has a complete set of real 
eigenvalues, so we may decompose V as in the proof of Theorem 10.9, 

V=S..\ <D···<DS..\ 
1 k where 

s..\. = {v E vI (r+r-1 -AJ(v) = 0} 
I 

or, multiplying by r, 

s..\. = {v E vI (r2 - AiT + 1)(v) = 0} 
I 

If Ai = 2, then since T is normal, we have 

s2 = {v E vI (r -1)2(v) = 0} = {v E vI (r -1)(v) = 0} 

and if Ai = -2, 

s_2 = { v E v I ( T + 1 )2( v) = 0} = { v E v I ( T + 1 )( v) = 0} 

Thus, on the eigenspaces S2 and S_2 (if indeed they exist), the 
operator T is just multiplication by 1 or -1, respectively. 

We may decompose each S"'·' for \f. ± 2, as follows. Take 
v E S"'·' and consider span{v,r(v)}. 1 This subspace of S..\. is invariant, 
since 'r(r(v)) = r 2(v) = Air(v)- v. Thus, we can write 1 

s..\. = span{v,r(v)}<Dspan{v,r(v)}.L 
I 

Continuing in this way, we can write each S..\. as the orthogonal direct 
sum of two-dimensional subspaces on which 1T is real unitary. This 
gives 

v = s2 Q;l s-2 Q;l GJ)1 <D· .. Q;l GJ)m 

where dim(GJli) = 2 and each summand is invariant under T. 

Hence, we need only determine the matrix of a real unitary 
operator T on a two-dimensional space GJl. The matrix of T with 
respect to any orthonormal basis for GJ) is orthogonal, and so if 

then it follows that 

[r] = [: ~ l 
a 2 + b2 = 1 
c2 +d2 = 1 
ac+bd=O 
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Moreover, since det([r]) is the constant term of the minimal polynomial 
mT(x) = r 2 - \r + 1 = 0, we have det( r) = 1, that is, 

ad-bc=1 

Solving these equations gives d =a and c = -b, and so 

[r] = [-~ ~] 
Since (a,b) is a unit vector in IR2, we can write (a,b) =(cos O,sin 0), 
for some real 0, and so 

[r] = [ 
cos 0 sin 0 l 

-sin 0 cos 0 

Thus, we arrive at the following result. 

Theorem 10.12 Let r be a unitary operator on a finite dimensional 
real inner product space V. Then there is an orthonormal basis for V 
for which the matrix of r has the block form 

1 

1 

-1 

-1 

I 

block 
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Orthogonal Projections 
We now wish to characterize orthogonal diagonalizability in terms 

of projection operators. 

Definition Let V = S (Jl S.J.. The projection map p: V ...... s on S along 
S.J. is called orthogonal projection onto S. Put another way, a 
projection map p is an orthogonal projection if V = im(p) (Jl ker(p ). 0 

Thus, orthogonal projection is just a special type of projection 
operator, where ker(p) = im(p)i. Note that some care must be taken 
to avoid confusion between the term orthogonal projection and the 
concept of projections that are orthogonal to each other, that is, for 
which pu =up= 0. 

We saw in Chapter 8 that an operator p is a projection operator 
if and only if it is idempotent. Here is the analogous characterization of 
orthogonal projections. 

Theorem 10.13 A linear operator p E .f..(V) is an orthogonal projection 
if and only if it is idempotent and self-adjoint. 

Proof. Suppose that p is idempotent and self-adjoint. Then p is 
projection on im(p} along ker(p ), and V = im(p) E9 ker(p ). 
Furthermore, if x E ker(p ), we have 

(p(v),x) = (v,p(x)) = 0 

and so im(p) j_ ker(p). Hence, V = im(p)Q;lker(p), which shows that 
p is orthogonal projection. 

For the converse, suppose that p is orthogonal projection. Then 
p is idempotent, and we need only show that p is self-adjoint. Since 
p is orthogonal projection, we have V = im(p) (Jl ker(p ). But if 
v E im(p), then v = p(w) and so 

p(v) = p(p(w)) = p2(w) = p(w) = v 

Hence all nonzero vectors in im(p) are eigenvectors associated with the 
eigenvalue 1. Moreover, if x E ker(p), then 

p(x) = 0 =Ox 

and so all nonzero vectors in ker(p) are eigenvectors associated with 
the eigenvalue 0. Therefore, we can find an orthonormal basis for V 
that consists entirely of eigenvectors for p, which means that p is 
normal. Finally, since the eigenvalues of p are real, p must be self­
adjoint. I 

Note that for an o.rthogonal projection p, we have 
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(v,p(v)) = (v,p2(v)) = (p(v),p(v)) 

The following theorem gives another characterization of orthogonal 
projections. 

Theorem 10.14 A linear operator p E t(V) is an orthogonal projection 
if and only if it is idempotent and II p(v) II ~ II vII for all v E V. 

Proof. We leave proof of the necessity as an exercise. Suppose that p 
is idempotent and that II p(v) II ~ II vII· We want to show that V = 
ker(p) <D im(p), which can be done, according to Theorem 9.13, by 
showing that im(p) C ker(p t. Now, the key to this is the fact that 
V = ker(p) <D ker(p t, which holds for dim( ker(p)) < oo by the 
projection theorem. However, we will see in Chapter 13 that it is also 
true in general. 

Proceeding under this assumption then, for any wE im{p), we 
have w = x + y, where x E ker(p) and y E ker(p )J., and since p is 
idempotent, 

w = p(w) = p(x) + p(y) = p(y) 
and so 

II X 11 2 + II y 11 2 = II w 11 2 = II p(y) 11 2 ~ II y II 

which implies that II x II = 0, and hence that x = 0. Thus, w = 
y E ker(p t, and so im(p) C ker(p t, as desired. I 

The next three theorems gives some additional properties of 
orthogonal projections. 

Theorem 10.15 
1) If p and l1 are both orthogonal projections, then pl1 = 0 

implies l1p = 0. 
2) Two orthogonal projections p and l1 are orthogonal to each 

other if and only if im(p) j_ im(l1). I 

Theorem 10.16 Let V be a vector space over a field of characteristic 
i- 2. 
1) Let p and l1 both be orthogonal projections. Then p + l1 is an 

orthogonal projection if and only if p j_ l1', in which case p + l1 is 
projection on im(p) <D im(l1) along ker(p) n ker{l1). 

2) Let p1, ... , Pk be orthogonal projections. Then p = p1 + · · · + Pk 
is an orthogonal projection if and only if Pi j_ Pj for all i i- j. 

3) Let p and l1 both be orthogonal projections. Then p- l1 is an 
orthogonal projection if and only if 

pl1=l1p=l1 
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m which case p- u is projection on im(p) n ker( u) along 
ker(p) <D im(u). 

4) Let p and u both be orthogonal projections. If pu =up then 
pu is an orthogonal projection. In this case, pu is projection on 
im(p) n im( u) along ker(p) <D ker( u ). 

Proof. We prove only part (2). If the p/s are orthogonal projections, 
and if Pi .l Pj for all i I j, then PiPj = 0 for all i I j, and so it is 
straightforward to check that p2 = p and that p* = p. Hence, p is 
an orthogonal projection. Conversely, suppose that p is an orthogonal 
projection, and that x E im(pJ Then Pi(x) = x, and so 

II x 11 2 ~ II p(x) 11 2 = (p(x),p(x)) = (p(x),x) 

= L (Pj(x),x) = L II Pj(x) 11 2 ~ II Pi(x) 11 2 = II x 11 2 

j j 

which implies that Pj(x) = 0 for j I i. In other words, 

im(pi) C ker(pj) = im(p/· 
Therefore, 

0 = (Pj(v),pi(w)) = (PiPj(v),w) 

for all v,w E V, which shows that PiPj = 0, that is, Pi .l Pj· I 

Theorem 10.17 The following statements are equivalent for orthogonal 
projections p and u. 
1) ((p- u)(v),v) ~ 0 for all v E V 
2) II u(v) II :::; II p(v) II for all v E V 
3) im(u) C im(p) 
4) pu = u 
5) up= u 
If any (and hence all) of these conditions obtain, we say that u is less 
than or equal to p, and write u:::; p. 

Proof. Suppose that (1) holds. Then 

0:::; ((p- u)(v),v) = (p(v),v)- (u(v),v) 

= (p(v),p(v))- (u(v),u(v)) = II p(v) 11 2 - II u(v) 11 2 

from which (2) follows. Next, suppose that (2) holds. Then for any 
vE im(u), we have v=x+y, where xE im(p) .lyE ker(p). Then, 

II x 11 2 + II Y 11 2 = II v 11 2 = II u(v) 11 2 :::; II p(v) 11 2 = II x 11 2 

and so y = 0, that is, v E im(p). This proves ( 3). Now suppose that 
(3) holds. Then since u(v) E im(u) C im(p) for any v E V, we have 

p(u(v)) = u(v) 
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and so per= er. Hence, (4) holds. If (4) holds, then erp = er*p* = 
(per)*= er* = er, and so (5) holds. Finally, suppose that (5) holds. 
Then so does ( 4), and so p-er is an orthogonal projection, from which 
it follows that 

((p- er)(v),v) = ((p- er)(v),(p- er)(v)) 2: 0 

and so ( 1) holds. I 

Orthogonal Resolutions of the Identity 

Definition If PI, ... , Pk are orthogonal projections for which 

(10.2) PI+ ... + Pk = t 

is a resolution of the identity, then we refer to (10.2) as an orthogonal 
resolution of the identity. D 

The following theorem displays a correspondence between 
orthogonal direct sum decompositions of V and orthogonal resolutions 
of the identity. It should be compared to Theorem 8.17. 

Theorem 10.18 
1) If PI + · · · + Pk = t is an orthogonal resolution of the identity, 

then 

2) 

V = im(pi) Q) • • • Q) im(pk) 

Conversely, if V~ = SI <D .. • <D Sk and Pi is projection on 
along SI Q) ••• Q) si Q) ••• Q) sk, where the hat • means that 
corresponding term is missing from the direct sum. Then 

PI+ ... + Pk = t 

is an orthogonal resolution of the identity. 

s. 
I 

the 

Proof. To prove (1) suppose that PI+···+ Pk = t is an orthogonal 
resolution of the identity. According to Theorem 8.17, we have 

However, since the Pi's are orthogonal, they are self-adjoint, and so for 
i i= j, 

which shows that 
V = im(p1) Q) • • • Q) im(pk) 

For the converse, we know from Theorem 8.17 that 
PI+···+ Pk = t is a resolution of the identity, and we need only show 
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that each Pi is an orthogonal projection. But this follows from the 
fact that 

I 

The Spectral Theorem 
We can now characterize the orthogonally diagonalizable operators 

on a finite dimensional complex inner product space. 

Theorem 10.19 (The spectral theorem for normal operators) Let 
T E L(V), where V is a finite dimensional complex inner product space. 
The following statements are equivalent. 
1) T is orthogonally diagonalizable, that is, 

v =~.X Q;) .. ·Q;)~_x 
1 k 

2) T is normal, that is, 

rr* = r*r 

3) T has the orthogonal spectral resolution 

( 10.3) 

where ,\ E C and where p1 + · · · + Pk = L is an orthogonal 
resolution of the identity. 

Moreover, if T has the form (10.3), where the \'s are distinct and 
the Pi's are nonzero, then the A/s are the eigenvalues of T and 
im(pi) is the eigenspace of T associated with Ai. 

Proof. We have seen (Theorem 10.9) that (1) and (2) are equivalent. 
Suppose that T is orthogonally diagonalizable. We know from 
Theorem 8.18 that (10.3) holds for some resolution of the identity, and 
we need only observe that since 

v =~.X Q;) .. ·Q;)~_x 
1 k 

this is an orthogonal resolution. Hence, (3) holds. 
Conversely, if (10.3) holds, we have 

V = im(p1) ();)· • • ();) im(pk) 

But Theorem 8.18 implies that im(pi) = ~_x., and so T is orthogonally 
diagonalizable. 1 1 

In the real case, we have the following. 

Theorem 10.20 (The spectral theorem for self-adjoint operators) Let 
T E L(V), where V is a finite dimensional real inner product space. 
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The following statements are equivalent. 
1) T is orthogonally diagonalizable, that is, 

V =~A (!)···<D~A 
1 k 

2) T is self-adjoint, that is, 
r* =r 

3) T has the orthogonal spectral resolution 

(10.4) 

where .Xi E IR and p1 + · · · + Pk = L is an orthogonal resolution of 
the identity. 

Moreover, if T has the form (10.4), where the .Xi's are distinct and 
the Pi's are nonzero, then the .Xi's are the eigenvalues of r, and 
im(pi) is the eigenspace of T associated with .Xi. I 

Functional Calculus 
Let us consider some applications of the spectral theorem. Recall 

that if V is a vector space over F, if T E L(V), and if p(x) is a 
polynomial over F, then the operator p( T) E L(V) is well-defined. 
Now, suppose that V is a finite dimensional inner product space, and 
T has spectral resolution T = .X1p1 + · ·· + AkPk· Then PF =Pi for 
m ~ 1, and PiPj = 0 for i :f j. Thus, 

Tn = (.Xlpl + · · · + AkPk)n = A~pl + · · · + A~Pk 

and, more generally, for any polynomial p(x) over F, 

p(r) =p(>.I)PI +···+p(J.k)Pk 

In fact, we can extend this further by defining, for any function 
f:{A1, •.. , Ak}-+F, 

f(r) =f(.Xt)Pt +···+f(.Xk)Pk 

Thus, we may define y'T, r-1, er, and so on. Notice, however, that 
since the spectral resolution of T is a finite sum, we actually gain 
nothing (but convenience) by using functions other than polynomials. 
To see this, suppose that f:{A1, •.• , .Xk}-+ F is any function, and let 

f(.-\) = Q'i 

Then we can find a polynomial p(x) for which p(.Xi) = ai for 1 = 
1, ... ,k, and so 

f( r) = f(.Xt)Pt + · · · + f(.Xk)Pk = p(.XI)PI + ... + p(.Xk)Pk = P( r) 

The study of the properties of functions of an operator T is referred to 
as the functional calculus of r. 
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According to the spectral theorem, if V is complex (F = C) and 
r is normal, then f( r) is a normal operator whose eigenvalues are 
f(..\J Similarly, if V is real (F = IR), and T is self-adjoint, then f(r) 
is self-adjoint, with eigenvalues f(..\J Let us consider some special 
cases of this construction. 

For each j = 1, ... ,k, if Pj(x) is a polynomial for which 

Pj(..\j} = 1, Pj(..\i) = 0 for i #j 
then 

Pj(r) = Pj 

and so we see that each projection PJ is a polynomial function of r. 
If T is invertible, then Ai r 0 for all i, and so we may let 

f(x) = x-1, giving 
-1 \-1 + + \-1 

T = "I PI . . . "k Pk 

as can easily be verified by direct calculation. 
If f(\) =xi and if T is normal, then each Pi is self-adjoint, 

and so - - * f( r) = ..\1p1 + · · · + AkPk = T 

The functional calculus can be applied to the study of the 
commutativity properties of operators. Here are two simple examples. 

Theorem 10.21 Let r have spectral resolution 

T = A1P1 +···+..\kpk 

Then an operator u commutes with T if and only if it commutes 
with each Pi· 

Proof. If u commutes with each Pi• then clearly u commutes with 
r. For the converse, we simply observe that Pi is a polynomial in r, 
and since u commutes with r, it commutes with any polynomial 
in r. I 

Theorem 10.22 Let V be a finite dimensional complex inner product 
space, and let r,u E L(V) be normal operators. Then r and u 
commute if and only if they have the form r = p(8), u = q(8), where 
p and q are polynomials, and 8 = r( r ,u) is a polynomial in r 
and u. 

Proof. If r and u are polynomials in 8, then they clearly commute. 
For the converse, suppose that ru = ur, and let 

and 
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be the orthogonal spectral resolutions of r and u. Then according to 
Theorem 10.21, pivj = vjh Now, let us choose any polynomial r(x,y) 
with the property that aij = r(Ai,J.lj) are distinct. Since each Pi and 
vj is self-adjoint, we may set 0 = r~ r,u) and deduce that 

0 = r(r,u) = I:n-ijPiVj 
ij 

We also choose p(x) and q(x) so that p(ai) = Ai for all j and 
q( n-i) = J.lj for all i. Then 

P( 0) = L P( n-i)PiVj = L Aipivj = ( L AiPi)( L vj) = L AiPi = r 
ij ij i j i 

and similarly, q( 0) = u. I 

Positive Operators 
One of the most important cases of the functional calculus is when 

f(x) = Vx· First, we need some definitions. 

Definition A self-adjoint linear operator r E L(V) is nonnegative if 
(r(v),v} ~ 0 for all v E V and positive if it is nonnegative and 
(r(v),v} > 0 for v :f. 0. 0 

Theorem 10.23 A self-adjoint operator r on a finite dimensional inner 
product space is 
1) nonnegative if and only if all of its eigenvalues are nonnegative 
2) positive if and only if all of its eigenvalues are positive. 

Proof. If {r(v),v} ~ 0 and r(v) = Av, then 0 $ {r(v),v} = A(v,v), and 
so A~ 0. Conversely, if all eigenvalues of r are nonnegative, then we 
have 

A·> 0 1-

and since t = PI + · · · + Pk• 

{r(v),v) = ~\{Pi(v),pj(v)) = 4=Ai II Pi(v) 11 2 ~ 0 
IJ I 

and so r is nonnegative. Part (2) is proved similarly. I 

If r is a nonnegative operator, with spectral resolution 

A·> 0 1-

then we may take the nonnegative square root of r, 

Ji =API+···+ flkpk 
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where JXi is the nonnegative square root of .Ai. 
It is clear that 

C/T)2 = T 

and it is not hard to see that .JT is the only nonnegative operator 
whose square is r. In other words, every nonnegative operator has a 
unique nonnegative square root. Conversely, if r has a nonnegative 
square root, that is, if r = u 2, for some nonnegative operator u, then 
r is nonnegative. Hence, an operator r is nonnegative if and only if 
it has a nonnegative square root. 

Here is an application of square roots. 

Theorem 10.24 If r and u are nonnegative operators, and ru = ur, 
then ru is nonnegative. 

Proof. Since r is a nonnegative operator, it has a nonnegative square 
root .JT, which is a polynomial in r, and similarly for u. Therefore, 
since r and u commute, so do .JT and JU. Hence, 

( .;r JU)2 = ( .JT)2( JU)2 = TlT 
Since .JT and JU are self-adjoint and commute, their product is 
self-adjoint, and so ru is nonnegative. I 

The Polar Decomposition of an Operator 
It is well-known that any nonzero complex number z can be 

written in the polar form z = reiB, where r is a positive number, and 
0 is real. We can do the same for any nonzero linear operator r on a 
finite dimensional complex inner product space. 

Theorem 10.25 Let r be a nonzero linear operator on a finite 
dimensional complex inner product space V. Then there exists a 
unique positive operator p, and a unitary operator v for which r = 
vp. Moreover, if r is jnvertible, then v is also unique. 

Proof. Let us suppose for a moment that r = vp. Then r* = 
(vp)* = p*v* = pv-1 and so 

r*r = pv-1vp = p2 

Also, if v E V, then 
r(v) = vp(v) 

These equations give us the clue as to how to define p and v. 
Let us define p to be the unique nonnegative square root of the 

nonnegative operator r*r. Then 
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(10.5) 
II p(v) 11 2 = (p(v),p(v)) = (p2(v),v) = (r*r(v),v) = II r(v) 11 2 

Let us define v on the image im(p) by 

(10.6) v(p(v)) = r(v) 

for all v E V. To see that this is well-defined, observe that (10.5) gives 

p(v) = p(w) ::} p(v- w) = 0::} II p(v- w) II = 0 

::} II r(v- w) II = 0 ::} r(v) = r(w) 

Moreover, v is an isometry (on its domain im(p)), since (10.5) again 
gives 

II v(p(v)) II = II r(v) II = II p(v) II 
Since v: im(p )--+im(v) is injective, we have 

dim( im(p)) = dim( im( v)) 
and so 

dim(im(p).J.) = dim(im(vt) 

which means that we may extend v to a unitary map (perhaps in 
many ways) v on V. Equation (10.6) then shows that T = vp. 

As for the uniqueness, suppose that T = vp = v'p'. Then 

r*r = p*v*vp = p2 and r*r = p'*v'*v'p' = (p')2 

and so p2 = (p') 2 , and since p2 has a unique nonnegative square root, 
we deduce that p = p'. Thus, p is unique. Finally, if T is 
invertible, then (10.5) shows that p is also invertible. Hence, p is a 
bijection, and so (10.6) uniquely determines v. 1 

Applying the previous theorem to the map r*, we get 

T = (r*)* = (vp)* = pv-1 = PJL 

We leave it as an exercise to show that any unitary operator JL has the 
form Jl = ei<1, where <1 is a self-adjoint operator. This gives the 
following corollary. 

Corollary 10.26 (Polar decomposition) Let r be a nonzero linear 
operator on a finite dimensional complex inner product space. Then 
there is a unique positive operator p and a self-adjoint operator <1 for 
which r has the polar decomposition 

I 

Normal operators can be characterized using the polar 
decomposition. 
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Theorem 10.27 Let r = peiO' be a polar decomposition of a nonzero 
linear operator r. Then r is normal if and only if pu =up. 

Proof. Since 

and 

we see that r is normal if and only if 

e -iO' p2ei0' = p2 

or equivalently, 

(10. 7) p2ei0' = eiO' p2 

Now, p is a function of p2, and u is a function of eiO', and so (10.7) 
holds if and only if pu = up. I 

EXERCISES 
1. Prove that r is self-adjoint (unitary) if and only if any matrix 

that represents r, with respect to an ordered orthonormal basis 
0, is Hermitian (unitary). (Substitute the correct terms when 
F = 11\t} 

2. Show that if r is self-adjoint, then so is rn for any n E N. 
3. Let r E ..t(V), and let 

r1 -= !(r + r*} and r 2 = ~i(r- r*) 

Show that r 1 and T 2 are self-adjoint, and that 

. d * . r=r1 +1r2 an r =r1 -1r2 

What can you say about the uniqueness of these representations of 
T and r*? 

4. Show that a nonzero self-adjoint operator cannot be nilpotent. 
5. Prove that all of the roots of the characteristic polynomial of a 

skew-Hermitian matrix are pure imaginary. 
6. Prove that if T is unitary, then so is r-1. 

7. Prove that if u,r are unitary, then so is ur. 
8. Prove that a normal operator is unitary if and only if all of its 

eigenvalues have absolute value 1. 
9. Let r be a unitary operator on a finite dimensional inner product 

space V. Show that if a subspace S of V is invariant under r, 
then so is s.L. 

10. Give an example of a normal operator that is neither self-adjoint 
nor unitary. 

11. Prove that if II r(v) II = II r*(v) II for all v E V, where V is 
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complex, then r is normal. 
12. Show that if T is a normal operator on a finite dimensional inner 

product space, then r* = p(r), for some polynomial p(x) E F[x]. 
13. Show that a linear operator T on a finite dimensional inner 

product space V is normal if and only if whenever S 1s an 
invariant subspace under T, SO is S.L. 

14. Let V be a finite dimensional inner product space, and let r be 
a normal operator on V. 
a) Prove that if T is idempotent, then it is also self-adjoint. 
b) Prove that if ·r is nilpotent, then T = 0. 
c) Prove that if r 2 = r 3 , then r is idempotent. 

15. Show that if T is a normal operator on a finite dimensional 
complex inner product space, then the algebraic multiplicity 1s 
equal to the geometric multiplicity for all eigenvalues of T. 

16. Use the results of the previous exercise to show that if T is 
normal, and if UT = Tu, then uT* = T*u. In other words, T* 
commutes with all operators that commute with T. 

17. Recall that it is possible for two projections to have the property 
that up is a projection, but pu is not. Show that this cannot 
happen if p and u are both orthogonal projections. 

18. Show that two orthogonal projections u and p are orthogonal 
to each other if and only if im(u) l_ im(p). 

19. Show that the spectral resolution of a normal operator is unique. 
20. If v is a unitary operator on a complex inner product space, show 

that there exists a self-adjoint operator u for which v = eitT. 
21. Show that, in the complex case, we need not specify that T is 

self-adjoint in defining nonnegative operators. 
22. Show that a nonnegative operator has a unique nonnegative 

square root. 
23. Let ai, {3i be complex numbers, for i = 1, ... , k. Construct a 

polynomial p(x) for which p(ai) = {3i for all i. 
24. Prove that if T has a square root, that is, if T = u2 , for some 

nonnegative operator u, then T is nonnegative. 
25. Prove that a self-adjoint operator on a finite dimensional inner 

product space is positive if and only if all of its eigenvalues are 
positive. 

26. Prove that if u ::; T and if 8 is a positive operator that 
commutes with both u and T, then uO :S TO. 

27. Does every self-adjoint operator on a finite dimensional real inner 
product space have a square root? 

28. Let T be a liner operator on C\ and let A1, ••• , An be the 
eigenvalues of T, each one written a number of times equal to its 
algebraic multiplicity. Show that 
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L l..\ii 2 Str(r*r) 
i 

where tr is the trace, defined in the exercises in Chapter 8. Show 
also that equality holds if and only if T is normal. 
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CHAPTER 11 

Metric Vector Spaces 

Contents: Symmetric, Skew-symmetric and Alternate Forms. The 
Matrix of a Bilinear Form. Quadratic Forms. Linear Functionals. 
Orthogonality. Orthogonal Complements. Orthogonal Direct Sums. 
Quotient Spaces. Symplectic Geometry-Hyperbolic Planes. Orthogonal 
Geometry-Orthogonal Bases. The Structure of an Orthogonal 
Geometry. Isometries. Symmetries. Witt's Cancellation Theorem. 
Witt's Extension Theorem. Maximum Hyperbolic Subspaces. 
Exercises. 

Symmetric, Skew-Symmetric and Alternate Forms 
In this chapter, we study vector spaces over arbitrary fields that 

have a bilinear form defined on them. As we will see, the study of such 
vector spaces has a very geometric flavor, and hence so does the 
terminology. 

Unless otherwise mentioned, all vector spaces are assumed to be 
finite dimensional. The symbol F denotes an arbitrary field, and Fq 
denotes a finite field of size q. 

Definition Let V be a vector space over F. A mapping (,):V x V-+F 
is called a bilinear form if it is a linear function of each coordinate, that 
is, if 

and 
(ax+ {3y,z} = a(x,z} + {3(y,z} 

(z,ax + {3y} = a(z,x} + f3(z,y} 
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A bilinear form is 
1) symmetric if 

for all x, y E V. 
2) skew-symmetric if 

for all x,y E V. 
3) alternate if 

for all x E V. 0 

(x,y) = (y,x) 

(x,y) = -(y,x) 

(x,x) = 0 

Definition A bilinear form that is either symmetric, skew-symmetric, or 
alternate is referred to as an inner product, and a pair (V,(,)), where V 
is a vector space and (,) is an inner product on V, is called a metric 
vector space. 0 

Notice that the real inner products discussed in Chapter 9 are 
inner products in the present sense and have the additional property of 
being positive definite. On the other hand, the complex inner products 
of Chapter 9, being sesquilinear, are. not inner products in the present 
sense. Note also that metric vector spaces should not be confused with 
metric spaces, which we will study in the next chapter. 

As is traditional, when the inner product is understood, we will 
use the phrase "let V be a metric vector space." 

Definition Let V be a metric vector space over a field F. If (,) is 
symmetric, then V is called an orthogonal geometry over F, and if 
(,) is alternate, then V is called a symplectic geometry over F. 0 

Thus, a real inner product space is an orthogonal geometry, but a 
complex inner product space is not an orthogonal geometry. 

As we will see, not all metric vector spaces behave as nicely as the 
real inner product spaces, and this necessitates the introduction of a 
new set of terminology to cover various types of behavior. Here is one 
example. 

Definition A metric vector space is nonsingular (or nondegenerate) if 

(x,v) = 0 for all v E V :=} x = 0 0 

Example 11.1 Minkowski space M is the four-dimensional 
nonsingular real orthogonal geometry IRt with inner product defined 
by 
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(e4,e4} = -1, and (ei,ej} = 0 for i-::/= j 

where e1, ••• , e4 is the standard basis for IR4• I 

207 

The concepts of being symmetric, skew-symmetric and alternate 
are not independent. However, their relationship depends on the 
characteristic of the base field F. 

Theorem ll.l Let V be a vector space over a field F. 
1) If char( F) = 2, then a bilinear form on V is skew-symmetric if 

and only if it is symmetric. Furthermore, an alternate bilinear 
form is symmetric (and skew-symmetric). 

2) If char(F) -::/= 2, then a bilinear form on V is skew-symmetric if 
and only if it is alternate. 

Proof. First, we observe that for any field, if {,} is alternate, then 

0 = {x + y,x + y} = (x,x} + (x,y} + (y,x} + (y,y} = (x,y} + (y,x} 

Thus, 

or 
(x,y} + (y,x} = 0 

(x,y} = -(y,x} 

which shows that (,} is skew-symmetric. Thus, alternate implies skew­
symmetric. 

Now, if char(F) = 2, then -a= a for all a E F, and so the 
definitions of symmetric and skew-symmetric are equivalent. Suppose 
that char(F)-::/= 2. Then if (,} is skew-symmetric, for any x E V, we 
have 

(x,x} = -(x,x} 
or 

2{x,x} = 0 

which implies that (x,x} = 0. Hence, (,} is alternate. I 

Theorem 11.1 tells us that we do not need to consider skew­
symmetric forms per se, since skew-symmetric is always equivalent to 
either symmetric or alternate. 

Example 11.2 The standard inner product on V(n,q), defined by 

(xl, .. · •-"n) · (yl,. .. • Yn) = X1Y1 + · · · + -"nYn 

is symmetric, but not alternate, since 

(1,0, ... ,0). (1,0, ... ,0) = 1-::/= 0 D 



208 11 Metric Vector Spaces 

The Matrix of a Bilinear Form 
If c:B = (h1, ... , hn) is an ordered basis for a metric vector space 

V, then the form (,} is completely determined by the n x n matrix of 
values 

Mc::s = (ai) = ((hi,hj)) 

which is referred to as the matrix of the form (,} with respect to the 
ordered basis <:B. 

Observe that if x = Exi~ and y = Eyjhj, then 

(x,y} = 4: 4:xiYj(hi,hj} = 4:xi (4:aijYj) = [x]~ Mc::s[Y]c::s 
1 J 1 J 

where [x]c::s and [Y]c::s are the coordinate matrices of x and y, 
respectively. 

Notice also that a form is symmetric if and only if the matrix 
Mc::s = ( ai) of the form satisfies 

aij = aj,i 

for all 1 ~ ij ~ n, that is, if and only if Mc::s is a symmetric matrix. 
Similarly, a form is alternate if and only if the matrix Mc::s = (ai) of 
the form satisfies 

a··= 0, a··= -a·· (i ...t. j) 1,1 1J J,1 -r 

Such a matrix is referred to as alternate. 
Now let us see how the matrix of a form behaves with respect to a 

change of basis. Let e = ( c1, ... , ~) be an ordered basis for V. Recall 
from Chapter 2 that the change of basis matrix Me c:B• whose ith 
column is [ci]c:B, satisfies ' 

[v]c::s =Me c::s[v]e 
' Hence, 

(x,y} = [x]~ Mc::s[Y]c::s 

= ([xle Me,c::s )Mc::s(Me,c::s[Yle > 

and so 

This prompts the following definition. 

Definition Two matrices A, BE .Abn(F) are said to be congruent if 
there exists an invertible matrix P for which 

A= PBPT D 
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(Setting Q = PT gives PBPT = QTBQ, and so it doesn't matter 
whether we use PBPT or PTBP in the preceding definition.) Let us 
summanze. 

Theorem 11.2 If the matrix of a bilinear form on V with. respect to 
an ordered basis c:.B = (b1, ... , bn) is 

then 
Mc:.s = ((bi,bj)) 

(x,y) = [x]'~ Mc:.s[Y]c:.s 

Furthermore, if e = ( c1, ... , en) is also an ordered basis for V, then we 
have 

Me = Me,c:.B Mc:.sMe,c:.B 
where Me c:B., is the change of basis matrix from e to c:.B, whose ith 
column is [ciJC:.S· I 

Thus, if two matrices represent the same bilinear form on V, they 
must be congruent. Conversely, congruent matrices represent the same 
bilinear form on V. For suppose that B = Mc:.s represents a bilinear 
form on V, with respect to the ordered basis c:.B, and that 

A= PTBP 

where P is nonsingular. We saw in Chapter 2 (see the discussion 
following Theorem 2.12) that there is an ordered basis e for V with 
the property that 

and so 
P = Me,c:s 

A= Me,c:.B Mc:.sMe,c:.B 
Thus, A= Me represents the same form with respect to e. 

Theorem 11.3 Two matrices A and B represent the same bilinear 
forms on V if and only if they are congruent. I 

In view of the fact that congruent matrices have the same rank, 
we may define the rank of a bilinear form to be the rank of any matrix 
that represents that form. 

Note that a metric vector space V is nonsingular if and only if 
the matrix Mc:.s is nonsingular, for any ordered basis c:.B. 

If A and B are congruent matrices, then 

det(A) = det(PAPT) = det(P)2det(B) 

and so det(A) and det(B) differ by a square factor. The 
discriminant of a bilinear form is the set of all determinants of the 
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matrices that represent the form under all choices of ordered bases. 
Thus, if det(A) = d for some matrix A representing the form, then 
the discriminant of the form is the set {r2d I 0 'IrE F}. While it is 
true that the discriminant often does not give us much information 
about the matrix of the form in question, we will see a case where the 
discriminant is a complete invariant for congruence of matrices. 

Quadratic Forms 
There is a close link between symmetric bilinear forms and 

another important type of function defined on a vector space. 

Definition A quadratic form on a vector space V is a map Q:V--+F 
with the following properties 
1) Q(rv) = r2Q(v) for all rEF, v E V 
2) The map {u,v}q=Q(u+v)-Q(u)-Q(v) is a (symmetric) 

bilinear form. 0 

Every quadratic form Q defines a symmetric bilinear form, by 
(2). On the other hand, if char(F) 'I 2, and if {,} is a symmetric 
bilinear form on V, then we can define a quadratic form Q by 

Q(x) = !{x,x} 

We leave it to the reader to verify that this is indeed a quadratic form. 
Moreover, if Q is defined from a bilinear form in this way, then the 
bilinear form associated with Q is 

{u,v}q = Q(u + v)- Q(u)- Q(v) 

=~u+~u+~-~~~-~~~ 
= !{u, v} + !{v, u} = {u, v} 

which is the original bilinear form. In other words, the maps {,}--+Q 
and Q--+{,}q are inverses, and so there is a one-to-one correspondence 
between symmetric bilinear forms on V and quadratic forms on V. 

Again assuming that char(F) 'I 2, if ~ = (b1, ... , h11) is an 
ordered basis for an orthogonal geometry V, and if the matrix of the 
symmetric form on V is M~ = (ai), then for x = Exibi, 

Q(x) = !{x,x} = ![xJ; M~[x]~ = L! aijxixj 
ij 

and so Q(x) = Q(x1, •.• ,~) is a homogeneous polynomial of degree 2 
in the coordinates xi. (The term form means homogeneous 
polynomial- hence the term quadratic form.) 



11 Metric Vector Spaces 211 

Linear Functionals 
Let V be a metric vector space over F. The vector space of all 

linear functiona!s on V is known as the algebraic dual space of V and 
is denoted by V*. Moreover, for finite dimensional vector spaces, we 
have dim(V) = dim(V*). 

Now let x E V, and consider the map ¢ .. : V--+ F defined by 

¢ .. (v) = (v,x) 

which is easily seen to be a linear functional. Hence, we can define a 
function r: V--+ V* by 

r(x) = ¢x 

This function is easily seen to be linear, and its kernel is 

{x E V I ¢x = 0} = {x E VI (v,x) = 0 for all v E V} 

Hence, if V is nonsingular, the kernel of r is the zero subspace, and 
T is injective. Moreover, since dim(V) = dim(V*), we deduce that r 
is surjective, and so it is an isomorphism from V onto V*. This 
implies that every linear functional on V has the form ¢ .. , for some 
x E V. We have proved the Riesz representation theorem for 
nonsingular metric vector spaces. 

Theorem 11.4 (The Riesz representation theorem) Let V be a 
nonsingular metric vector space, and let f E V* be a linear functional 
on V. Then there exists a unique vector x E V for which 

f(v) = (v,x) 

for all v E V. I 

Orthogonality 
A vector x is orthogonal to a vector y, written x _l y, if 

(x,y) = 0. Any nonzero vector x that is orthogonal to itself is called a 
null vector, or an isotropic vector. 

The following result explains why we restrict attention to 
symmetric or alternate forms (which includes skew-symmetric forms). 

Theorem 11.5 Let (,) be a bilinear form on V. Then orthogonality is 
a symmetric relation, that is, 

(11.1) x.ly <:::? y.lx 

if and only if (,) is either symmetric or alternate. Thus, in these cases, 
we may use the phrase "x and y are orthogonal." 

Proof. It is clear that ( 11.1) holds if (,) is symmetric. If (,) is 
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alternate, then it is skew-symmetric, and so {11.1) also holds. For the 
converse, suppose that {11.1) holds. For x,y and z in V, let 

w = (x,y)z- (x,z)y 

Then x l_ w, and so by assumption, w l_ x. But this is equivalent to 

(11.2) (x,y)(z,x) - (x,z)(y,x) = 0 

Setting y = x gives 

(11.3) 

for all vectors 
multiplying by 

(x,x)((z,x)- (x,z)) = 0 

x and z in V. Exchanging 
-1, give 

(z,z)((z,x)- (x,z)) = 0 

x and z, and 

Thus, we deduce that, for any vectors u and v in V, if 
(u,v) =f:. (v,u), then u and v are null vectors. Equivalently, if u IS 

nonnull, then (u,v) = (v,u) for all v E V. 
Now, suppose that (,) is not symmetric. Then there exists 

vectors u and v for which (u,v) =f:. (v,u). Hence (u,u) = (v,v) = 0. 
We wish to show that (a,a) = 0 for any a E V, which will show that 
(,) is alternate. 

Since u is null, 

{11.4) (u + a,u +a)= (u,a) + (a,u) + (a,a) 

Now, if a were nonnull, then (a,x) = (x,a) for all x E V; in 
particular, (a,u) = (u,a) and (a, v) = (v,a). Furthermore, setting y = 
a, x = u, z = v in (11.2) gives 

(u,a)(v,u)- (u,v)(a,u) = 0 

which is equivalent to 

(u,a)((v,u)- (u,v)) = 0 

and since (u,v) =f:. (v,u), we must have 

(a,u) = (u,a) = 0 
Similarly, 

(a,v) = (v,a) = 0 
Hence, (11.4) becomes 

(u + a,u +a) = (a,a) 
But 

(u + a,v) = (u,v) =f:. (v,u) = (v,u +a) 

and so u +a is also null, showing that (a,a) = 0, which contradicts 
the assumption about a. Hence, all a E V are null, and (,) is 
alternate. I 
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Orthogonal Complements 
If S is a subset of a metric vector space V, then S inherits the 

metric structure from V. With this structure, we refer to S as a 
subspace of V. 

Definition Two subspaces S and T of a metric vector space V are 
orthogonal, denoted by S ..L T, if (s,t) = 0 for all s E S and t E T. 
The orthogonal complement of S, denoted by S.1., is the set 

S.~,={vEVIv..LS} D 

Definition If V is a metric vector space, then V.I. is called the radical 
of V, and denoted by Rad(V). D 

Thus, V is nonsingular if and only if Rad(V) = {0}. Note that 
if S is a subspace of V, then the radical of S is Rad(S) = S n S.1.. 

It should be emphasized that the properties of orthogonality can 
be quite different for arbitrary base fields than for the familiar case of 
the real base field. For instance, in the case of real metric vector 
spaces, we have s n s.1. = {0}, whereas in the case of metric vector 
spaces over finite fields, for instance, we may even have S = S.1., as the 
next example shows. 

Example 11.3 It is easy to see that the subspace 

s = {0000,1100,0011,1111} 

of V(4,2) has the property that s = s.1.. Note that V(4,2) IS 

nonsingular, and yet the subspace S is quite singular. 0 

The previous example notwithstanding, we do have the following 
important result concerning dimensions. 

Theorem 11.6 If S is a subspace of a nonsingular metric vector space 
V, then 

dim(S) + dim(S.1.) = dim(V) 

Proof. For each v E V, let ¢v be the linear functional in S* defined 
by 

¢v:S---+F, ¢v(u) = (u,v) 

We define a map r: V ---+S* by 
r(v) = <Pv 

This map is linear, and its kernel is 

ker{'r)={vEVI<Pv=O}={vEVI(u,v)=O forall uES}=S.1. 
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Moreover, by the Riesz representation theorem, the restriction 
r I 5:S-+S* is surjective, and so a fortiori, r is surjective, that is, 

im(r) = S 

The theorem then follows from the fact that 

dim( im( r)) + dim( ker( r)) = dim(V) I 

Theorem 11.7 If S is a subspace of a nonsingular metric vector space 
V, then 
1) SJ.J. = S 
2) Rad(S) = S n SJ. = Rad(SJ.) 0 

Let us summarize the terminology related to orthogonality in 
metric vector spaces. (Unfortunately, authors vary somewhat on their 
use of the term isotropic.) 

Definition Let V be a metric vector space. 
1) A nonzero x E V is null, or isotropic, if (x,x) = 0. 
2) The radical of V is Rad(V) = VJ.. 
3) V is nonsingular, or nondegenerate, if VJ. = {0}. 
4) V is null if (u,v) = 0 for all u,v E V, that is, if VJ. = V. 
5) V is isotropic if V contains at least one isotropic vector. 
6) V is anisotropic if V contains no isotropic vectors. 
7) V is totally isotropic if all vectors in V are isotropic. 0 

Orthogonal Direct Sums 

Definition Let V be a metric vector space. If S and T are 
subspaces of V with the property that V = S E& T and S .l T, then 
we say that V is the orthogonal direct sum of S and T and write 
V=SCDT.O 

In view of Example 11.3, it is reasonable to ask under what 
conditions on a subspace S is it true that V = S CD SJ.. The answer is 
given by the following theorem. 

Theorem 11.8 Let S be a subspace of a nonsingular metric vector 
space V. The following statements are equivalent. 
1) s is nonsingular 2) s.L is nonsingular 
3) S n SJ. = {0} 4) V = S + SJ. 
5) V = SCDSJ. 

Proof. According to Theorem 11.7, statements 1, 2 and 3 are 
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equivalent. For any subspaces S and T of a vector space V, 

dim(S + T) = dim(S) + dim(T) - dim(S n T) 
and so 

dim(S + S.L) = dim(S) + dim(S.L) - dim(S n S.L) 

= dim(V) - dim(S n S.L) 

which shows that 3 is equivalent to 4, and that 4 implies 5. Since 5 
clearly implies 4, the proof is complete. I 

Most of the important results that we have established so far 
require that the space be nonsingular. Fortunately, the following 
theorem says that we may restrict attention to such spaces, without 
loosing any important structure. 

Theorem 11.9 Let V be a metric vector space. Then 

V = Rad(V) <D S 

where Rad(V) is null and S is nonsingular. I 

Proof. Let S be a complement of Rad(V), that is, V = Rad(V) EB S. 
Since all vectors are orthogonal to Rad(V), we have Rad(V) .L S, and 
so V = Rad(V) Q;) S. Now, if v E Rad(S), then v .L S, and so v .LV, 
which implies that v E Rad(V) n S = {0}, that is, v = 0. Hence, 
Rad(S) = {0}, that is, S is nonsingular. I 

Quotient Spaces 
In general, if S is a subspace of V, the quotient space V /S does 

not inherit a metric structure from V. However, if S = Rad(V) = V\ 
then V / Rad(V) does inherit the metric structure of V as follows. Let 

(u + Rad(V),v + Rad(V)} = (u,v} 

To show that this inner product is well defined, we observe that if 

u + Rad(V) = u' + Rad(V) 

then u = u' + r, where r E Rad(V). Hence, 

(u + Rad(V},v + Rad(V)} = {u,v} 

= {u' + r,v} = {u',v} = (u' + Rad(V),v + Rad(V)) 

and similarly for the second component. 
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Symplectic Geometry- Hyperbolic Planes 
Let us consider a nonsingular symplectic geometry V. Thus, by 

definition, every vector in V is null. Given u E V, there must exist a 
v E V for which (u,v) f= 0, since V is assumed nonsingular. Consider 
a two-dimensional subspace H with basis {u,v}. Then 

(u,u) = (v,v) = 0 

and (u,v) =a f= 0. Replacing v by a-1v, we can assume that 

(u,v) = 1, (v,u) = -1 

The subspace H, thought of as a metric vector space, has matrix with 
respect to the basis { u, v} 

We pause for a definition. 

Definition Let V be a metric vector space. If u,v E V have the 
property that 

(u,u) = (v,v) = 0, (u,v) = 1 

the ordered pair (u,v) is called a hyperbolic pair, and the subspace 
H = span{ u, v} is called a hyperbolic plane. Any space of the form 
H1 Q) • • • Q) Hk, where each Hi is a hyperbolic plane, is called a 
hyperbolic space. D 

Note that in an orthogonal geometry, if (u,v) is a hyperbolic 
then (v,u) = 1, but in a symplectic space, (v,u) = -1. 

pair, 

Now let us return to the discussion at hand. Since H IS 

also nonsingular. 
H.J., to obtain an 

nonsingular, we have V = H Q) H.J., where H.J. is 
Hence, we may repeat the preceding construction in 
orthogonal decomposition of V of the form 

V = H1 CDH2 CD···CDHk 

where each Hi is a hyperbolic plane. This proves the following result. 

Theorem 11.10 Any nonsingular symplectic geometry V IS a 
hyperbolic space, that is, 

V = H1 CDH2 CD···CDHk 

where each Hi is a hyperbolic plane. Thus, there is a basis for V for 
which the matrix of the. form is 
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0 1 
-1 0 

0 1 
M = -1 0 

0 1 
-1 0 

In particular, the dimension of V is even. 0 

Corollary 11.11 Any symplectic geometry V has the form 

V = H1 <DH2 <D···<DHk<DN 

where each Hi is a hyperbolic space, and N is a null space. 0 

Orthogonal Geometry- Orthogonal Bases 

217 

The structure of orthogonal geometries is more closely tied to the 
characteristic of the base field than is the case for symplectic 
geometries. 

Definition Let V be an orthogonal geometry. A basis ~ = 
{u1, ... ,~} for V is said to be orthogonal if (ui,uj) = 0 for i :f:j. 0 

A basis ~ for V is orthogonal if and only if the matrix M~ of 
the form is diagonal. It happens that any orthogonal geometry has an 
orthogonal basis, provided that in case char(F) = 2, we exclude the case 
where V is both orthogonal and symplectic, since ne nonnull symplectic 
geometry can have an orthogonal basis. (The matrix with respect to 
such a basis would have Os off the diagonal, by orthogonality of the 
basis and Os on the diagonal, by virtue of V being symplectic.) 

Clearly, we may exclude from consideration the case where V is 
null, since in this case, all bases are orthogonal. 

Let us consider first the case where V is nonsingular, orthogonal, 
and char(F) =I= 2. Let u E V have the property that (u,u) =I= 0. Such a 
vector must exist, for if not, then V would be symplectic, and for 
char(F) :f: 2, there are no nonnull metric vector spaces that are both 
orthogonal and symplectic. Since the subspace S = span{ u} 1s 
nonsingular, we have 

V = S <DSJ. 

where SJ. is nonsingular and orthogonal. Hence, we can repeat the 
argument on SJ., to get 

where S and T are one-dimensional subspaces. Continuing in this 
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way, we get 
v = s1 GJ ••• GJ sn 

where Si is spanned by a vector ui for which (ui,Dj} =fi 0. Hence, the 
basis { ui, ... , ~} is an orthogonal basis for V. Theorem 11.9 then 
implies that any orthogonal metric vector space (singular or 
nonsingular ), with char(F) =fi 2, has an orthogonal basis. 

As to the case where V is nonsingular, orthogonal and 
char(F) = 2, assuming that V is not symplectic implies that there is a 
nonnull vector u in V, and so we have 

V = S GJSl. 

just as before. Now, we know that Sl. is nonsingular and orthogonal. 
If it is not symplectic, then we may choose another nonnull vector and 
repeat the process. This will continue until we meet a nonsingular, 
orthogonal, symplectic subspace T of V, which is the orthogonal sum 
of hyperbolic planes, according to Theorem 11.10. Hence, we have 

V = SI GJ···GJSkGJHI GJ···GJHm 

Now, we leave it to the reader to show that a matrix of the form 

[
a 0 0] 

M = 0 0 1 
0 1 0 

where a =fi 0, is congruent to a diagonal matrix. Hence, we can replace 
the basis vectors for sk and HI by basis vectors that will replace 
Sk GJ HI by T k <D T k+I GJ T k+2• where each summand has dimension 1. 
Continuing with this process, we eventually get V as an orthogonal 
sum of one-dimensional subspaces, and so V has an orthogonal basis. 
Another appeal to Theorem 11.9 handles the general (singular and 
nonsingular) case. 

Let us summarize. 

Theorem 11.12 Let V be an orthogonal geometry. Provided that V 
is not symplectic as well when char(F) = 2, then V has an ordered 
orthogonal basis ~=(ui, ... ,uk,zi, ... ,z11J for which (ui,ui}=ai=f;O 
and (zi,zi} = 0. Hence, M~ has the diagonal form 

M~= 

0 
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with k ones and m zeros on the diagonal. Furthermore, the number 
k is the rank of the bilinear form, and so k is uniquely determined 
by V. I 

Corollary 11.13 Let M be a symmetric matrix. If char(F) = 2, we 
assume that M has a nonzero entry on the diagonal. Then M 1s 
congruent to a diagonal matrix. D 

The Structure of an Orthogonal Geometry 
According to Corollary 11.13, for char(F) f. 2, any symmetric 

matrix over F is congruent to a diagonal matrix. However, since two 
distinct diagonal matrices can be congruent, we cannot say that the 
diagonal matrices form a set of canonical forms for congruence. 

It should come as no surprise that the determination of a set of 
canonical forms for congruence depends on the properties of the base 
field. To see this more clearly, suppose that ':B = (b1, ... , bu) is an 
ordered orthogonal basis for V, and so the matrix of the form has the 
diagonal form 

If r1, ... ,r11 are nonzero scalars, the set e = (r1b1 , ... ,rub11) is also an 
ordered orthogonal basis for V, and 

(r·b· r-b·) = r.r.(b· b.) = r78 .. 
I I' J J I J I' J I IJ 

Hence the matrix of the bilinear form with respect to e lS 

( 11.5) 

Thus, by a simple change of basis, we can multiply any diagonal entry 
by a nonzero square in F. 

Before considering some possibilities, we have the following 
definition. 

Definition An orthogonal basis { u1, . .. , ~J for V is an orthonormal 
basis if (ui,ui) = 1 for all i. D 
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Algebraically Closed Fields 
A field F with the property that every polynomial p(x) E F[x] 

splits into linear factors over F is said to be algebraically closed. For 
example, the field of complex numbers is algebraically closed. However, 
the field of real numbers is not algebraically closed. 

If F is algebraically closed, then the polynomial x2 - r = 0 has 
a solution in F, that is, every element of F has a square root in F. 
Therefore, we may choose ri = J8i in (11.5), which leads to the 
following result. 

Theorem 11.14 Let V be an orthogonal geometry over an 
algebraically closed field F. Provided that V is not symplectic as well 
when char(F) = 2, then V has an ordered orthogonal basis C:S = 
(u1, ••• , uk,z1, ••• , zm) for which {Dj,ui) = 1 and {zi,zi) = 0, and so 
Mc:s has the diagonal form 

1 

1 
0 

0 

with k ones and m zeros on the diagonal. Furthermore, the number 
k is the rank of the bilinear form, and so k is uniquely determined 
by V. In particular, ·if V is nonsingular as well, then V has an 
orthonormal basis. I 

The matrix version of Theorem 11.14 follows. 

Theorem 11.15 Let ':/ be the set of all n x n symmetric matrices over 
an algebraically closed field F. In case char(F) = 2, we restrict ':/ to 
be the set of all symmetric matrices with at least one nonzero entry on 
the main diagonal. 
1) Any matrix in ':/ is congruent to a unique matrix of the form 

zk,m• for some k = 0, ... ' n and m = n - k. 
2) The set of all matrices of the form Zk m for k + m = n, is a set 

of canonical forms for congruence on 1: 
3) The rank of a matrix is a complete invariant under congruence 

on ':/. I 

The Real Field IR 
As we have remarked, the real field IR is not algebraically closed. 

However, referring to (11.5), we can choose ri = .j"laiT, so that all 
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diagonal elements will be either 0, 1 or -1. 

Theorem 11.16 (Sylvester's law of inertia) Any orthogonal geometry 
V over the real field IR, has an ordered orthogonal basis c:B = 
(u1, .•. ,uk,v1,. .. ,vm,z1, ... ,zP) for which (ui,~) = 1, {vi,vi) = -1 and 
(zi,zi) = 0. Hence, the matrix Mc:B has the diagonal form 

1 

Mc:B = zk,m,p = 

1 
-1 

-1 
0 

0 

with k ones, m negative ones, and p zeros on the diagonal. 
Moreover, the numbers k, m and p are uniquely determined by V. 

Proof. We need only prove the uniqueness statement. Let 

GJI = span{uv ... , uk}, .N" = span{v1, ... , vm}, 2; = span{z1, ... ,zp} 

Then if v = Eriui E GJI, we have 

(v,v) = ( ~riui, ~rjll_j) = ?;rlj(ui,uj) = ?;rirj6ij = ~r? 2:0 
lJ IJ 

and so the bilinear form (,) is positive definite on GJI. Similarly, the 
form is negative definite on .N", that is, (v,v) ~ 0 for all v E .N". 
Finally, the form is zero on 2;. Now suppose that e is an ordered 
basis of a similar type to c:B, and 

GJI = span{u1, ... ,uk}, .N" = span{v1, ... ,vm}, 2; = span{z1, ... ,ip} 

Then 
GJ'nspan{.N",2;} = {0} 

for if v E GJI then (v,v) 2:0 and if v E span{.N",2;}, then (v,v) ~ 0, 
and so v E GJI n span{.N",2;} implies that (v,v) = 0, that is, v = 0. 
Thus, if dim(V) = n, then 

dim(GJI) + dim(span{.N",2;}) ~ dim(V) 
that is, 

p+(n-p) ~ n 

Hence p ~ p. By symmetry, p ~ p and so p = p. In a similar way, 
we deduce that n = n and z = z. I 
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Here is the matrix version of Theorem 11.16. 

Theorem 11.17 Let ':1 be the set of all n x n symmetric matrices over 
the real field IR. 
1) 

2) 

3) 

Any matrix in ':1 is congruent to a unique matrix of the form 
zk,m,p• for some k, m and p = n - k - m. 
The set of all matrices of the form Zk,m,p for k + m + p = n is a 
set of canonical forms for congruence on ':1. 
The pair (k,m), or equivalently the pair (k + m, k- m), is a 
complete invariant under congruence on ':f. The number k + m 
is the rank of the form, and k - m is called the signature of the 
form. I 

Finite Fields 
To deal with the case of finite fields, we need two preliminary 

results. 

Theorem 11.18 Let F q be a finite field with q elements. 
1) If char(F q) = 2, then every element of F q is a square. 
2) If char(F) "f:. 2, then exactly half of the nonzero elements of F 9 

are squares. Moreover, if x is any nonsquare in F q' then alJ 
nonsquares have the form r2x, for some rEF. 

Proof. We first remark that, in any field F, the equation x2 = 1 has 
two solutions x = 1 and -1, which are distinct if and only if 
char(F) "f:. 2. Now, let F = F q' and let F* be the set of all nonzero 
elements in F. Consider the set 

(F*)2 = {a2 1 a E F*} 

of all nonzero squares in F. Observe that, for a,b E F* 

a2 =b2 <:::> (ab-1) 2 =1 <:::> ab-1 = ±1 <:::>a= ±b 

Thus, if char(F) = 2, 

and so (F*)2 = F*, which proves part (1). On the other hand, if 
char(F) "f:. 2, then the map {a,-a}-+a2 is a one-to-one correspondence 
between the set of pairs of (distinct) elements of F and (F*)2, and so 
IF* I = 21 {F*)2 1. We leave proof of the last statement to the reader.l 

Definition A bilinear form on V is universal if for any 0 "f:. r E F, there 
exists a vector v for which (v,v) = r. 0 

Theorem 11.19 Let V be a nonsingular orthogonal geometry over a 
finite field, with dim(V) ;:::: 2 and char(F) "f:. 2. Then the bilinear form 
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of V is universal. 

Proof. Suppose first that V contains a null vector u. Since V is 

nonsingular, there must exist a vector v m V for which {u,v} is 

linearly independent, and (u, v) I 0. Let w = au+ f3v. For any 

c I 0, we want to determine a and f3 so that 

(11.6) c = (w,w) = 2a(u,v) + f32 (v,v) 

But, setting f3 = 1, this is easily solved for a. Hence, in this case, (,) 

is universal. 
Now suppose that V has no null vectors, and that { u, v} are 

linearly independent, with 

(u,u) =a I 0, (v,v) = b I 0, (u,v) = 0 

Let w =au+ f3v. We want to find a and f3 for which 

c = (w,w) = aa2 + bf32 

Replacing a by ac and b by be and dividing by c I 0, our goal is 

to show that, in any finite field of characteristic different from 2, the 

equation 

( 11. 7) 

always has a solution (a,/3). 
If a is a square, then we may set f3 = 0, to get 

a 2 = a - 1 , or a = V? 
Similarly, if b is a square, we may set a= 0 and solve for {3. So let 

us assume that a and b are nonsquares. 

Observe that -1 is the sum of squares in F q' since if q = pn, 

the characteristic of F IS p, and so 

-1=1 2 +···+12 

where there are p- 1 summands on the right. Hence, any number 

c E F is the sum of squares, since 

From this, we deduce that the sum of two squares cannot always be a 

square, for then all elements of F q would be squares, contradicting 

Theorem 11.18. Hence, there exist nonzero squares r and s in F q 

for which r2 + s2 is a nonsquare. 
Thus, a, b and r2 + s2 are all nonsquares in F q• Since 

Theorem 11.18 implies that the product of any two nonsquares is a 

square, we deduce that 

b = u2a and r2 + s2 = v2a 
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for some u,v E F. Setting a= rfav and f3 = sfuva gives 

aa2 + b/32 _ ar2 +~ _ ar2u2 + bs2 _ b{r2+S2) _ _Q___ 1 
- a2v2 u2v2a2 - u2v2a2 - u2v2a2 - u2a-

This completes the proof. I 

Now we can proceed with the business at hand. Let us settle the 
case char{F) = 2 first. 

Theorem 11.20 Let V be an orthogonal geometry over a finite field 
F, with char(F) = 2. If V is not symplectic, then V has an ordered 
orthogonal basis c:B = (u1, ... ,uk,z1, ... ,zm) for which (ui,ui) = 1 and 
(zi,zi) = 0, and so Mc:B has the diagonal form 

1 

1 
0 

0 

with k ones and m zeros on the diagonal. Furthermore, the number 
k is the rank of the bilinear form, and is uniquely determined by V. 
In particular, if V is nonsingular, then V has an orthonormal basis. 

Proof. Referring to (11.5), since every element of F has a square root, 
we may take ri = .vai· I 

The case char(F) f; 2 is a bit more difficult. 

Theorem ll.21 Let V be an orthogonal geometry over a finite field 
F, with char(F) f; 2. Then there exists a nonzero number d, and an 
orthogonal basis c:B = ( u1, ..• , uk,z1, ••. , zm) for which 

(ui,ui) = 1 for 1 ~ i ~ k-1, (uk,uk) = d, (zi,zJ = 0 

Hence, the matrix of the form in this basis is 

1 

1 
Mc:B = d 

0 

0 
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The rank k of this matrix is uniquely determined by V. The number 
d is uniquely determined, up to multiplication by a square in F, by 
V. Moreover, the set {r2d I 0 ::j:. rEF}, which is the discriminant of the 
form when V is nonsingular, is uniquely determined by V. 

Proof. We know that there is an ordered orthogonal basis c:B = 
(u1, ... , uk,z1, ... , zm) for which (ui,~} = ai ::j:. 0 and (zi,zi} = 0. 
Hence, Mc:s has the diagonal form 

(11.8) Mc:s = 

0 

Now, consider the orthogonal geometry V1 = span{u1,u2}. Then V1 
is nonsingular, since (u1,u1} ::j:. 0, and so the form (,}, restricted to V 1 
is universal. Hence, there exists a v1 E V 1 for which (v1, v1} = 1. 

Since {u1,u2} is a basis for V1, we have v1 = ru1 +su2• If s = 
0, then we form the ordered basis c:B1 = (v1,u2,. •• ,uk,zl' ... ,zm)· The 
matrix of the form with respect to this basis is the same as (11.8), 
except that it has a 1 in the upper left corner (in place of a1). If 
s ::j:. 0, then we form the ordered basis c:B1 = (v1,u1,u3,. .. , uk,z1, ... , zm), 
which will have the effect of replacing a1 by 1 and a2 by a1• 

We now repeat the process with the subspace V 2 generated by 
the second and third vectors in the new ordered basis c:B1. Continuing 
in this way, we can replace each ai by a 1, for 1 :S i :S k- 1. We 
leave the remainder of the proof to the reader. I 

Isometries 
We now turn to a discussion of isometries on metric vector spaces. 

Definition Let V and W be metric vector spaces. We use the same 
notation (,} for the bilinear form for each space. A bijective linear 
map r: V--> W is called an isometry if 

(ru,rv} = (u,v} 

for all vectors u and v in V. If an isometry exists from V to W, 
we say that V and W are isometric, and write V ~ W. It is evident 
that the set of all isometries from V to V forms a group under 
composition, called the group of V. 

If V is a nonsingular orthogonal geometry, an isometry from V 
to V is called an orthogonal transformation. If V is a nonsingular 
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symplectic geometry, an isometry from V to V is called a symplectic 
transformation. 0 

Note that an isometry T E .L(V) is always injective if V is 
nonsingular. (It is customary in the theory of metric vector spaces to 
require an isometry to be bijective, unlike the special case of real or 
complex inner product spaces.) Here are a few of the basic properties of 
isometries. 

Theorem 11.22 Let T E .L(V, W} be a linear transformation between 
finite dimensional metric vector spaces V and W. 
1} Let ~ = {v1, •.. , v11} be a basis for V. Then T is an isometry if 

and only if T is bijective, and 

{rvi,rvj} = {vi,vj} 
for all iJ. 

2} If char(F} 'f. 2, then T is an isometry if and only if it is bijective 
and 

{r(v),r(v)} = (v,v} 
for all v E V. I 

Theorem 11.23 Let T E .L(V) be a linear operator on a finite 
dimensional metric vector space V. Let ~ = ( v 1, ..• , v11) be an 
ordered basis for V, and let M~ be the matrix of the form relative to 
~- Then r is an isometry if an~d only if 

(11.9} [r]'; M~[r]~ = M~ 
Proof. Dropping the subscript ~ for readability, we have 

and 
{x,y} = [xtM~[y) 

{r(x),r(y)} = [r(x)tM~[r(y)) = [x]T[r]TM~[r)[y) 
Hence 

{x,y} = {r(x},r(y)} 

for all x,yEV if and only if 

[x]TM~[y] = [xt[rtM~[r][y] 
for all x,y E V, which holds if and only if 

M~ = [rtM~[r] I 

If T is an isometry, then (11.9} holds, and we may take 
determinants to get 
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Therefore, if V is nonsingular, then det(Mc:B) =J 0, and so 

det([r]c:B) = ± 1 

227 

Since the determinant is an invariant under similarity, we can make the 
following definition. 

Definition Let T E L(V) be an orthogonal transformation. The 
determinant of T is the determinant of any matrix [r]c:B representing 
T. If det(r) = 1, then r is called a rotation, and if det(r) = -1, then 
T is called a reflection. I 

Because the Riesz representation theorem is valid in any 
nonsingular metric vector space, we can define the adjoint r* of a 
linear map r exactly as we did in Chapter 9, that is, by the condition 

(r(v),w) = (v,r*(w)) 

Theorem 11.24 Let r E L(V) be a linear operator on a finite 
dimensional nonsingular metric vector space V. 
1) T is an isometry (orthogonal transformation) if and only if it is 

unitary, that is, if and only if T is bijective and rr* = t. 

2) Let T be an isometry. If v = s (!) s.L and s is invariant under 
r, then so is s.L. 

Proof. We prove part (2). Since S is invariant under r, we have 
r(S) C S. But dim( r(S)) = dim(S), and so r(S) = S, and S = r-1(S). 
Now, suppose that v E S.L. Then, for any s E S, in view of part (1), 
and the fact that r-1(s) E S, we have 

(r(v),s) = (v,r-1(s)) = 0 

and so r(v) E S.L. I 

Symmetries 
Suppose that V is a nonsingular metric vector space over F, 

where char(F) =J 2, and let u E V be nonnull. Consider the linear 

map 2(v,u) 
uu(v) = v--( -) u u,u 

It is not hard to verify that u u has the following properties. 
1) u u is an isometry 
2) uu(u) = -u 
3) u u(x) = x for all x E (span{ u} ).L 
In view of these properties, we refer to u u as the symmetry determined 
by u. Note that properties (2) and (3) uniquely determine the linear 
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map u0 , since V = span{u}<P(span{u}t. Note also that 

uu = -t I (u) (lJ t I (u)J. 

where t is the identity map, and {u) is the subspace spanned by the 
vector u. 

We will require the following property of symmetries. 

Theorem 11.25 Let V be a nonsingular orthogonal geometry over a 
field F, with char(F) ::j:. 2. If u and v are nonzero vectors in V, with 
(u,u) = {v,v) ::j:. 0, then there exists a symmetry u for which u(u) = v 
or u(u) = -v. 

Proof. Suppose first that u + v is nonnull. Then the symmetry uu+v 
is defined, and 

uu+v(u + v) = -(u + v) 

Further, since {u- v,u + v) = 0, we have 

uu+v(u-v) =u-v 

Combining these two shows that uu+v(u) = -v, as desired. 
If u + v is null, then u- v must be nonnull, for otherwise u 

would be null. Hence, the symmetry uu-v is defined. Moreover, 

u0 _v(u- v) = -(u- v) 
and 

u0 _v(u+v)=u+v 

These equations show that u0 _v(u) = v, as desired. I 

The next result indicates the importance of symmetries. 

Theorem 11.26 Let V be a nonsingular orthogonal geometry over a 
field F with char(F) ::j:. 2. Then any orthogonal transformation 
r: V ~ V is the product of symmetries on V. 

Proof. We proceed by induction on d = dim(V), leaving the case d = 
1 to the reader. Assume the theorem is true for d -1, and let 
dim(V) =d. Choose a nonnull vector u E V. Since {r(u),r(u)) = 
{u,u), we may apply Theorem 11.25 to deduce the existence of a 
symmetry u on V for which u(r(u)) = m, where f = ± 1. Since u 
is an isometry, if x E {u)J., then 

(ur(x),u) = (ur(x),Eur(u)) = E(x,u} = 0 

and so ur({u)J.) C (u)J.. Hence, {u) and (u)J. are both invariant 
under ur. By the induction hypothesis, applied to the (d-1)­
dimensional space {u)J., 
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(11.10) 

where wi E (u).t. and 

O'T I .1. = (j •• •(j 
(u) w1 wk 

u w. is the symmetry on (ut defined by 
1 

2(v,wi) 
uw.(v) = v--( --)wi 

1 wi,wi 
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But this is also a symmetry on V, where uw.(u) = u. Thus, thinking 
of u w. as defined on all of V, we have 1 

1 

(11.11) uw1 .. ·uwk(u) = u = fur(u) 

Now we distinguish two cases. If f = 1, then (11.10) and (11.11) 
show that 

O'T = 0' •• ·0' 
w1 wk 

on both (u) and (u).l., which implies that ur = u w .. ·u w on V. 
F. II . t . 't · l 1 k ma y, smce a symme ry 1s 1 s own mverse, we 1ave 

T = 0'0' •• ·0' w1 wk 

On the other hand, if f = -1, then (11.11) gives 

uuuw .. ·uw (u) = uu(u) = -u = ur(u) 
1 k 

and since uu fixes all vectors in (u)\ and (u).l. is invariant under 

ur, (11.10) gives, for x E (u).l., 

uuuw '"O'w (x) = O'uO'T I .1.(x) = O'T I .t.(x) 
1 k (u) (u) 

Thus, in this case, 

and so 
I 

Witt's Cancellation Theorem 
We now come to one of the major results of orthogonal geometry, 

due to Witt. To wit: 

Theorem 11.27 (Witt's cancellation theorem) Let V be a nonsingular 

orthogonal geometry over a field F, with char(F) =/:. 2. Suppose that 

V = S Q) S.l. = T Q) T.l. 

where S and T are nonsingular. Then 

S :::::::T ::::} S.l. :::::::T.l. 

Proof. Let r:S~T be an isometry. We proceed by induction on 

dim(S). Suppose first that dim(S) = 1, and that S = span{s}. Then 
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T = span{r(s)} and (r(s),r(s)} = (s,s). According to Theorem 11.25, 
there is a symmetry u for which u(s) = t:r(s), where f = ± 1. Hence, 
u is an isometry of V for which u(S) = T. It follows that 

X E s.l. {:::} (x,s} = 0 {:::} (u(x),u(s)} = 0 {:::} (u(x),r(s)} = 0 {:::} u(x) E r 
and so the restriction (j I .1. is an isometry from s.l. to T.l., which 
shows that s.l. ~ r. s 

Now suppose the theorem is true for dim(S) < k, and let 
dim(S) = k. Let r:S---+T be an isometry. Since S is nonsingular, we 
can choose a nonnull vector s E S, and write 

S = span{s} Q) U 

where U is nonsingular. Moreover, 

T = span{ r(s)} Q) r(U) 
Thus, 

v = span{s} Q) u Q) s.l. 
and 

V = span{ r(s)} Q) r(U) Q) T.l. 

Now we may apply Witt's Theorem for the one-dimensional case to 
deduce that 

U CPS.l. ~ r(U) CPT.l. 

Suppose that u: U CD S.l. ---+r(U) CD T.l. is an isometry. Then, since 
u(U Q) S.l.) = u(U) Q) u(S.l.), we have 

u(U) CD u(S.l.) = r(U) CD T.l. 

But u(U) ~ r(U), and since dim( u(U)) = dim(U) < dim(S), the 
induction hypothesis implies that S.l. ~ u(S.l.) ~ T.l.. I 

Witt's Extension Theorem 
Suppose that V and V' are nonsingular orthogonal geometries, 

and that u: V---+ V' is an isometry. Suppose also that U IS a 
nonsingular subspace of V, and r:U---+r(U) C V' is an isometry. We 
want to show that r can be extended to an isometry on V. 

Since U is nonsingular, so is r(U). We deduce that 

V' = r(U) CD r(U).l. = u(U) CD u(U.l.) 

Since r(U) ~ U ~ u(U), the Witt cancellation theorem implies that 
r(Ut ~ u(U.l.). If v:u(U.l.)---+r(U).l. is an isometry, then the product 
vu: U.l. ---+r(U).l. is also an isometry, and so 

r = r CD vu: u CD u.l. ___. V' 
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is an isometry with the property that 1' I u = T. This is the extension 
of T that we have been seeking. 

We now propose to show that the assumption that U is 
nonsingular is not needed. The plan is to show first that any subspace 
U of V can be embedded in a nonsingular subspace, and that any 
isometry on U can be extended to this nonsingular subspace. Then we 
may appeal to the nonsingular case, as described earlier. 

Theorem 11.28 Let V be a nonsingular orthogonal geometry over F, 
with char(F) I 2. Let U be a subspace of V. Write U = 
Rad(U) c;p W and W is nonsingular (which we can do by Theorem 
11.9). Suppose that c:B = {b1, ... , htc} is a basis for Rad(U). Then 
there exist vectors { z1, ... , zk} for which 
1) the pairs (bi,zi) ·are hyperbolic pairs, and so the spaces Hi= 

span{bi,zJ are hyperbolic planes, and 
2) U is contained in the nonsingular space H1 <P .. • <P Hk <P W. 
Moreover, if r:U--r(U) C V' is an isometry, where V' is nonsingular, 
then there exists an isometry "f':V--V' for which 1' I u = T. 

Proof. We prove (1) and (2) by induction on k = dim(Rad(U)). For 
k = 0, there is nothing to prove. To get a feel for the procedure, let 
k = 1. Thus, c:B = {b1} is a basis for Rad(U). 

We want to find a z1 E V for which (b1,z1) is a hyperbolic pair, 
that is, 

{11.12) 

and for which, letting H1 = span{b1,z1}, we have 

H1 n W = {0} and H1 .l W 

Suppose we find a z1 E WJ. for which (11.12) holds. Then if x = 
rb1 +sz1 E H1 nW, we get 

0 = (rb1 + sz1,z1) = r 

and so x = sz1 E W n WJ. = {0}, since W is nonsingular. Hence, 

H1 nw = {o} 

Thus, since b1,z1 E WJ. imply H1 .l W, we need only find a 
z1 E WJ. for which ( 11.12) holds. Since b1 E WJ., and Rad(WJ.) = 
Rad(W) = {0}, there must exist a vector x E WJ. such that 
(b1 ,x) I 0. Let us set z1 = rb1 + sx, and show there exists an r and s 
for which (11.12) holds, that is, for which 

1 = (b1 ,z1) = (b1 ,rb1 + sx) = s(b1 ,x) 
and 
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Since (hi ,x} -:f 0, the first of these equations can be solved for s, and 
the second can then be solved for r. Thus, the desired vector zi exists 
for which (bi,zi) is a hyperbolic pair, and (1) and (2) hold for the case 
k=l. 

Assume for the purposes of induction that (1) and (2) are true for 
dim(Rad(U)) < k, and let dim(Rad(U)) = k. Then 

U = Rad(U) Q) W = span{~} Q) span{bi, ... , ~-d Q) W 

and if we let U0 = span{b1,. • • , ~-I} Q) W, then Rad(U0 ) = 
span{hi, ... ,~-I}. Now, since ~ E U~, and since 

Rad(U~) = Rad(U0 ) = span{bi,. .. , ~-I} 

does not contain ~' we deduce as before the existence of a vector 
X E u~ for which (~,x} # 0. Again as before, we deduce the existence 
of a vector zk E U~ for which (~,zk) is a hyperbolic pair. Let 
Hk = span{~,zk}. 

Since Hk C U~, we have U0 C H~, and since H~ is nonsingular, 
and dim(Rad(U0 )) = k -1, we may apply the induction hypothesis to 
U0, as a subspace of H~. Hence, there exists hyperbolic planes 
H1,. •. , Hk-l in H~, for which 

U0 c U0 =HI <P···<PHk-I <PW 
- .L -

and since U0 C Hk, we have Hk .L U0 and 

U CHI Q)···Q)Hkc;pW 

To prove the final statement of the theorem, suppose that 
r:U--+r(U) C V' is an isometry, where V' is nonsingular. We know 
that 

u = (bl}<P···<P(~}<PW cHI <P···<PHk<PW 

where {hi} is the subspace spanned by hi, and Hi = span{hi,zi}· Since 
T is an isometry, we have 

r(U) = ( r(h1)} Q) • • • Q) ( r(~)} Q) r(W) 

Now, let r(bi) = r(bi) and r(w) = r(w) for all wE W. We need 
only choose r( zi) so as to make r an isometry. 

To this end, let us apply the first part of the theorem to the 
nonsingular space V', with subspace r(U). Since { r(bi), ... , r(~)} is 
a basis for Rad{ r(U)}, we deduce the existence of vectors wi E V' for 
which 

r(U) C K1 Q)···Q)Kkc;pW' 

where the Ki =span{ r(bi),wJ are hyperbolic planes in V'. Hence, if 
we let r(zi) = wi, it follows easily that r is an isometry. 1 
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Theorem 11.28, together with the discussion preceding the 
theorem, gives the following. 

Theorem 11.29 (Witt's extension theorem) Let V and V1 be 
isometric nonsingular orthogonal geometries over a field F, with 
char(F) f 2. Suppose that U is a nonsingular subspace of V, and 
r: U ___. U 1 C V 1 is an isometry. Then T can be extended to all of V, 
that is, there is an isometry 7':V----V1 for which 1' I u = T. I 

We consider an application of Witt's extension theorem. Let V 
be a nonsingular orthogonal geometry over a field F, with char(F) f 2. 
Suppose that U and U1 are maximal null subspaces of V. {That is, 
U and U1 are not properly contained in any null subspaces of V.) 
We propose to show that dim(U) = dim(U1). 

If dim(U) ~ dim(V 1), then there is a vector space isomorphism 
r:U----r(U) C U1, which is also an isometry, since U and U1 are null. 
Thus, Witt's extension theorem implies the existence of an isometry 
7':V----V that extends T. In particular, 7'-1(U 1) is a null space that 
contains U, and so 7'-1(U 1) = U, which shows that dim(U) = dim{U 1). 

We now have the following. 

Theorem 11.30 Let V be a nonsingular orthogonal geometry over a 
field F, with char(F) f 2. Then all maximal null subspaces of V 
have the same dimension, which is called the Witt index of V, and is 
denoted by w(V). I 

Maximal Hyperbolic Subspaces 
Since a hyperbolic space is completely determined (up to isometry) 

by its dimension, it is of interest to know something about maximal 
hyperbolic subspaces of a nonsingular orthogonal geometry. {In the 
symplectic case, if V is nonsingular, then V is hyperbolic.) We will 
denote a hyperbolic space by %, and a hyperbolic space of dimension 
2k by %2k, thus 

%2k = H1 CD···CDHk 

where each Hi is a hyperbolic plane. 
Note that a two-dimensional space is a hyperbolic plane if and 

only if it is nonsingular and contains a null vector. (We assume that 
char{F) f 2.) 

Suppose that V is isotropic, that is, V contains a null vector. 
If Uk is a nonempty null subspace of V of dimension k, then 
Rad(Uk) = Uk, and so we may apply Theorem 11.28, to deduce that 
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Uk C %2k = H1 <P···<PHk 

where Hi is generated by a hyperbolic pair {Xj,yj). Thus, any null 
subspace uk is contained in a hyperbolic space %2k with 
dim(%2k) = 2dim(Uk). This implies that the Witt index of V is at 
most dim{V)/2. 

On the other hand, suppose that 

%2k = H1 <P · · · <P Hk 

is a hyperbolic space in V, and that Hi is generated by the hyperbolic 
pair {Xj,YJ Then the set <!8 = { x1,. .. , xk} is independent, for if 

r1x1 + · · · + rkxk = 0 
it follows that 

0 = {r1x1 + · · · + rkxk,y) = rj(:xj,Yj) = r.i 

for all j. Moreover, since {Xj,Xj) = 0 for all ij, the subspace Uk = 
span{<!B} is a k-dimensional null space. Thus, any hyperbolic space 
%2k in V contains a null space Uk. This implies that if %2m is a 
maximal hyperbolic subspace of V, then m ~ w(V). Furthermore, 
since V must contain a null space U w(V)• it must also contain a 
hyperbolic subspace of dimension 2w{V). In other words, the 
maximum dimension of a hyperbolic subspace of V is 2w{V). 

Now, suppose that 

and 
9G = Kl <P ... <P Km 

are maximal hyperbolic subspaces of V, and that Hi is spanned by the 
hyperbolic pair (ui,vi), and Ki is spanned by the hyperbolic pair 
(Xj,Yj). We wish to show that dim(%)= dim(%). 

Suppose that dim(%) ~ dim(%), and consider the vector space 
monomorphism r:%~r(%) C 9G defined by the conditions 

r(ui) = Xj, r(vi) = Yi 

According to Theorem 11.22, T is an isometry, and so % ~ r(%). 
Thus, Witt's extension theorem implies the existence of an isometry 
'f:V~V that extends r. In particular, -r-1(%) is a hyperbolic space 
that contains %, and so -r-1(%) = %, which shows that dim(%)= 
dim(%). We have shown that all maximal hyperbolic subspaces of V 
have the same dimension, namely, 2w(V). 

Now suppose that % is a maximal hyperbolic subspace of V. 
Since hyperbolic spaces are nonsingular, we have V = %Q>%J.. Then 
%.1. is anisotropic, that is, it contains no null vectors. To see this, 
suppose to the contrary that x E %.1. is a null vector. Since there is a 
null subspace U C % for which dim(U) = dim(%)/2 = w(V), the null 
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space U' = span{U,x} has dimension w(V) + 1, which contradicts the 
meaning of the Witt index. Hence, H.L contains no null vectors. 

Conversely, suppose that %2k is hyperbolic, that V = %2k Q;l %~It 
and that J{,~lt: is anisotropic. Then %2k is maximal hyperbolic. For 
if not, then %2k is properly contained in a hyperbolic subspace %2m, 

and we can write 
%2m = %2k Q;l% 

where % is the orthogonal complement of % in %2m. Now, we 
claim that % is a hyperbolic space of dimension 2(m- k). For we do 
have 

(11.13) 

for some hyperbolic space %2(m-k)' and so by Witt's cancellation 
theorem, % ~ %2(m-k)" 

Since %2(m-k) contains a null vector, (11.13) implies that there 
is a null vector x E %~It , contrary to assumption. Hence, %2k is 
maximal. 

Our discussion of hyperbolic subspaces has established the 
following key result. 

Theorem 11.31 Let V be a nonsingular orthogonal geometry over F 
with char(F) =f:. 2. Then all maximal hyperbolic subspaces of V have 
dimension 2w(V), where w(V) is the Witt index of V. Moreover, 

V=%@S 

where % is a maximal hyperbolic subspace of V, or % = {0} if V 
has no null vectors, and S is an anisotropic subspace of V, that is, S 
contains no null vectors. I 

According to Theorems 11.9 and 11.31, any orthogonal geometry 
V over a field F, with char(F) =f:. 2, can be written in the form 

Rad(V)@%@ S 

where Rad(V) is a null space, % is a hyperbolic space, and S IS 

anisotropic. 

EXERCISES 
1. Prove that a form is symmetric if and only if the matrix M~ of 

the form is symmetric. 
2. Prove that a form is alternate if and only if its matrix M~ = 

(ai) is alternate, that is, 
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ai,i = 0, aiJ = -aj,i (i I j) 

3. Show that a metric vector space V is nonsingular if and only if 
the matrix Mc:B of the form is nonsingular, for any ordered 
basis c:B. 

4. Does Minkowski space contain any null vectors? If so, find them. 
5. Is Minkowski space isometric to Euclidean space IR4? 
6. If (,} is a symmetric bilinear form on V, show that Q(x) = 

(x,x} /2 is a quadratic form. 
7. Show that T is an isometry if and only if Q(r(v)) = Q(v) where 

Q is the quadratic form associated with the bilinear form on V. 
(Here char(F) I 2.) 

8. Show that a bijective map r:V--+W is an isometry if and only if 
for any basis {v1, ... ,vn} of V, we have 

(rvi,rvj) = (vi,vj} 

9. Show that if V is a nonsingular orthogonal geometry over a field 
F, with char(F) I 2, then any totally isotropic subspace of V is 
also a null space. 

10. Find a metric vector space V for which Rad(Vt is singular. Is 
V = Rad(V) W Rad(Vt? 

11. Prove that if x is any nonsquare in a finite field F q' then all 
nonsquares have the form r2x, for some rEF. Hence, the 
product of any two nonsquares in F q is a square. 

12. Formulate Sylvester's law of inertia in terms of quadratic forms 
on V. 

13. Let V be any or.thogonal geometry over the real field IR. Prove 
that V can be written as a direct sum V = GJl $ N $ Z, where 
the bilinear form on V is positive definite on GJI, negative 
definite on N and zero on Z. Moreover, the dimensions of GJI, 
N and Z are uniquely determined by V. 

14. Prove that two one-dimensional metric vector spaces are isometric 
if and only if they have the same discriminant. 

15. a) Let U be a subspace of V. Show that the inner product 
(x+U,y+U} = (x,y} is well-defined if and only if U C Rad(V). 

b) If U C Rad(V), when is V /U is nonsingular? 
16. Let V = N <!) S, where N is a null space. 

a) Prove that N = Rad(V) if and only if S is nonsingular. 
b) If S is nonsingular, prove that S ~ V / Rad(V). 

17. Let dim(V) = dim(W). Prove that V / Rad(V) ~ W / Rad(W) 
implies V ~ W. 

18. Let V = SWT. 
a) Prove that Rad(V) = Rad(S) W Rad(T) 
b) V / Rad(V) ~ Sf Rad(S) W T / Rad(T) 
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c) dim(Rad(V)) = dim(Rad(S)) + dim(Rad(T)) 
d) V is nonsingular if and only if S and T are both 

nonsingular. 
19. Verify in detail that the adjoint is well-defined and linear. 
20. Prove that T E L(V), where V is nonsingular, is an isometry if 

and only if it is bijective and unitary. 
21. If char(F) f. 2, prove that a T E L(V,W) is an isometry if and 

only if it is bijective and (r(v),r(v)) = (v,v) for all v E V. 
22. Let C:S = {v1,. .. ,v11} be a basis for V. Prove that T E L(V,W) 

is an isometry if and only if it is bijective and (rvi,rvj) = (vi,vj) 
for all iJ. 

23. Let V be a nonsingular orthogonal geometry, and let T E L(V) 
be an isometry. 
a) Show that dim(ker(t-r)) = dim(im(t-T).L). 
b) Show that ker(t- r) = im(t- rt. How would you describe 

ker(t- r) in words? 
c) If T is a symmetry, what is dim(ker(t- r))? 
d) Can you characterize symmetries by means of 

dim(ker(t- r))? 
24. A linear transformation T E L(V) is called unipotent if T - L is 

nilpotent. Suppose that V is an anisotropic metric vector space, 
and that T is unipotent and isometric. Show that T = t. 

25. Let V be a hyperbolic space of dimension 2m, and let U be a 
hyperbolic subspace of V of dimension 2k. Show that for each 
k :::; j :::; m, there is a hyperbolic subspace %2j of V for which 
u c %2j c v. 

26. Let V be a symplectic geometry or an orthogonal geometry with 
char(F) f. 2. Prove that a subspace S of V is a hyperbolic 
plane if and only if S is nonsingular, has dimension 2 and 
contains a null vector. 



CHAPTER 12 

Metric Spaces 

Contents: The Definition. Open and Closed Sets. Convergence in a 
Metric Space. The Closure of a Set. Dense Subsets. Continuity. 
Completeness. Isometrics. The Completion of a Metric Space. 
Exercises. 

The Definition 
In Chapter 9, we studied the basic properties of real and complex 

inner product spaces. Much of what we did does not depend on whether 
the space in question is finite or infinite dimensional. However, as we 
discussed in Chapter 9, the presence of an inner product, and hence a 
metric, on a vector space, raises a host of new issues related to 
convergence. In this chapter, we discuss briefly the concept of a metric 
space. This will enable us to study the convergence properties of real 
and complex inner product spaces. 

A metric space is not an algebraic structure. Rather it is designed 
to model the abstract properties of distance. 

Definition A metric space is a pair (M,d), where M is a nonempty set 
and d:M x M-+IR is a real-valued function, called a metric on M, with 
the following properties. The expression d(x,y) is read "the distance 
from x to y." 
1) (Positive defmiteness) For all x,y EM, 
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d(x,y) ~ 0 

2) (Symmetry) For all x,y E M, 

d{x,y) = d(y,x) 

3} (Triangle inequality) For all x,y,z EM, 

d{x,y) ~ d{x,z) + d(z,y) 0 

As is customary, when there is no cause for confusion, we simply 
say "let M be a metric space." 

Example 12.1 Any nonempty set 
discrete metric, defined by 

M is a metric space under the 

d(x,y);{ ~ 
Example 12.2 

ifx = y 

ifx # y 
0 

1) The set IRn is a metric space, under the metric defined, for x = 
(x1, ... ,~) and y = (y1, ... ,yn) by 

d{x,y) = V{xl- YI}2 + ... + {xn- Yu}2 

This is called the Euclidean metric on IRn. We note that IRn is 
also a metric space under the metric 

dl(x,y)= lx1-Y1I + .. ·+ 1~-Ynl 
Of course, {IRn,d} and (1Rn,d1} are different metric spaces. 

2) The set en is a metric space under the unitary metric 

d{x,y) = VI X1- Y1 12 + .. · + I~- Yn 12 

where X= (xl! ... ,~} and y = (yl, ... ,Yn) are in en. 0 

Example 12.3 
1} The set C[a,b] of all real-valued {or complex-valued} continuous 

functions on [a,b] is a metric space, under the metric 

d{f,g) = sup I f{x) - g(x) I 
x E (a,bj 

We refer to this metric as the sup metric. 
2) The set C[a,b] of all real-valued (or complex-valued) continuous 

functions on [a,b] is a metric space, under the metric 

d1 {f{x),g(x)) = J: I f{x)- g(x) I dx 0 
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Example 12.4 Many important sequence spaces are metric spaces. We 
will often use boldface Roman letters to denote sequences, as in x = 
(xn) and y = (Yn)· 
1) The set e~ of all bounded sequences of real numbers is a metric 

space under the metric defined by 

d(x,y) =sup I xu- Yn I 
ll 

The set eC of all bounded complex sequences, with the same 
metric, is also a metric space. As is customary, we will usually 
denote both of these spaces by e''0 • 

2) For p 2: 1, let £P be the set of all sequences x = (xu) of real (or 
complex) numbers for which 

We define the p-norm of x by 

llxllp=(~ 
Then £P is a metric space, under(th~ metric )l/p 

d(x,y) = II X- Y II p = 1~ I Xu- Yn I P 

The fact that £P is a metric follows from some rather famous 
results about sequences of real or complex numbers, whose proofs 
we leave as (well-hinted) exercises. 

Holder's inequality Let p,q :;:: 1 and p + q = pq. If x E £P and 

y E eq, then xy = (xnyn) E £1 and 

II xy ll1 ~ II x II p II Y II q 

that is, 

)
1/q 

I Yn I q 

A special case of this (with p = q = 2) is the Cauchy-Schwarz 
inequality 

Minkowski's inequality For p 2: 1, if x,y E £P, then x + y = 
(xu+ Yu) E £P and 

that is, 
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0 

Definition If M is a metric space under d, then any nonempty subset 
S of M is also a metric under the restriction of d to S x S. The 
metric space S thus obtained is called a subspace of M. 

Open and Closed Sets 

Definition Let M be a metric space. Let x0 E M and let r be a 
positive real number. 
1) The open ball centered at x0, with radius r, is 

B(x0 ,r) = {x EM I d(x,x0) < r} 

2) The closed ball centered at x0, with radius r, is 

B(x0,r) = {x EM I d(x,x0 ) ~ r} 

3) The sphere centered at x0, with radius r, is 

S(x0,r) = {x EM I d(x,x0 ) = r} 0 

Definition A subset S of a metric space M is said to be open if each 
point of S is the center of an open ball that is contained completely 
in S. More specifically, S is open if for all x E S, there exists an 
r > 0 such that B(x,r) C S. Note that the empty set is open. A set 
T C M is closed if its complement Tc = M - T is open. 0 

It is easy to show that an open ball is an open set and a closed 
ball is a closed set. If x E M, we refer to any open set S containing x 
as an open neighborhood of x. It is also easy to see that a set is open 
if and only if it contains an open neighborhood of each of its points. 

The next example shows that it is possible for a set to be both 
open and closed, or neither open nor closed. 

Example 12.5 In the metric space IR, the open balls are just the open 
intervals 

B(x0,r) = (x0 - r,x0 + r) 
and the closed balls are the closed intervals 

B(x0,r) = [x0 - r,x0 + r] 
Consider the half-open interval S = (a,b], for a< b. This set is not 
open, since it contains no open ball centered at b E S, and it is not 
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closed, since its complement sc = ( -oo,a] U (b,oo) lS not open (it 
contains no open ball about a). 

Observe also that the empty set is both open and closed, as is the 
entire space IR. (Although we will not do so, it is possible to show that 
these are the only two sets that are both open and closed in IR.) D 

It is not our intention to enter into a detailed discussion of open 
and closed sets, the subject of which belongs to a branch of 
mathematics known as topology. In order to put these concepts in 
perspective, however, we have the following result, whose proof is left to 
the reader. 

Theorem 12.1 The collection 0 of all open subsets of a metric space 
M has the following properties 
1) 0 E 0, ME 0 
2) If S, T E 0, then S n T E 0 
3) If {Si I i E K} is any collection of open sets, then U Si E 0. I 

i E K 

These three properties form the basis for an axiom system that is 
designed to generalize notions such as convergence and continuity, and 
lead to the following definition. 

Definition Let X be a nonempty set. A collection 0 of subsets of X 
is called a topology for X if it has the following properties 
1) 0 E 0, X E 0 
2) If S, T E 0, then S n T E 0 
3) If {S; I i E K} is any collection of sets in 0, then U S; E 0. 

We refer to subsets m 0 as open sets, and the p1i~ K(X,O) as a 
topological space. D 

According to Theorem 12.1, the open sets (as we defined them 
earlier) in a metric space M form a topology for M, called the 
topology induced by the metric. 

Topological spaces are the most general setting in which we can 
define concepts such as convergence and continuity, which is why these 
concepts are called topological concepts. However, since the topologies 
with which we will be dealing are induced by a metric, we will generally 
phrase the definitions of the topological properties that we will need 
directly in terms of the metric. 

Convergence in a Metric Space 
Convergence of sequences in a metric space is defined as follows. 
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Definition A sequence (x11) in a metric space M converges to x E M, 
written (~)--+x, if 

Ji~ d(~,x) = 0 

Equivalently, (~)--+x if for any £ > 0, there exists an N > 0 such 
that 

or, equivalently 
n > N =? ~ E B(x,£) 

In this case, x is called the limit of the sequence (~). I 

If M is a metric space, and S is a subset of M, by a sequence 
in S, we mean a sequence whose terms all lie in S. We next 
characterize closed sets, and therefore also open sets, using convergence. 

Theorem 12.2 Let M be a metric space. A subset S C M is closed if 
and only if whenever (~) is a sequence in S, and (x11)--+x, then 
xES. In loose terms, a subset S is closed if it is closed under the 
taking of sequential limits. 

Proof. Suppose that S is closed, and let (~)--+x, where x11 E S for 
all n. Suppose that x ft. S. Then since x E sc and sc is open, there 
exists an £ > 0 for which x E B(x,£) C sc. But this implies that 

B(x,£) n {x11} = 0 

which contradicts the fact that (x11)--+x. Hence, x E S. 
Conversely, suppose that S is closed under the taking of limits. 

We show that sc is open. Let x Esc, and suppose to the contrary 
that no open ball about x is contained in sc. Consider the open balls 
B(x,l/n), for n = 1,2, .... Since none of these balls is contained in sc, 
for each n, there is an ~ E S n B(x,l/n). It is clear that (~)--+x, and 
so xES. But x cannot be in both S and sc, and so some ball 
about x is in sc, which implies that sc is open. Thus, S is 
closed. I 

The Closure of a Set 

Definition Let S be any subset of a metric space M. The closure of 
S, denoted by cl(S), is the smallest closed set containing S. 0 

We should hasten to add that, since the entire space M is closed, 
and since the intersection of any collection of closed sets is closed 
(exercise), the closure of any set S does exist, and is, in fact, the 
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intersection of all closed sets containing S. The following definition 
will allow us to characterize the closure in another way. 

Definition Let S be a nonempty subset of a metric space M. An 
element x E M is said to be a limit point, or accumulation point of S 
if every open ball centered at x meets S at a point other than x 
itself. Let us denote the set of all limit points of S by l(S). 0 

Here are some key facts concerning limit points and closures. 

Theorem 12.3 Let S be a nonempty subset of a metric space M. 
1) An element x E M is a limit point of S if and only if there is a 

sequence (~) in S for which ~ 'f:. x for all n, and (~J-+x. 
2) S is closed if and only if l(S) C S. In words, S is closed if and 

only if it contains all of its limit points. 
3) cl(S) = S u l(S). 
4) An element x is in cl(S) if and only if there is a sequence (~) 

in M for which (x11)-+x. 

Proof. 
1) Assume first that x E l(S). For each n, there exists a point 

~1 'f:. x such that ~1 E B(x,1/n) n S. Thus, we have 

d(~,x) < 1/n 

and so (~)-+x. For the converse, suppose that (~)-+x, where 
x 'f:. ~ E S. If B(x,r) is any ball centered at x, then there is 
some N such that n > N implies ~1 E B(x,r). Hence, for any 
ball B(x,r) centered at x, there is a point ~ 'f:. x, such that 
x11 E S n B(x,r). Thus, x is a limit point of S. 

2) As for part (2), if S is closed, then by part (1), any x E l(S) is 
the limit of a sequence (~) in S, and so must be in S. Hence, 
l(S) C S. Conversely, if l(S) C S, then S is closed. For if (x11) 

is any sequence in S, and (x11)-+x, then there are two possibilities. 
First, we might have x11 = x for some n, in which case x = 
~ E S. Second, we might have ~ 'f:. x for all n, in which case 
(~)-+x implies that x E l(S) C S. In either case, x E S and so 
S is closed under the taking of limits, which implies that S is 
closed. 

3) Clearly, S C T = S U l(S). To show that T is closed, we show 
that it contains all of its limit points. So let x E l(T). Hence, 
there is a sequence (~) E T for which x11 'f:. x and (~)-+x. Of 
course, each x11 is either in S, or is a limit point of S. We must 
show that x E T, that is, that x is either in S or is a limit 
point of S. 
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Suppose for the purposes of contradiction that x r/. S and 
x r/. l(S). Then there is a ball B(x,r) for which B(x,r) n S =/= 0. 
However, since (xn)-.x, there must be an xn E B(x,r). Since xn 
cannot be in S, it must be a limit point of S. Referring to 
Figure 12.1, if d(xn,x) = d < r, then consider the ball B(x11,r2d). 
This ball is completely contained in B(x,r) and must contain an 
element y of S, since its center ~ is a limit point of S. But 
then yES n B(x,r), a contradiction. Hence, xES or x E l(S). 
In either case, x E T = S U /(S) and so T is closed. 

Thus, T is closed and contains S, and so cl(S) C T. On 
the other hand, T = S n l(S) C cl(S), and so cl(S) = T. 

Figure 12.1 

4) If x E cl(S), then there are two possibilities. If xES, then the 
constant sequence (xu), with xn = x for all x, is a sequence in 
S that converges to x. If x r/. S, then x E l(S), and so there is a 
sequence (x11) in S for which xu =/= x and (xu)-.x. In either 
case, there is a sequence in S converging to x. Conversely, if 
there is a sequence (xn) in S for which (xn)-.x, then either 
JS.1 = x for some n, in which case x E S C cl(S), or else xn =/= x 
for all n, in which case x E l(S) C cl(S). I 

Dense Subsets 
The following concept is meant to convey the idea of a subset 

S C M being "arbitrarily close" to every point in M. 

Definition A subset S of a metric space M is dense in M if 
cl(S) = M. A metric space IS said to be separable if it contains a 
countable dense subset. 0 

Thus, a subset S of M is dense if every open ball about any point 
x E M contains at least one point of S. 

Certainly, any metric space contains a dense subset, namely, the 
space itself. However, as the next examples show, not every metric 
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space contains a countable dense subset. 

Example 12.6 
1) The real line IR is separable, since the rational numbers Q form 

a countable dense subset. Similarly, IRn is separable, since the 
set Qn is countable and dense. 

2) The complex plane C is separable, as is en for all n. 
3) A discrete metric space is separable if and only if it is countable. 

We leave proof of this as an exercise. 0 

Example 12.7 The space € 00 is not separable. Recall that € 00 is the 
set of all bounded sequences of real numbers (or complex numbers), 
with metric 

d(x,y) =sup I~ -yn I 
n 

To see that this space is not separable, consider the set S of all binary 
sequences 

S = {(JS.1 ) I xi = 0 or 1 for all i} 

This set is in one-to-one correspondence with the ~t of all subsets of N, 
and so is uncountable. (It has cardinality 2 o > N0.) Now, each 
sequence in S is certainly bounded and so lies in € 00• Moreover, if 
Xi= y E € 00 , then the two sequences must differ in at least one position, 
and so d(x,y) = 1. 

In other words, we have a subset S of € 00 that is uncountable, 
and for which the distance between any two distinct elements is 1. 
This implies that the uncountable collection of balls {B(8,1/3) I 8 E S} 
is mutually disjoint. Hence, no countable set can meet every ball, 
which implies that no countable set can be dense in e=. D 

Example 12.8 The metric spaces eP are separable, for p 2: 1. The set 
S of all sequences of the form 

8 = ( ql , ... ,qn,o, ... ) 

for all n > 0, where the qj's are rational, is a countable set. Let us 
show that it is dense in eP. Any X E eP satisfies 

00 

L I~IP<oo 
n=l 

Hence, for any f > 0, there exists an N such that 

f: lxnlp<~ 
n=N+l 

Since the rational numbers are dense in IR, we can find rational 
numbers qi for which 
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I X· - q. I p < _i_ 
l l 2N 

for all i = l, ... ,N. Hence, if s= (q1,. .. ,qN,O, . . . ), then 
N oo 

12 Metric Spaces 

d(x,s)P = L I xn - qn I P + L I ~ I P < ~ + ~ = ( 
n=l n=N+l 

which shows that there is an element of S arbitrarily close to any 
element of £P. Thus, S is dense in £P, and so £P is separable. 0 

Continuity 
Continuity plays a central role in the study of linear operators on 

infinite dimensional inner product spaces. 

Definition Let f:M--+M' be a function from the metric space (M,d} to 
the metric space (M',d'). We say that f is continuous at x0 EM if 
for any ( > 0, there exists a 6 > 0 such that 

d(x,x0) < 6 => d'(f(x),f(x0)) < ( 
or, equivalently, 

(See Figure 12.2.) A function is continuous if it is continuous at every 
x0 EM. 0 

Figure 12.2 

We can use the notion of convergence to characterize continuity 
for functions between metric spaces. 

Theorem 12.4 A function f:M--+M' is continuous if and only if 
whenever (~) is a sequence in M that converges to x0 EM, then the 
sequence (f(~J) converges to f(x0), in short, 

(~)--+x0 => (f(~) )--+f(x0) 

Proof. Suppose first that f is continuous at x0, and let (xn)--+x0• 

Then, given ( > 0, the continuity of f implies the existence of a 6 > 0 
such that 
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Since (~)-+x, there exists an N > 0 such that ~ E B(x0,6) for 
n > N, and so 

n > N :::} f(~) E B(f(x0),f) 

Thus, f(~)-+f(Xo)· 
Conversely, suppose that (~)-+x0 implies (f(~))-+f(x0). 

Suppose, for the purposes of contradiction, that f is not continuous at 
x0• Then there exists an f > 0 such that, for all 6 > 0 

f(B(x0,6)) ~ B(f(x0),t) 
Thus, for all n > 0, 

f( B(x0,k)) ~ B(f(x0),t) 

and so we may construct a sequence (xn) by choosing each term ~ 
with the property that 

~ E B(x0,k), but f(xn) f/_ B(f(x0),f) 

Hence, (~)-+x0, but f(~) does not converge to f(x0). This 
contradiction implies that f must be continuous at x0• I 

The next theorem says that the distance function is a continuous 
function in both variables. 

Theorem 12.5 Let (M,d) be a metric space. If (~)-+x and (Yn)-+y, 
then d(~,yn)-+d(x,y). 

Proof. According to Exercise 2, 

I d(~,yn)- d(x,y) I ~ d(~,x) + d(yn,y) 

But the right side tends to 0 as n-+oo, and so d(xwYn)-+d(x,y). I 

Completeness 
The reader who has studied analysis will recognize the following 

definitions. 

Definition A sequence (~) in a metric space M is a Cauchy 
sequence if, for any f > 0, there exists an N > 0 for which 

0 

We leave it to the reader to show that any convergent sequence is 
a Cauchy sequence. When the converse holds, the space is said to be 
complete. 



250 12 Metric Spaces 

Definition Let M be a metric space. 
1) M is said to be complete if every Cauchy sequence in M 

converges in M. 
2) A subspace S of M is complete if it is complete as a metric 

space. Thus, S is complete if every Cauchy sequence (sn) in S 
converges to an element in S. 0 

Before considering examples, we prove a very useful result about 
completeness of subspaces. 

Theorem 12.6 Let M be a metric space. 
1) Any complete subspace of M is closed. 
2) If M is complete then a subspace S of M is complete if and 

only if it is closed. 

Proof. To prove (1), assume that S is a complete subspace of M. Let 
(xn) be a sequence in S for which (~J-+x E M. Then (~) is a 
Cauchy sequence in S, and since S is complete, (xu) must converge 
to an element of S. Since limits of sequences are unique, we have 
x E S. Hence, S is closed. 

To prove part (2), first assume that S is complete. Then part 
(1) shows that S is closed. Conversely, suppose that S is closed, and 
let (~1) be a Cauchy sequence in S. Since (xu) is also a Cauchy 
sequence in the complete space M, it must converge to some x E M. 
But since S is closed, we have (~)-+xES. Hence, S is complete. I 

Now let us consider some examples of complete (and incomplete) 
metric spaces. 

Example 12.9 It is well-known that the metric space 1R is complete. 
(However, a proof of this fact would lead us outside the scope of this 
book.) Similarly, the complex numbers C are complete. 0 

Example 12.10 The Euclidean space IRu and the unitary space en 
are complete. Let us prove this for IRu. Suppose that (xk) IS a 
Cauchy sequence in IRu, where 

Thus, 
xk = (xk I, ... ,xku) 

' ' 
n 

d(xk,~Y = L (xk,i- ~n)2-+0 as k,m-+oo 
i=l 

and so, for each coordinate position i, 

(xk,i- ~n,Y ~ d(xk,~Y-+ 0 
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which shows that the sequence (xk)k=l,2,... of ith coordinates is a 
Cauchy sequence in IR. Since IR is complete, we must have 

(xk,J-.yi as k-oo 

n 

d(~,y)2 = L (xk,i- YY- 0 as k-oo 
i=l 

and so (x11)-y E IR11• This proves that IR11 is complete. 0 

Example 12.11 The metric space (C[a,b],d) of all real-valued (or 
complex-valued) continuous functions on [a,b], with metric 

d(f,g) = sup I f(x)- g(x) I 
xe (a,b] 

is complete. To see this, we first observe that the limit with respect to 
d is the uniform limit on [a,b], that is d(f11,f)-O if and only if for any 
f > 0, there is an N > 0 for which 

n > N =>I f11(x)- f(x) I :Sf for all x E [a,b] 

Now, let (f11) be a Cauchy sequence in (C[a,b],d). Thus, for any 
f > 0, there is an N for which 

(12.1) m,n > N => I f11(x)- fm(x) I :S f for all x E [a,b] 

This implies that, for each x E [a,b], the sequence (f11(x)) is a Cauchy 
sequence of real (or complex) numbers, and so it converges. We can 
therefore define a function f on [a,b] by 

f(x) =lim f11(x) 
11-+00 

Letting m-oo in (12.1), we get 

n > N => I f11(x)- f(x) I :S f for all x E [a,b] 

Thus, f11(x) converges to f(x) uniformly. It is well-known that the 
uniform limit of continuous functions is continuous, and so 
f(x) E C[a,b]. Thus, (f11(x))-f(x) E C[a,b], and so (C[a,b],d) IS 

complete. 0 

Example 12.12 The metric space (C[a,b],d1) of all real-valued (or 
complex-valued) continuous functions on [a,b], with metric 

d1 (f(x),g(x)) = J: I f(x)- g(x) I dx 

is not complete. For convenience, we take [a,b] = [0,1] and leave the 
general case for the reader. Consider the sequence of functions f11(x) 
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whose graphs are shown in Figure 12.3. (The definition of fn(x) 
should be clear from the graph.) 

Figure 12.3 

We leave it to the read~r to show that the sequence (fn(x)) is Cauchy, 
but does not converge in (C[0,1],d1). 0 

Example 12.13 The metric space eoo is complete. To see this, suppose 
that (xu) is a Cauchy sequence in € 00 , where 

~ = (xn,l•xn,2•···) 

Then, for each coordinate position i, we have 

(12.2) I ~.i- ~1,i I ::; s~p I ~j- xmj I --o as n,m_.oo 
J 

Hence, for each i, the sequence (xu)u=l,2,... of ith coordinates is a 
Cauchy sequence in IR (or C). Since IR (or C) is complete, we have 

(~)--Yi as n_.oo 

for each coordinate position i = 1, 2,.. .. We want to show that y = 
(Yi) E € 00 and that (~)--y. 

Letting m_.oo in (12.2) gives 

(12.3) sup I x ·- Y· I _.Q as n_.oo 
• ll,J J 
J 

and so, for some n, 

and so 
I ~j - Yj I < 1 for all j 

I.Yj I < 1 + I xnj I for all j 

But since ~1 E € 00, it is a bounded sequence, and therefore so is (yj). 
That is, y = (Yj} E € 00• Since (12.3) implies that (~1)---y, we see that 
€00 is complete. 0 

Example 12.14 The metric space fP is complete. To prove this, let 
(~) be a Cauchy sequence in fP, where 

~ = (xn,l' xn,2• ... ) 
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Then, for each coordinate position i, 
00 

I xn,i- xm,i IPS L I Xnj- Xmj I P = d(~,~u)P--. 0 
j=l 

253 

which shows that the sequence (~)n=l,Z,... of ith coordinates is a 
Cauchy sequence in IR (or C). Since IR (or C) is complete, we have 

(xn)--.Yi as n--.oo 

We want to show that y = (yJ E £P and that (~)--.y. 
To this end, observe that for any f > 0, there is an N for which 

r 

n,m > N => L I xn,i - ~,i I P S f 
i=l 

for all r > 0. Now, we let m--.oo, to get 
r 

n > N => L I ~.i - Yi I P S f 

i=l 

for all r > 0. Letting r--.oo, we get, for any n > N, 
00 

L I xn,i- Yi I P < f 
i=l 

which implies that (~)- y E £P, and so y = y- (~1) + (~) E £P , and 
in addition, (~1)--.y. 0 

As we will see in the next chapter, the property of completeness 
plays a major role in the theory of inner product spaces. Inner product 
spaces for which the induced metric space is complete are called Hilbert 
spaces. 

Isometries 
A function between two metric spaces that preserves distance is 

called an isometry. Here is the formal definition. 

Definition Let (M,d) and (M',d') be metric spaces. A function 
f:M--.M' is called an isometry if 

d'(f(x),f(y)) = d(x,y) 

for all x,y EM. If f:M--.M' is a bijective isometry from M to M', 
we say that M and M' are isometric and write M ~ M'. I 

Theorem 12.7 Let f:(M,d)--.(M',d') be an isometry. Then 
1) f is injective 
2) f is continuous 
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3) r 1:f{M)-+M is also an isometry, and hence also continuous. 

Proof. To prove {1), we observe that 

f{x) = f{y) ¢? d'{f{x),f{y)) = 0 ¢? d{x,y) = 0 ¢? x = y 

To prove {2), let (xn)~x in M, then 

d'(f(xn),f(x)) = d(~,x)-+0 as n-+oo 

and so (f(xn))-+f(x), which proves that f is continuous. Finally, we 
have 

d(r1(f(x)),r1(f(y)) = d(x,y) = d'(f(x),f(y)) 

and so r 1:f(M)-+M is an isometry. I 

The Completion of a Metric Space 
While not all metric spaces are complete, any metric space can be 

embedded in a complete metric space. To be more specific, we have the 
following important theorem. 

Theorem 12.8 Let (M, d) be any metric space. Then there is a 
complete metric space (M',d') and an isometry r:M-+r(M) C M' for 
which r(M) is dense in M'. The metric space (M',d') is called a 
completion of (M,d). Moreover, (M',d') is unique, up to bijective 
isometry. 

Proof. The proof is a bit lengthy, so we divide it into various parts. 
We can simplify the notation considerably by thinking of sequences 
(xn) in M as functions f:N-+M, where f{n) = xn. 

Cauchy Sequences in ~ 
The basic idea is to let the elements of M' be equivalence classes 

of Cauchy sequences in M. So let CS(M) denote the set of all Cauchy 
sequences in M. If f,g E CS(M) then, intuitively speaking, the terms 
f(n) get closer together as n-+oo, and so do the terms g(n). Therefore, 
it seems reasonable that d(f(n),g(n)) should approach a finite limit as 
n-+oo. Indeed, according to Exercise 2, 

I d(f(n),g(n))- d(f(m),g(m)) I :S d(f(n),f(m)) + d(g(n),g(m)) -+ 0 

as n,m-+oo, and so d(f(n),g(n)) is a Cauchy sequence of real numbers, 
which implies that 

{12.4) 1}i~ d(f(n),g(n)) < oo 

(That is, the limit exists and is finite.) 
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Equivalence Classes of Cauchy Sequences in M 
We would like to define a metric d' on the set CS(M) by 

d'(f,g) =Ji~ d(f(n),g(n)) 

However, it is possible that 

Ji~ d(f(n),g(n)) = 0 

for distinct sequences f and g, so this does not define a metric. Thus, 
we are lead to define an equivalence relation on CS(M) by 

f...., g ¢> lim d(f(n),g(n)) = 0 
ll--+00 

Let CS(M) be the set of all equivalence classes of Cauchy sequences, 
and define, for f, g E CS(M) 

(12.5) d'(f,g) =Ji~ d(f(n),g(n)) 

where f E f and g E g. 
To see that d' is well-defined, suppose that f E f and g' E g. 

Then since f...., f and g'...., g, we have 

I d(f'(n),g'(n))- d(f(n),g(n)) I :::; d(f(n),f(n)) + d(g'(n),g(n))- 0 

r...., f and g'...., g => Ji~ d(f(n),g'(n)) = Ji~ d(f(n),g(n)) 

=> d'(f,g') = d'(f,g) 

which shows that d' is well-defined. To see that d' is a metric, we 
verify the triangle inequality, leaving the rest to the reader. If f,g and 
h are Cauchy sequences, then 

d(f(n),g(n)):::; d(f(n),h(n)) + d(h(n),g(n)) 

Taking limits gives 

nli~ d(f(n),g(n)):::; Ji~ d(f(n),h(n)) + Ji~ d(h(n),g(n)) 

and so 
d'(f,g) :::; d'(f,h) + d'(h,g) 

Embedding (M,d) in (M',d') 
For each x EM, consider the constant Cauchy sequence [x), 

where [x](n) = x for all n. The map r:M-M' defined by 

r(x) = [x] 
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is an isometry, since 

d'(r(x),r(y)) = d'{[x),[y]) = J.L~ d([x){n),[y](n)) = d(x,y) 

Moreover, r{M) is de.nse in M'. This follows from the fact that we 
can approximate any Cauchy sequence in M by a constant sequence. 
In particular, let f EM'. Since f E f is a Cauchy sequence, for any 
f. > 0, there exists an N such that 

n,m ;::: N ::} d(f{n),f(m)) < f. 
Now, for the constant sequence [f{N)) we have 

d'{[f{N)),f) = Ji~ d(f{N),f(n)) ~f. 
and so r(M) is dense in M'. 

(M',d') is Complete 
Suppose that 

ft, f2, fa, ... 

is a Cauchy sequence in M'. We wish to find a Cauchy sequence g in 
M for which 

d'{fk,g) = J.L~ d(fk{n),g(n)) --+ 0 as k--+oo 

Since fk EM', and since r{M) is dense in M', there is a constant 
sequence [ck] for which 

,-- . 1 d {fk,[ck]) = J~~ d(fk{n),ck) < k 
Let g be the sequence defined by 

g(k) = ck 

This is a Cauchy sequence in M, since 

d(ck,cj) = d'([cJJ,[cj]) 

-- -- -- 1 -- 1 ~ d'{[cJJA) + d'(fk,~) + d'{~,[cj]) ~ 'k + d'(fk,~) + r - o 
as kj--+oo. To see that fk converges to g, observe that 

d'(fk,g) ~ d'{fk,[ck]) + d'([ck],g) < ~+ J.L~ d(ck,g(n)) 

= ~ + J.L~ d( ck,cn) 

Now, since g is a Cauchy sequence, for any f.> 0, there is an N such 
that 
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In particular, 

and so 

which implies that fk --+g, as desired. 

Uniqueness 
Finally, we must show that if (M',d') and (M",d") are both 

completions of (M,d), then M' ~ M". Note that we have bijective 
isometries r:M--+r(M) C M' and u:M--+u(M) C M". Hence, the map 
p = ur-1:r(M)--+u(M) is a bijective isometry from r(M) onto u(M), 
where r(M) is dense in M'. (See Figure 12.4.) 

Figure 12.4 

Our goal is to show that p can be extended to a bijective isometry p 
from M' to M". 

Let x EM'. Then there is a sequence (all) in r(M) for which 
(all)--+x. Since (all) is a Cauchy sequence in r(M), (p(all)) is a 
Cauchy sequence in u(M) C M", and since M" is complete, we have 
(p(all))--+y for some y EM". Let us define p(x) = y. 

To see that p is well-defined, suppose that (all)--+x and 
(bll)--+x, where both sequences lie in r(M). Then 

d"(p(all),p(bll)) = d'(all,b11)---+ 0 as n--+oo 

and so (p(all)) and (p(b11)) converge to the same element of M", 
which implies that p(x) does not depend on the choice of sequence in 
r(M) converging to x. Thus, p is well-defined. Moreover, if 
a E r(M), then the constant sequence [a] converges to a, and so 
p(a) =lim p(a) = p(a), which shows that p is an extension of p. 

To see that p is an isometry, suppose that (all)--+x and 



2.58 12 Metric Spaces 

(bn)-+y. Then (p(an))-+p(x) and {p(bn))-+p(y), and since d" is 
continuous, we have 

d"(p(x),p(y)) = Jimo d"(p(~),p(bn)) = Jimo d'{~,bn) = d'(x,y) 

Thus, we need only show that p is surjective. Note first that 
u(M) = im(p) C im(p). Thus, if im(p) is closed, we can deduce from 
the fact that u(M) is dense in M" that im(p) = M". So, suppose 
that (p(~)) is a sequence in im(p), and {p(~))-+z. Then {p(~)) 
is a Cauchy sequence, and therefore so is (~). Thus, (~)-+x EM'. 
But p is continuous, and so (p(~))-+p(x), which implies that 
p(x) = z, and so z E im(p). Hence, p is surjective, and M' ~ M". I 

EXERCISES 
1. Prove the generalized triangle inequality 

d{x1,xn) ·~ d(x1,x2) + d{x2,x3) + · · · + d(xn_1,xn) 

2. a) Use the triangle inequality to prove that 

I d(x,y)- d(a,b) I ~ d(x,a) + d(y,b) 
b) Prove that 

I d(x,z)- d(y,z) I ~ d(x,y) 

3. Let S C e'~ be the subspace of all binary sequences (sequences of 
Os and 1s). Describe the metric on S. 

4. Let M = {O,l}n be the set of all binary n-tuples. Define a 
function h:S x S----.IR by letting h{x,y) be the number of positions 
in which x and y differ. For example, h[{11010),{01001)) = 3. 
Prove that h is a metric. (It is called the Hamming distance 
function and plays an important role in coding theory.) 

5. Let 1 ~ p < oo. 

a) If x = (xn) E £P show that ~ ---+0 
b) Find a sequence that converges to 0 but is not an element of 

any £P for 1 ~ p < oo. 

6. a) Show that if X=(~) E £P, then X E eq for all q > p. 
b) Find a sequence x = {xn) that is in £P for p > 1, but is not 

in £1. 

7. Show that a subset S of a metric space M is open if and only if 
S contains an open neighborhood of each of its points. 

8. Show that the intersection of any collection of closed sets in a 
metric space is closed. 

9. Let {M,d) be a metric space. The diameter of a nonempty 
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subset S C M IS 

6(S) =sup d(x,y) 
x,y E S 

A set S is bounded if 6(S) < oo. 

a) Prove that S is bounded if and only if there is some x EM 
and r E IR for which S C B(x,r). 

b) Prove that 6(S) = 0 if and only if S consists of a single 
point. 

c) Prove that S C T implies 6(S) :5 6(T). 
d) If S and T is bounded, show that S U T is also bounded. 

10. Let (M,d) be a metric space. Let d' be the function defined by 

d'(x ) - d(x,y) 
,y - 1 + d(x,y) 

a) Show that (M.d') is a metric space, and that M is bounded 
under this metric, even if it is not bounded under the 
metric d. 

b) Show that the metric spaces (M,d) and (M,d') have the 
same open sets. 

11. If S and T are subsets of a metric space (M,d), we define the 
distance between S and T by 

p(S,T) = inf d(x,y) 
X E S,t E T 

a) Is it true that p(S,T) = 0 if and only if S = T? Is p a 
metric? 

b) Show that x E cl(S) if and only if p( { x} ,S) = 0. 
12. Prove that x E M is a limit point of S C M if and only if every 

neighborhood of x meets S in a point other than x itself. 
13. Prove that x EM is a limit point of S C M if and only if every 

open ball B(x,r) contains infinitely many points of S. 
14. Prove that limits are unique, that is, (xn)_.x, (~)--y implies 

that x = y. 
15. Let S be a subset of a metric space M. Prove that x E cl(S) if 

and only if there exists a sequence (xn) in S that converges to 
x. 

16. Prove that the closure has the following properties. 

a) S C cl(S) b) cl(cl(S))=S 
c) cl(S U T) = cl(S) U cl(T) d) cl(S n T) c cl(S) n cl(T) 

Can the last part be strengthened to equality? 
17. a) Prove that the closed ball B(x,r) is always a closed subset. 

b) Find an example of a metric space in which the closure of an 
open ball B(x,r) is not equal to the closed ball B(x,r). 
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18. 
19. 
20. 

21. 

22. 

23. 

24. 

25. 
26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 
36. 

Provide the details to show that IR11 is separable. 
Prove that C11 is separable. 

12 Metric Spaces 

Prove that a discrete metric space is separable if and only if it is 
countable. 
Prove that the metric space ~[a,b] of all bounded functions on 
[a,b], with metric 

is not separable. 

d(f,g) = sup I f(x)- g(x) I 
x E [a,bj 

Show that a function f:(M,d)......,.(M',d') is continuous if and only if 
the inverse image. of any open set is open, that is, if and only if 
r 1(U) = {x EM I f(x) E U} is open in M whenever u is an 
open set in M'. 
Repeat the previous exercise, replacing the word open by the word 
closed. 
Give an example to show that if f:(M,d)......,.(M',d') is a continuous 
function and U is an open set in M, it need not be the case that 
f(U) is open in M'. 
Show that any convergent sequence is a Cauchy sequence. 
If (x11)......,.x in a metric space M, show that any subsequence 
(~ ) of (x11) also converges to x. 
Sutpose that (x11) is a Cauchy sequence in a metric space M, 
and that some subsequence (x11 ) of (x11) converges. Prove that 
(x11) converges to the same limit as the subsequence. 
Prove that if (~) is a Cauchy sequence, then the set {~} is 
bounded. What about the converse? Is a bounded sequence 
necessarily a Cauchy sequence? 
Let (~) and (y11) be Cauchy sequences in a metric space M. 
Prove that the sequence d11 = d(x11,y11) converges. 
Show that the space of all convergent sequences of real numbers 
(or complex numbers) is complete as a subspace of £00• 

Let GJ denote the metric space of all polynomials over C, with 
metric d(p,q) =sup I p(x)- q(x) I· Is GJ complete? 

[a, b) 
Let S C £00 be the subspace of all sequences with finite support 
(that is, with a finite number of nonzero terms). Is S complete? 
Prove that the metric space 7L of all integers, with metric 
d(n,m) = In- m I, is complete. 
Show that the subspace S of the metric space C[a,b] (under the 
sup metric) consisting of all functions f E C[a,b] for which 
f(a) = f(b) is complete. 
If M ~ M' and M is complete, show that M' is also complete. 
Show that the metric spaces C[a,b] and C[c,d], under the sup 
metric, are isometric. 
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37. (Holder's inequality) Prove HOlder's inequality 

00 ( 00 )1/p ( 00 )1/q 
~ I XnYn I ~ ~ I ~1l P ~ I Yu I q 

as follows. 
a) Show that s = tP-1 => t = sq-1 

b) Let u and v be positive real numbers, and consider the 
rectangle R in R2 with corners (0,0), (u,O), (O,v) and 
(u,v), with area uv. Argue geometrically (i.e., draw a picture) 
to show that 

and so p q 
uv~~ + ~ 

c) Now let X= E I ~1 1 P < oo and Y = E I Y11 1 q < oo. 
the results of part (b), to 

1~11 
u= xi/p' v=b!J y1/q 

and then sum on n to deduce Holder's inequality. 
38. (Minkowski's inequality) Prove Minkowski's inequality 

as follows. 
a) Prove it for p = 1 first. 
b) Assume p > 1. Show that 

Apply 

I Xn + Yul p ~ I Xn I I Xn + Yul p-1 + I Ynl I~+ Yn I p-I 
c) Sum this from n = 1 to k, and apply HOlder's inequality to 

each sum on the right, to get 
k L I~+Ynlp 

n=1 

s{(t.lx,IPr +(t,1Yn1Pflt.lx,+Yn1Pr 
Divide both sides of this by the last factor on the right, and 
let n-+oo to deduce Minkowski's inequality. 

39. Prove that eP is a metric space. 



CHAPTER 13 

Hilbert Spaces 

Contents: A Brief Review. Hilbert Spaces. Infinite Series. An 
Approximation Problem. Hilbert Bases. Fourier Expansions. A 
Characterization of Hilbert Bases. Hilbert Dimension. A 
Characterization of Hilbert Spaces. The Riesz Representation 
Theorem. Exercises. 

Now that we have the necessary background on the topological 
properties of metric spaces, we can resume our study of inner product 
spaces without qualification as to dimension. As in Chapter 9, we 
restrict attention to real and complex inner product spaces. Hence F 
will denote either IR or C. 

A Brief Review 
Let us begin by reviewing some of the results from Chapter 9. 

Recall that an inner product space V over F is a vector space V, 
together with an inner product (,}:V x V -+F. If F = IR, then the inner 
product is bilinear, and if F = C, the inner product is sesquilinear. 

An inner product induces a norm on V, defined by 

II vII = J(Y,V} 
We recall in particular the following properties of the norm. 
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Theorem 13.1 
1) (The Cauchy-Schwarz inequality) For all u,v E V, 

I (u, v} I ~ II u II II v II 
with equality if and only if u = rv for some rEF. 

2) (The triangle inequality) For all u,v E V, 

llu+vll ~!lull+ llvll 

with equality if and only if u = rv for some rEF. 
3) (The parallelogram law) 

llu+vll2+ llu-v112=2llull2+2llvll2 I 

We have seen that the inner product can be recovered from the 
norm, as follows. 

Theorem 13.2 
1) If V is a real inner product space, then 

(u, v} = i( 11 u + v 11 2 - 11 u- v 11 2) 

2) If V is a complex inner product space, then 

(u,v} = i( II u +vII 2 - II u- vII 2) + ii( II u + iv II 2·- II u- iv II 2) 

The inner product also induces a metric on V defined by 

d( u, v) = 11 u - v II 
Thus, any inner product space is a metric space. 

Definition Let V and W be inner product spaces, and let 
r E L(V,W). 
1) r is an isometry if it preserves the inner product, that is, if 

(r(u),r(v)} = (u,v} 

for all u,v E V. 
2) A bijective isometry is called an isometric isomorphism. When 

r: V ___. W is an isometric isomorphism, we say that V and W 
are isometrically isomorphic. 0 

It is easy to see that an isometry is always injective but need not 
be surjective, even if V = W. (See Example 10.3.) 
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Theorem 13.3 A linear transformation T E L(V, W) is an isometry if 
and only if it preserves ·the norm, that is, 

II r(v) II = II vII 

for all v E V. I 

The following result points out one of the main differences 
between real and complex inner product spaces. 

Theorem 13.4 Let V be an inner product space, and let T E L(V). 
1) If (r(v),w) = 0 for all v, wE V, then T = 0. 
2) If V is a complex inner product space, and (r(v),v) = 0 for all 

v E V, then T = 0. 
3) Part (2) does not hold in general for real inner product spaces. I 

Hilbert Spaces 
Since an inner product space is a metric space, all that we learned 

about metric spaces applies to inner product spaces. In particular, if 
(~) is a sequence of vectors in an inner product space V, then 

(~)~x if and only if II ~1 - x II ~o as n~oo 

The fact that the inner product is continuous as a function of 
either of its coordinates· is extremely useful. 

Theorem 13.5 Let V be an inner product space. Then 
1) (~l)~x, (Yn)~y :::} (~l,yn)~(x,y) 
2) (~1)~x => II~ II ~ II x II I 

Complete inner product spaces play an especially important role in 
both theory and practice. 

Definition An inner product space that is complete under the metric 
induced by the inner product is said to be a Hilbert space. 0 

Example 13.1 One of the most important examples of a Hilbert space 
is the space € 2 of Example 10.2. Recall that the inner product is 
defined by 

00 

(x,y) = L~S"n 
n=l 

(In the real case, the conjugate is unnecessary.) The metric induced by 
this inner product is 
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1/2 

d(x,y) = II X- Y ll2 = (t:; f X,- Yuf') 

which agrees with the definition of the metric space £2 given in 
Chapter 12. In other words, the metric in Chapter 12 is induced by this 
inner product. As we saw in Chapter 12, this inner product space is 
complete, and so it is a Hilbert space. (In fact, it is the prototype of all 
Hilbert spaces, introduced by David Hilbert in 1912, even before the 
axiomatic definition of Hilbert space was given by Johnny von 
Neumann in 1927.) 0 

The previous example raises the question of whether or 
other metric spaces £P (p =f. 2), with distance given by 

not the 

(13.1) ( )
1/p 

d(x,y)= llx-yllp= ~ lxn-Ynlp 

are complete inner product spaces. The fact is that they are not even 
inner product spaces! More specifically, there is no inner product whose 
induced metric is given by (13.1). To see this, observe that, according 
to Theorem 13.1, any norm that comes from an inner product must 
satisfy the parallelogram law 

II X+ y 11 2 + II X- y 11 2 = 211 X 11 2 + 211 y 11 2 

But the norm in (13.1) does not satisfy this law. To see this, take 
(1,1,0 ... ) and y = (1,-1,0 ... ). Then 

and 
II X+ y II p = 2, II X- y II p = 2 

II X II p = 21/P, II y II p = 21/P 

x= 

Thus) the left side of the parallelogram law is 8, and the right side is 
4 · 22 P, which equals 8 if and only if p = 2. 

Just as any metric space has a completion, so does any inner 
product space. 

Theorem 13.6 Let V be an inner product space. Then there exists a 
Hilbert space H and an isometry r:V---.H for which r(V) is dense in 
H. Moreover, H is unique up to isometric isomorphism. 

Proof. We know that the metric space (V,d), where d is induced by 
the inner product, has a unique completion (V',d'), which consists of 
equivalence classes of Cauchy sequences in V. If (~J E (~) E V' and 
(Yn) E (Yn) E V', then we set 
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and 
((~),(Yn)} =nil.~ {xu,Yn} 

It is easy to see that, since (~) and (y11) are Cauchy sequences, so 
are (~ + y11) and (r~). In addition, these definitions are well­
defined, that is, they are independent of the choice of representative 
from each equivalence class. For instance, if (x11) E (~) then 

Ji~ 11~-xnll = 0 
and so 

I {~,Yu}- {xn,yn} I = I {xu- ~.Yu} I :::; II X.1-~ II II Yn II ->0 

(The Cauchy sequence (y11) is bounded.) Hence, 

We leave it to the reader to show that V' is an inner product space 
under these operations. 

Moreover, the inner product on V' induces the metric d', since 

{(X.l- Yu),(X.1- Yn)} = Ji~ {X.l- Yu•X.1- Yu) 

= 1}i~ d(~,y~i 
= d'( (X.l),(Yu) )2 

Hence, the metric space isometry r: V-> V' is an isometry of inner 
product spaces, since 

(r(x),r(y)) = d'(r(x),r(y))2 = d(x,y) 2 = (x,y) 

Thus, V' is a complete inner product space, and r(V) is a dense 
subspace of V' that is isometrically isomorphic to V. We leave the 
issue of uniqueness to the reader. I 

The next result concerns subspaces of inner product spaces. 

Theorem 13.7 
1) 
2) 

Any complete subspace of an inner product space is closed. 
A subspace of a Hilbert space is a Hilbert space if and only if it is 
closed. 

3) Any finite dimensional subspace of an inner product space is 
closed and complete. 

Proof. Parts (1) and (2) follow from Theorem 12.6. Let us prove that 
a finite dimensional subspace S of an inner product space V is 
closed. Suppose that (xu) is a sequence in S, (X.1)->x, and x ~ S. 
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Let ':B = {b1, .•. , bm} be an orthonormal Hamel basis for S. The 
Fourier expansion 

m 

8 = L (x,bi)bi 
i=l 

in S has the property that x- 8 -:f. 0 but 

(x- 8,bj) = (x,bj}- (8,bj} = 0 

Thus, if we write y = x- 8 and Yn = ~- 8 E S, the sequence (Yn), 
which is in S, converges to a vector y that is orthogonal to S. But 
this is impossible, because Yn ..L y implies that 

II Yn- Y 11 2 = II Yn 11 2 + II Y 11 2 ~ II Y 11 2 + 0 

This proves that S is closed. 
To see that any finite dimensional subspace S of an inner 

product space is complete, let us embed S (as an inner product space 
in its own right) in its completion S'. Then S (or rather an isometric 
copy of S) is a finite dimensional subspace of a complete inner product 
space S', and as such it is closed. However, S is dense in S' and so 
S = S', which shows that S is complete. I 

Infinite Series 
Since an inner product space allows both addition of vectors and 

convergence of sequences, we can define the concept of infinite sums, or 
infinite series. 

Definition Let V be an inner product space, and let (xk) be a 
sequence in V. The nth partial sum of the sequence is 1\i = 
x1 + · · · + ~· If the sequence (sn) of partial sums converges to a 
vector s E V, that is, if 

llf\1 - 8 II--+ 0 as n--+oo 

then we say that the series E~ converges to 8, and write 

0 

We can also define absolute convergence. 

Definition A series Exk is said to be absolutely convergent if the 
senes 00 

Lllxkll 
n=l 

converges. 0 
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The key relationship between convergence and absolute 
convergence is given in the next theorem. Note that completeness is 
required to guarantee that absolute convergence implies convergence. 

Theorem 13.8 Let V be an inner product space. Then V is complete 
if and only if absolute convergence of a series implies convergence. 

Proof. Suppose that V is complete, and that E II xk II < oo. Then the 
sequence s11 of partial sums is a Cauchy sequence, for if n > m, we 
have 

n n 

llsn- sm II = II L xk II ~ L II xk II __.. 0 
k=m+1 k=m+1 

Hence, the sequence (Bu_) converges, that is, the series Exk converges. 
Conversely, suppose that absolute convergence implies 

convergence, and let (~) be a Cauchy sequence in V. We wish to 
show that this sequence converges. Since (x11) is a Cauchy sequence, 
for each k > 0, there exists an Nk with the property that 

ij ~ Nk ::} II Xj- ~ II < 21k 

Clearly, we can choose N1 < N2 < .. ·, in which case 

II XNk+I - XNk II < 2\ 

and so 
00 00 1 L llxN -xN II~ L"k<oo 

k=1 k+1 k k=12 

Thus, according to hypothesis, the series 
00 

L)xNk+I - xNk) 
k=1 

converges. But this is a telescoping series, whose nth partial sum is 

XN -XN 
n+1 1 

and so the subsequence (xN ) converges. Since any Cauchy sequence 
that has a convergent subselquence must itself converge, the sequence 
(xk) converges, and so V is complete. I 

An Approximation Problem 
Suppose that V is an inner product space, and that S is a 

subset of V. It is of considerable interest to be able to find, for any 
x E V, a vector in S that is closest to x in the metric induced by the 
inner product, should such a vector exist. This is the approximation 
problem for V. 
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Suppose that x E V, and let 

6 = inf II x- sll 
sES 

Then there is a sequence ~ for which 

6n=llx-~ll-+6 

as shown in Figure 13.1. 

s 
v 

Figure 13.1 
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X 

Let us see what we can learn about this sequence. First, if we let Yk = 
x- SJc• then according to the parallelogram law 

II Yk + Yj 11 2 + II Yk- Yj 11 2 = 2( II Yk 11 2 + II Yj 11 2) 

or 

(13.2) II Yk- Yj 11 2 = 2( II Yk 11 2 + II Yj 11 2)- 411 Yk; Yj 11 2 

Now, if the set S is convex, that is, if 

x,yES => rx+(1-r)yES forall 0:Sr:S1 

(in words S contains the line segment between any two of its points) 
then (BJc + sj)/2 E S and so 

II Yk; Yj II = II X- BJc;Sj II ?. 6 

Thus, (13.2) gives 

II Yk- Yj 11 2 ::; 2( II Yk 11 2 + II Yj 11 2)- 462-+ 0 

as kJ-+oo. Hence, if S is convex, then (Yn) = (x- sn) is a Cauchy 
sequence, and therefore so is (1\J 

If we also require that S be complete, then the Cauchy sequence 
(~) converges to a vector 8 E S, and by the continuity of the norm, 
we must have II x- 811 = 6. Let us summarize and add a remark 
about uniqueness. 
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Theorem 13.9 Let V be an inner product space, and let S be a 
complete convex subset of V. Then for any x E V, there exists a 
unique s E S for which 

II x-s II = inf II x- 8 II 
8ES 

The vector s is called the best approximation to x in S. 

Proof. Only the uniqueness remains to be established. Suppose that 

II x-s II = 8 = II x- 8' II 
Then, by the parallelogram law, 

II s- 8' 11 2 = II (x- 8')- (x- s) 11 2 

and so s = s'. I 

:S 211 x- s 11 2 + 211 x- 81 11 2 - ll2x-s- 8 1 11 2 

= 2 II x-s II 2 + 2 II x- s' II 2 - 4 II x - s t s' II 2 

:::; 282 + 282 - 482 = 0 

Since any subspace S of an inner product space V is convex, 
Theorem 13.9 applies to complete subspaces. However, in this case, we 
can say more. 

Theorem 13.10 Let V be an inner product space, and let S be a 
complete subspace of V. Then for any x E V, the best approximation 
to x in S is the unique vector s' E S for which x- s' l_ S. 

Proof. Suppose that x- s' l_ S, where s' E S. Then for any s E S, we 
have x- s' l_ 8- s' and so 

Hence s' = s is the best approximation to x in S. Now we need only 
show that x- s l_ S, where s is the best approximation to x in S. 
For any s E S, a little computation reminiscent of completing the 
square gives 

II x- rs 11 2 = (x- rs,x- rs) 

II x 11 2 - f(x,s)- r(s,x) + rf II 8 11 2 

II x 112 + II 8 112(rf- f (x,s) - r (x,s) ) 
II s 11 2 II s 11 2 
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Now, the last expression is smallest when 

(x,s) 
r=ro=--2 

II s II 
in which case 

2 2 I (x,s) 12 
II x- ros II ~ II x II - II 8 II 

Replacing x by x- 8 gives 

II - ..... - 112 < II - ""112- I (x- 8,s) 12 < {;- I (x- 8,s) 12 
x s ros - x s II s II - u II s II 

But 8 + r0s E S, and so the left side must be at least 6, implying that 

1 (x- 8,s) 1 2 _ 0 
llsll -

or, equivalently, 
(x-8,s) = 0 

Hence, x- 8 ..l S. I 

According to Theorem 13.10, if S is a complete subspace of an 
inner product space V, then for any x E V, we may write 

x = 8 + (x-8) 

where 8 E s and X- 8 E SJ.. Hence, v = s + SJ., and since s n SJ. = 
{ 0}, we also have V = S <D SJ.. This is the projection theorem for 
arbitrary inner product spaces. 

Theorem 13.11 (The projection theorem) If S is a complete subspace 
of an inner product space V, then 

V = S <DSJ. 

In particular, if S is a closed subspace of a Hilbert space H, then 

H = S<DSJ. I 

Theorem 13.12 Let S, T and T' be subspaces of an inner product 
space V. 
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1) 
2) 

.1. If V = S <D T, then T = S . 
If S E11 T = S E11 T', then T = T'. 
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Proof. If V = S CD T then T C SJ. by definition of orthogonal direct 
sum. On the other hand, if z E SJ., then z = 8 + t, for some 8 E S 
and t E T. Hence, 

0 = (z,8} = (8,8} + (t,8} = (8,8} 

and so 8 = 0, implying that z = t E T. Thus, SJ. CT. Part (2) 
follows from part (1). I 

Let us denote the closure of the span of a set S of vectors by 
cspan(S). 

Theorem 13.13 Let H be a Hilbert space. 
1) If A is a subset of H, then 

cspan(A) =A .1..1. 

2) If S is a subspace of H, then 

cl(S) = SJ.J. 

3) If K is a closed subspace of H, then 

K=KJ.J. 

Proof. We leave it as an exercise to show that [cspan(A)]J. = A.1.. 
Hence 

H = cspan(A)<D[cspan(A)]J. = cspan(A)CDAJ. 

But since A .1. is closed, we also have 

and so by Theorem 13.12, 
from part (1). I 

H = AJ.<DAJ.J. 

cspan(A) = A J.J.. The rest follows easily 

In the exercises, we provide an example of a closed subspace K of 
an inner product space V for which K f. KJ.J.. Hence, we cannot drop 
the requirement that H be a Hilbert space in Theorem 13.13. 

Corollary 13.14 If A is a subset of a Hilbert space H then span(A) 
is dense in H if and only if A J. = {0}. 

Proof. As in the previous proof, 

H = cspan(A) <DAJ. 

and so AJ. = {0} if and only if H = cspan(A). I 



274 13 Hilbert Spaces 

Hilbert Bases 
We recall the following definition from Chapter 9. 

Definition A maximal orthonormal set in a Hilbert space H is called a 
Hilbert basis for H. [] 

Zorn's lemma can be used to show that any nontrivial Hilbert 
space has a Hilbert basis. Again, we should mention that the concepts 
of Hilbert basis and Hamel basis (a maximal linearly independent set) 
are quite different. We will show later in this chapter that any two 
Hilbert bases for a Hilbert space have the same dimension. 

Since an orthonormal set 0 is maximal if and only if OJ.= {0}, 
Corollary 13.14 gives the following characterization of Hilbert bases. 

Theorem 13.15 Let 0 be an orthonormal subset of a Hilbert space H. 
The following are equivalent. 
1) 0 is a Hilbert basis 
2) ~ = {0} 
3) 0 is a total subset of H, that is, cspan(O) = H. I 

Part (3) of this theorem says that a subset of a Hilbert space is a 
Hilbert basis if and only if it is a total orthonormal set. 

Fourier Expansions 
We now want to take a closer look at best approximations. Our 

goal is to find an explicit expression for the best approximation to any 
vector x from within a closed subspace S of a Hilbert space H. We 
will find it convenient to consider three cases, depending on whether S 
has finite, countably infinite, or uncountable dimension. 

The Finite Dimensional Case 
Suppose that 0 = { u1, ... , ~} is an orthonormal set in a Hilbert 

space H. Recall that the Fourier expansion of any x E H, with respect 
to 0, is given by 

n 

x = 2: (x, uk)uk 
k=l 

where {x,uk} IS the Fourier coefficient of x with respect to uk. 
Observe that 

{x-i,uk} = {x,uk}- {i,uk} = 0 

and so x-i .l span(O). Thus, according to Theorem 13.10, the 
Fourier expansion x is the best approximation to x in span(O). 
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Moreover, since x- x ..L x, we have 

and so 
llxll 2 = llxll 2 -llx-xll 2 $llxll 2 

llxll $llxll 
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with equality if and only if x = x, which happens if and only if 
x E span(O). Let us summarize. 

Theorem 13.16 Let 0 = { u1, ... , ~} be a finite orthonormal set in a 
Hilbert space H. For any x E H, the Fourier expansion x of x is 
the best approximation to x in span(O). We also have Bessel's 
inequality 

llxll $ llxll 
or, equivalently 

n 

(13.3) L I {x,uk) 12 $ II x 11 2 
k=l 

with equality if and only if x E span(O). I 

The Countably Infinite Dimensional Case 
In the countably infinite case, we will be dealing with infinite 

sums, and so questions of convergence will arise. Thus, we begin with 
the following. 

Theorem 13.17 Let 0 = {u1,u2, ... } be a countably infinite 
orthonormal set in a Hilbert space H. The series 

(13.4) 

converges in H if and only if the series 

(13.5) 

converges in IR. If these series converge, then they converge 
unconditionally (that is, any series formed by rearranging the order of 
the terms also converges). Finally, if the series (13.4) converges then 

II f>kuk f = f: lrkl 2 

k=l k=l 

Proof. Denote the partial sums of the first series by ~ and the partial 
sums of the second series by Pn· Then for m $ n 



276 13 Hilbert Spaces 

11 

L I rk I 2 = I P11 - Pm I 
k=m+l 

Hence (1\t) is a Cauchy sequence in H if and only if (p11) Is a 
Cauchy sequence in IR. Since both H and IR are complete, (s11) 

converges if and only if (p11) converges. 
If the series (13.5) converges, then it converges absolutely, and 

hence unconditionally. (A real series converges unconditionally if and 
only if it converges absolutely.) But if (13.5) converges unconditionally, 
then so does (13.4). The last part of the theorem follows from the 
continuity of the norm. I 

Now let 0 = {u1,u2, ••• } be a countably infinite orthonormal set 
in H. The Fourier expansion of a vector x E H is defined to be the 
sum 

00 

( 13.6) x = L (x,uk)uk 
k=l 

To see that this sum converges, observe that, for any n > 0, (13.3) 
gives 

11 

L I (x, uk) I 2 ::; II x II 2 

k=l 
and so 00 

L I (x, uk) I 2 ::; II x II 2 

k=l 
which shows that the series on the left converges. Hence, according to 
Theorem 13.17, the Fourier expansion (13.6) converges unconditionally. 

Moreover, since the inner product is continuous, 

(x-x,uk) = (x,uk)- (x,uk) = 0 

and so x-x E [span(O)t = [cspan(O)t. Hence, x is the best 
approximation to x in cspan(O). Finally, since x- x .l x, we again 
have 

II X 11 2 = II X 11 2 - II X- X 11 2 ::; II X 11 2 

and so 
II X II ::; II X II 

with equality if and only if x = x, which happens if and only if 
x E cspan(O). Thus, the following analog of Theorem 13.16 holds. 

Theorem 13.18 Let 0 = { u1, u2, ••• } 

orthonormal set m a Hilbert space H. 
expansion 

00 

be a countably infinite 
For any x E H, the Fourier 

x = L (x, uk)uk 
k=l 
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of x converges unconditionally and is the best approximation to x m 
cspan(O). We also have Bessel's inequality 

llill ~ llxll 

or, equivalently 
00 

L I (x,uk) 12 ~ II x 11 2 

k=l 

with equality if and only if x E cspan(O). I 

The Arbitrary Case 
To discuss the case of an arbitrary orthonormal set 0 = 

{ uk I k E K}, let us first define and discuss the concept of the sum of an 
arbitrary number of terms. (This is a bit of a digression, since we could 
proceed without all of the coming details -but they are interesting.) 

Definition Let 9G = {xk IkE K} be an arbitrary family of vectors in 
an inner product space V. The sum E xk is said to converge to a 

. kEK vector x E V, and we wnte 

{13.7) x= Lxk 
keK 

if for any f > 0, there exists a finite set S C K for which 

T :::> S, T finite ::} II L xk- x II ~ f 
kET 

I 

For those readers familiar with the language of convergence of 
nets, the set ~0(K) of all finite subsets of K is a directed set under 
inclusion, and the function 

S-+ L:xk 
keS 

is a net in H. Convergence of {13. 7) is convergence of this net. In any 
case, we will refer to the preceding definition as the net definition of 
convergence. 

It is not hard to verify the following basic properties of net 
convergence for arbitrary sums. 

Theorem 13.19 Let 9G = {xk IkE K} be an arbitrary family of vectors 
in an inner product space V. If 

L xk = x and L Yk = y 
kEK kEK 

then 
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1) L: rxk = rx for any r E F 
kEK 

3) L: (xk,y) = (x,y) and L: (y,xk) = (y,x) 
K K 

I 

The next result gives a useful description of convergence, which 
does not require explicit mention of the sum. 

Theorem 13.20 Let % = { xk I k E K} be an arbitrary family of vectors 
in an inner product space V. 
1) If the sum 

converges, then for any t: > 0, there exists a finite set I C K such 
that 

J n I = 0, J finite => II L xk II :::; ( 
kEJ 

2) If V is a Hilbert space, then the converse of (1) also holds. 

Proof. For part (1), given t: > 0, let S C K, S finite, be such that 

T :::> S, T finite => 

If J n s = 0, J finite, then 

II L:xkll = II(L:xk+ L:xk-x)-(L:xk-x)ll 
J J s s 

<i. -2 

:::; II L: xk-xll +II L:xk-xll :S~+~=t: Jus s 
As for part (2), for each n > 0, let InC K be a finite set for 

which 

and let 

Yn = L xk 
k E In 

Then (Yn) is a Cauchy sequence, since 

< II L: xk II + II L: xk II :::; th + ft -+ o 
In-Im Im -In 
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Since V is assumed complete, we have (Yn)-+y. 
Now, given f > 0, there exists an N such that 

Setting n = max{N,2/f} gives 

T ::> In, T finite => 

::; II 2.: xk- Y II + II 2.: ~II < f + 1 < ( 
I T-1 -2 n-
n n 

and so E xk converges to y. 
kEK 
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I 

The following theorem tells us that convergence of an arbitrary 
sum implies something very special about the terms. 

Theorem 13.21 Let X = { xk I k E K} be an arbitrary family of vectors 
in an inner product space V. If the sum 

Lxk 
kEK 

converges, then at most a countable number of terms xk can be 
nonzero. 

Proof. According to Theorem 13.20, for each n > 0, we can let In C K, 
111 finite, be such that 

J n I11 = 0, J finite => II L~ II ::; fr 
j E J 

Let I = U In. Then I is countable, and 
n 

k ~ I => {k} n In = 0 for all n => II xk II ::; fr for all n => xk = 0 I 

Here is the analog of Theorem 13.17. 

Theorem 13.22 Let 0 = { uk I k E K} be an arbitrary orthonormal 
family of vectors in a Hilbert space H. The two series 

converge or diverge together. If these series converge then 
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Proof. The first series converges if and only if for any t > 0, there 
exists a finite set I C K such that 

or, equivalently 

J n I = 0, J finite => II I:>kuk 11
2 ~ t:2 

kEJ 

J n I= 0, J finite => L Irk 12 ~ t: 2 

kEJ 
and this is precisely what it means for the second series to converge. 
We leave proof of the remaining statement to the reader. I 

The following is a useful characterization of arbitrary sums of 
nonnegative real terms. 

Theorem 13.23 Let { rk I k E K} be a collection of nonnegative real 
numbers. Then 

(13.8) L rk = sup L rk 
k E K J finite k E J 

JcK 

provided that either of the preceding expressions are finite. 

Proof. Suppose that 
sup L rk = R < oo 

J finite k E J 
JcK 

Then, for any t: > 0, there exists a finite set S C K such that 

R;?: Lrk;?: R-t: 
kES 

Hence, if T C K is a finite set for which T :) S, then since rk ;?: 0, 

R ;?: L rk ;?: L rk ;?: R- t: 
kET kES 

and so 

II R- L rk II ~ t: 
kET 

which shows that L: rk converges to R. Finally, if the sum on the 
left of (13.8) converges, then the supremum on the right is finite, and so 
(13.8) holds. I 

The reader may have noticed that we have two definitions of 
convergence for countably infinite series- the net version and the 
traditional version involving the limit of partial sums. Let us write 
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for the net version and the partial sum version, respectively. Here is 
the relationship between these two definitions. 

Theorem 13.24 Let H be a Hilbert space. If xk E H for all k, then 
the following are equivalent. 

1) L xk converges (net version) to x 
kE~ 

00 

2) L xk converges unconditionally to x 
k=l 

Proof. Assume that (1) holds. Suppose that 1r is any permutation of 
N+. Given any f > 0, there is a finite set S C N+ for which 

T :::> S, T finite => III: xk- x II $ f 

kET 

Let us denote the set of integers {1, ... ,n} by I11, and choose a 
positive integer n so that 1r(I11) :::> S. Then 

and so (2) holds. 
Next, assume that (2) holds, but that the series in (1) does not 

converge. Then there exists an f > 0 such that, for any finite subset 
I C N+, there exists a finite subset J with J n I= 0 for which 

II Exkll >£ 
kEJ 

From this, we deduce the existence of a countably infinite sequence J11 

of mutually disjoint finite subsets of N+ with the property that 

max(J11) = M11 < mn+t = min(J11+t) 
and 

III: xkll > £ 
kEJ11 

Now, we choose any permutation 1r:N+--+N+ with the following 
properties 

1) 7r([m11,M11]) C [m11,M11] 

2) if J11 = {j111 , ... ,jnu} then 
' 'n 

1r(mn) =jnl• 7r(mn+l) =jn2, ... ,1r(mn+un-l) =jnu 
' ' 'n 

The intention in property (2) is that, for each n, 1r takes a set of 
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consecutive integers to the integers in Jn. 
For any such permutation 1r, we have 

~+un-1 

II 2: x7r(k) II = II 2: xk II > { 
k=mn k E Jn 

which shows that the sequence of partial sums of the series 
00 

LX7r(k) 
k=1 

is not Cauchy, and so this series does not converge. This contradicts 
(2), and shows that (2) implies at least that (1) converges. But if (1) 
converges to y E H, then since (1) implies (2), and since unconditional 
limits are unique, we have y = x. Hence, (2) implies (1). I 

Now we can return to a discussion of Fourier expansions. Let 
0 = { uk I k E K} be an arbitrary orthonormal set in a Hilbert space H. 
Given any x E H, we may apply Theorem 13.16 to all finite subsets of 
0, to deduce that 

and so Theorem 13.23 tells us that the sum 

L I (x,uk) 1 2 

kEK 
converges. Hence, according to Theorem 13.22, the Fourier expansion 

of x also converges, and 

II x 11 2 = L I (x,uk) 12 

kEK 
Note that, according to Theorem 13.21, x is a countably infinite sum 
of terms of the form (x,uk)uk, and so is in cspan(O). 

In view of part (3) of Theorem 13.19, we have 

(x- x,uk) = (x,uk)- (x,uk) = 0 

and so x-x E [span(O)t = [cspan(O)t. Hence, x is the best 
approximation to x in cspan(O). Finally, since x- x .l x, we again 
have 

and so 
llxll 2 = llxll 2 -llx-xii 2 :S llxll 2 

II x II :::; II xll 
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with equality if and only if x = x, which happens if and only if 
x E cspan(O). Thus, we arrive at the most general form of a key 
theorem about Hilbert spaces. 

Theorem 13.25 Let 0 = {uk IkE K} be an orthonormal family of 
vectors in a Hilbert space H. For any x E H, the Fourier expansion 

x = L (x, uk}uk 
kEK 

of x converges in H, and is the unique best approximation to x m 
cspan(O). Moreover, we have Bessel's inequality 

or, equivalently 

L I (x,uk} 12 ~ II x 11 2 

keK 
with equality if and only if x E cspan(O). I 

A Characterization of Hilbert Bases 
Recall from Theorem 13.15 that an orthonormal set 0 = 

{ uk I k E K} in a Hilbert space H is a Hilbert basis if and only if 

cspan(O) = H 

Theorem 13.25 then leads to the following characterization of Hilbert 
bases. 

Theorem 13.26 Let 0 = { uk I k E K} be an orthonormal family in a 
Hilbert space H. The following are equivalent. 
1) 0 is a Hilbert basis (a maximal orthonormal set) 
2) 0..1. = {0} 
3) 0 is total (that is, cspan(O) =H) 
4) x = x for all x E H 
5) Equality holds in Bessel's inequality for all x E H, that is, 

llxll = llxll 
for all x E H. 

6) Parseval's identity 
(x,y} = (x,Y} 

holds for all x,y E H, that is, 

(x,y} = L (x,uk}(y,uk} 
kEK 

Proof. Parts (1), (2) and (3) are equivalent by Theorem 13.15. Part 
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(4) implies part (3), since i E cspan(O), and (3) implies (4) since the 
unique best approximation of any x E cspan(O) is itself, and so x = i. 
Parts (3) and (5) are equivalent by Theorem 13.25. Parseval's identity 
follows from part (4) by part (3) of Theorem 13.19. Finally, Parseval's 
identity for y = x implies that equality holds in Bessel's inequality. I 

Hilbert Dimension 
We now wish to show that all Hilbert bases for a Hilbert space H 

have the same cardinality, and so we can define the Hilbert dimension 
of H to be that cardinality. 

Theorem 13.27 All Hilbert bases for a Hilbert space H have the same 
cardinality. This cardinality is called the Hilbert dimension of H. We 
will denote the Hilbert dimension of H by hdim(H). 

Proof. If H has a finite Hilbert basis, then that set is also a Hamel 
basis, and so all Hilbert bases have size dim(H). Suppose next that 
c:B = {~IkE K} and e = { cj jj E J} are infinite Hilbert bases for H. 
Then for each ~'we have 

~ = L (~,cj)cj 
j E Jk 

where Jk is the countable set {j I (~,cj) =f:. 0}. Moreover, since no cj 
can be orthogonal to every ~' we have UJk = J. Thus, since each 
Jk is countable, Theorem 0.16 gives K 

I J I = I U Jk I :S No I K I = I K I 
kEK 

By symmetry, we also have I K I :S I J I, and so the Schroder-
Bernstein theorem implies that I J I = I K I . I 

Theorem 13.28 Two Hilbert spaces are isometrically isomorphic if and 
only if they have the same Hilbert dimension. 

Proof. Suppose that hdim(H1) = hdim(H2). Let 0 1 = { uk I k E K} be 
a Hilbert basis for H1 and 0 2 = { vk I k E K} be a Hilbert basis for 
H2• We may define a map r:H1--.H2 as follows 

r( L rkuk) = L rkvk 
kEK kEK 

We leave it as an exercise to verify that T is a bijective isometry. The 
converse is also left as an exercise. I 
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A Characterization of Hilbert Spaces 
We have seen that any vector space V is isomorphic to a vector 

space (FB)0 of all functions from B to F that have finite support. 
There is a corresponding result for Hilbert spaces. Let K be any 
nonempty set, and let 

£2(K) = {f:K-c I L I f(k) 12 < oo} 
kEK 

The functions in £2(K) are referred to as square summable functions. 
(We can also define a real version of this set by replacing C by IR.) 
We define an inner product on £2(K) by 

(f,g) = L: f(k)g(k) 
kEK 

The proof that £2(K) is a Hilbert space is quite similar to the 
proof that £2 = £2(N) is a Hilbert space, and the details are left to the 
reader. If we define ok E € 2(K) by 

then the collection 

ok(j) = ok . = { 1 
J 0 

if j = k 

if j =F k 

0={8klkEK} 

is a Hilbert basis for £2(K), of cardinality I K I . To see this, observe 
that 

(oi,oj) = L: oi(k)oj(k) = oij 
kEK 

and so 0 is orthonormal. Moreover, if f E £2(K), then f(k) =F 0 for 
only a countable number of k E K, say {k1,k2, ••• }. If we define f by 

00 

r = 'L:f(kJok. 
i=l J 

then f E cspan(O) and f(jJ = f(j) for all j E K, which implies that 
f =f. This shows that £ (K) = cspan(O), and so 0 is a total 
orthonormal set, that is, a Hilbert basis for £2(K). 

Now let H be a Hilbert space, with Hilbert basis c:B = 
{uk IkE K}. We define a map ¢:H-£2(K) as follows. Since c:B is a 
Hilbert basis, any x E H has the form 

x = L (x,uk)uk 
kEK 

Since the series on the right converges, Theorem 13.22 implies that the 
senes 
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converges. Hence, another application of Theorem 13.22 implies that 
the following series converges, and so we may set 

qS(x) = L (x,uk)c5k 
kEK 

It follows from Theorem 13.19 that qS is linear, and it is not hard to 
see that it is also bijective. Notice that qS(uk) = c5k, and so qS takes 
the Hilbert basis c:B for H to the Hilbert basis 0 for e2(K). 

Notice also that 

II qS(x) 112 = (qS(x),qS(x)) = L I (x,uk) 12 = II L (x,uk)uk 112 = II x 112 
kEK kEK 

and so qS is an isometric isomorphism. We have proved the following 
theorem. 

Theorem 13.29 If H is a Hilbert space of Hilbert dimension K, and if 
K is any set of cardinality K, then H is isometrically isomorphic to 
f 2(K). I 

The Riesz Representation Theorem 
We conclude our discussion of Hilbert spaces by discussing the 

Riesz representation theorem. As it happens, not all linear functionals 
on a Hilbert space have the form "take the inner product with ... ," as 
in the finite dimensional case. To see this, observe that if y E H, then 
the function 

fy(x) = (x,y) 

is certainly a linear functional on H. However, it has a special 
property. In particular, the Cauchy-Schwarz inequality gives, for all 
xEH 

I fy(x) I = I (x,y) I ~ II x II II Y II 
or, for all x f= 0, 

I fy{x) I 
llxll ~ IIYII 

Noticing that equality holds if x = y, we have 

I fy(x) I 
:~Po II x II = II Y II 

This prompts us to make the following definition, which we do for 
linear transformations between Hilbert spaces (this covers the case of 
linear functionals). 
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Definition Let r:Hc·~H2 be a linear transformation from H1 to H2• 

Then T is said to be bounded if 

sup II r(x) II < oo 

x;i:O llxll 
If the supremum on the left is finite, we denote it by II T II and call it 
the norm of T. 0 

Of course, if f:H-+F is a bounded linear functional on H, then 

The set of all bounded linear functionals on a Hilbert space H is called 
the continuous dual space, or conjugate space, of H, and denoted by 
H*. Note that this differs from the algebraic dual of H, which is the 
set of all linear functionals on H. In the finite dimensional case, 
however, since all linear functionals are bounded (exercise), the two 
concepts agree. (Unfortunately, there is no universal agreement on the 
notation for the algebraic dual versus the continuous dual. Since we 
will discuss only the continuous dual in this section, no confusion should 
arise.) 

The following theorem gives some simple reformulations of the 
definition of norm. 

Theorem 13.30 Let r:H1-+H2 be a bounded linear transformation. 

1) II T II = sup II r(x) II 

2) 

3) 

IIXII=l 
II T II = sup II r(x) II 

llxll $1 

II T II = inf{ c E IR I II r(x) II ~ c II x II for all x E H} I 

The following theorem explains the importance of bounded linear 
transformations. 

Theorem 13.31 Let r:H1-+H2 be a linear transformation. The 
following are equivalent. 
1) T is bounded 
2) T is continuous at any point Xo E H 
3) T is continuous. 

Proof. Suppose that T is bounded. Then 

II r(x)- r(:xo) II = II r(x-:xo)ll ~ II T II II x-:xo II-+ 0 
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as x--+.xa. Hence, r is continuous at Xo· Thus, {1) implies {2). If {2) 
holds, then for any y E H, we have 

II r(x) - r(y) II = II r(x- y + Xo) - r(.xa) II-+ 0 

as x--+y, since r is continuous at .xa, and x- y + Xo--+Xo as y--+x. 
Hence, r is continuous at any y E H, and (3) holds. Finally, suppose 
that (3) holds. Thus, r is continuous at 0, and so there exists a 
8 > 0 such that 

In particular, 

and so 

II x II < 8 => II r(x) II ::; 1 

II x II = 8 => II r(x) II <! 
llxll -8 

Thus, r is bounded. I 

Now we can state and prove the Riesz representation theorem. 

Theorem 13.32 (The Riesz representation theorem) Let H be a 
Hilbert space. For any bounded linear functional f on H, there is a 
unique z0 E H such that 

f{x) = (x,z0 ) 

for all x E H. Moreover, II z0 II = II f II· 
Proof. If f = 0, we may take z0 = 0, so let us assume that f :f: 0. 
Hence, K = ker(f) :f: H, and since f is continuous, K is closed. Thus 

H = K<J:>K~ 

Now, the first isomorphism theorem, applied to the linear functional 
f:H--+F, implies that H/K ~ F ~as vector spaces). In addition, 
Theorem 3.5 implies that H/K ~ K , and so K~ ~F. In particular, 
dim(K~) = 1. 

For any z E K~, we have 

x E K => f(x) = 0 = (x,z} 

Since dim(K~) = 1, all we need do is find a 0 :f: z E K~ for which 

f(z) = (z,z) 

for then f(rz) = rf(z) = r{z,z} = {rz,z} for all rEF, showing that 
f(x) = {x,z} for x E K as well. 

But if 0 :f: z E K~, then 
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f(z) 
z0 =-( )z z,z 

has this property, as can be easily checked. The fact that II z0 II 
II f II has already been established. I 

EXERCISES 

289 

1. Prove that the sup metric on the metric space C[a,b] of 
continuous functions on [a,b] does not come from an inner 
product. Hint: let f(t)=l and g(t)=(t-a)/(b-a), and 
consider the parallelogram law. 

2. Prove that any Cauchy sequence that has a convergent 
subsequence must itself converge. 

3. Let V be an inner product space, and let A and B be subsets 
of V. Show that 
a) A C B ::::? B.L C A .L 
b) A .L is a closed subspace of V 
c) [cspan(A)].L = A.L 

4. Let V be an inner product space and S C V. Under what 
conditions is S.L.L.L = S.L? 

5. Prove that a subspace S of a Hilbert space H is closed if and 
only if s = s.L.L. 

6. Let V be the subspace of € 2 consisting of all sequences of real 
numbers, with the property that each sequence has only a finite 
number of nonzero terms. Thus, V is an inner product space. 
Let K be the subspace of V consisting of all sequences x = (~) 
in V with the property that Ex11/n = 0. Show that K is 
closed, but that K.L.L =f. K. Hint: For the latter, show that K.L = 
{0} by considering the sequences u = (1, ... ,-n, ... ), where the 
term -n is in the nth coordinate position. 

7. Let 0 = {u1,u2, .. . } be an orthonormal set in H. If x = Erkuk 
converges, show that 

00 

II x 11 2 = L I rk 12 

8. Prove that if an infinite series 
k=l 

00 

L:>k 
k=l 

converges absolutely in a Hilbert space H, then it also converges 
in the sense of the "net" definition given in this section. 

9. Let {rk IkE K} be a collection of nonnegative real numbers. If 
the sum on the left below converges, show that 

L rk = sup Lrk 
k e K Jlcu~e k e J 
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10. Find a countably infinite sum of real numbers that converges in 
the sense of partial sums, but not in the sense of nets. 

11. Prove that if a Hilbert space H has infinite Hilbert dimension, 
then no Hilbert basis for H is a Hamel basis. 

12. Prove that € 2(K) is a Hilbert space for any nonempty set K. 
13. Prove that any linear transformation between finite dimensional 

Hilbert spaces is bounded. 
14. Prove that if f E H*, then ker(f) is a closed subspace of H. 
15. Prove that a Hilbert space is separable if an only if hdim(H) $ N0• 

16. Can a Hilbert space have countably infinite Hamel dimension? 
17. What is the Hamel dimension of € 2(N)? 
18. Let T and u be bounded linear operators on H. Verify the 

following. 
a) II rr II = I r I II T II 
b) llr+ull $ llrll +!lull 
c) II Tu II $ II T II II u II 

19. Use the Riesz representation theorem to show that H* ~ H for 
any Hilbert space H. 
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Tensor Products 

Contents: Free Vector Spaces. Another Look at the Direct Sum. 
Bilinear Maps and Tensor Products. Properties of the Tensor Product. 
The Tensor Product of Linear Transformations. Change of Base Field. 
Multilinear Maps and Iterated Tensor Products. Alternating Maps and 
Exterior Products. Exercises. 

In the preceding chapters, we have seen several ways to construct 
new vector spaces from old ones. Two of the most important such 
constructions are the direct sum U ~ V and the set L{U,V) of all 
linear transformations from U to V. In this chapter, we consider 
another construction, known as the tensor product. 

There are several ways to define the tensor product but, 
unfortunately, they are all a bit less perspicuous than one might like. 
Therefore, in order to provide some motivation, we will first recast the 
definition of the familiar external direct sum. In order to do this (and 
to define tensor products) we need the concept of a free vector space. 

Free Vector Spaces 
Let F be a field. Given any nonempty set X, we may construct 

a vector space ~X over F with X as basis, simply by taking ~X to 
be the set of all formal finite linear combinations of elements of X 
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where the operations are as expected -combine like terms using the 
rules 

rx· + SX· = {r + s)x· 1 1 1 

and 

The vector space GJx is called the free vector space on X. The term 
free is meant to connote the fact that there is no relationship between 
the elements of X. 

In fact, any vector space V is the free vector space on any basis 
for V. Thus, in some sense, we have introduced nothing new. 
However, the concept of free object occurs in many other contexts, as 
we have seen with regard to modules, where not all modules are free. 
Moreover, even in the context of vector spaces, it gives us a new 
viewpoint from which to develop new ideas. 

We may characterize the free vector space GJx as the set (FX )0 
of all functions from X to F that have finite support. Recall that the 
support of a function f:X-+F is defined by 

supp(F) = {x EX I f(x) f; 0} 

It is easy to see that a function f:X-+F with finite support corresponds 
to a finite sum of elements of X, via 

f +-+ L f(xi)xi 

and therefore that the two constructions of GJx are equivalent. We 
will feel free to use either construction. 

We can express the concept of freeness in a much more general 
way as follows. Consider the map j:X-+GJx defined by j(x) = x, and 
called the canonical injection of X into GJx. The pair (GJx,i) has a 
very special property. Referring to Figure 14.1, if f:X-+V is any map 
from X to any vector space V, then there is a unique linear 
transformation r from GJx to V for which r o j = f. 

j 
x--~-~>.Yx 

f 

Figure 14.1 

For if f:X-+V, then we· can define a linear transformation r:GJx-+V by 
setting r(x) = f(x) and extending by linearity to GJx. This is legitimate 
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since X is a basis for ':fx. The uniqueness of T also follows from the 
fact that X is a basis for ':Fx. 

When any two paths in a diagram, such as Figure 14.1, that begin 
and end at the same locations describe equal functions, we say that the 
diagram commutes. Thus, saying that T o j = f is the same as saying 
that the diagram in Figure 14.1 commutes. We can also describe this 
situation by saying that any function f:X~V can be factored through 
the canonical injection j. 

Now, it so happens that the commutativity of Figure 14.1, and 
the uniqueness of r, completely determine the pair (':Fx,J). More 
specifically, we have the following, known as the universal property of 
the free vector space ':Fx. 

Theorem 14.1 (The Universal Property of Free Vector Spaces) Let 
X be a nonempty set. Suppose that ':f is a vector space over F, and 
k:X~c:F is a function, and that the pair (c:F,k) has the following 
property. Referring to Figure 14.2, for any function f:X~V, where V 
is a vector space over F, there exists a unique linear transformation 
r:':f~V for which To k = f, that is, for which the diagram in Figure 
14.2 commutes. Then ':f is isomorphic to the free vector space ':fx. 

k 
x-----:J>Y 

f 

Figure 14.2 

; 

v 
v 

Proof. Consider the diagrams in Figure 14.3. The first diagram reflects 
the fact that we may put V = ':f in Figure 14.1. Since this diagram 
commutes, we have 

T oj= k 

The second diagram reflects the fact that we may set V = c:fx in 
Figure 14.2. Since this diagram commutes, we have 

uok=j 

Making the appropriate substitutions gives 

T o u o k = k and u o T o j = j 
But, the third commutative diagram in Figure 14.3 indicates that the 
identity is the unique linear transformation for which L o k = k, and so 
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r o u = t. Similarly, by drawing the appropriate commutative diagram, 
we deduce that u o r = t. Thus, r is an isomorphism from GJx to 
GJ. I 

k 
x---~:; 

Figure 14.3 

X 

Another Look at the Direct Sum 
By way of motivation for defining tensor products, let us take 

another look at the external direct sum construction. Our plan is to 
characterize this sum in three difference ways. 

First, we have the definition. Suppose that U and V are vector 
spaces over the same field F. The external direct sum U EE V is the 
vector space of all ordered pairs 

u EE v = {( u, v) I u E u' v E v} 
with coordinatewise operations 

(u,v) + (u',v') = (u + u',v + v') 
and 

r(u,v) = (ru,rv) 

For the second characterization, we begin by considering the 
Cartesian product U XV, which is simply the set of all ordered pairs 

UxV={(u,v)juEU, vEV} 

with no algebraic structure. Let GJu x v be the free vector space on 
U x V. Thus, 

( 14.1) GJu x v = { l;:: ri(ui,vi) I (ui,vi) E U x V, ri E F} 
fimte 

It is important to keep in mind that we allow no manipulations of the 
coordinates of the ordered pairs in ':Fu x v· For instance, we cannot 
replace r(u,v) by (ru,rv) nor (u,v)+(u',v') by (u+u',v+v'). In a 
sense, the ordered pairs in (14.1) act simply as "placekeepers" to 
separate the coefficients ri. 
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In fact, the difference between c:fu x v and U E!3 V is that, m 
UE!3V, we do have 

r(u,v)- (ru,rv) = 0 
and 

( u, v) + ( u', v') - ( u + u', v + v') = 0 

for all rEF, u E U and v E V. 
Let us define S to be the subspace of c:fu x v generated by all 

vectors of the form 
r(u,v)- (ru,rv) 

and 
(u,v) + (u',v')- (u + u',v + v') 

for all r E F, u E U and v E V. It seems reasonable that the quotient 
space c:fu x v /S should be isomorphic to the direct sum U E!3 V. 

To prove this, consider the map r:c:fu x v /S-oU E!3 V defined by 

This map is well-defined, since if 

then 

But any element of S is equal to the zero vector in U E!3V, and so the 
vectors Eri(ui,vi) and EsJxi,yi) are equal in UE!3V. Hence, 

(14.2) 

Furthermore, r is linear, and surjective. To see that r is injective, 
we must show that if 

(14.3) 

then 
L)i(ui,vi) E S 

To this end, observe that, as formal sums, Eri(ui,vi) E S if and only if 
the sum that results by replacing any terms, using the rules 

r(u,v)-o(ru,rv), (ru,rv)-or(u,v) 
or 

(u,v) + (u',v')-o(u+ u',v + v'), (u + u',v + v')-o(u,v) + (u',v') 

is also in S. Hence, since {14.3) simply says that, by performing such 
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replacements, we may reduce Eri(~,vi) to 0, which is in S, the sum 
Eri( ~·vi) must be in S. Thus, T is an isomorphism from GJu x v /S 
to U83V. 

As can be seen from the previous paragraph, it can be a bit 
awkward to describe U 83 V as a quotient space. However, we do have 
another characterization, in terms of commutative diagrams. 
Associated with the direct sum U 83 V are the two projections 
p1:U83V-+U and p2:U83V-+V defined by 

p1((u,v)) = u and p2((u,v)) = v 

Let us consider the triple (U 83V,p11p2). Referring to Figure 14.4, 
if W is any vector space over F, with linear maps f1:W-+U and 
f2: W--+ V, then there exists a unique linear transformation r: W--+ U 83 V 
for which the diagram commutes, that is, for which 

p1r = f1 and p2r = f2 

U 4-(-p-
1
- U EE V p

2 
> V 

Figure 14.4 

To see this, observe that, if such a T were to exist, then we would 
have 

p1(r(w)) = f1(w) and p2(r(w)) = f2(w) 

and so we must have 

(14.4) 

We leave it to the reader to show that this actually defines a unique 
linear transformation T from W to U 83 V. The following theorem 
shows that this property characterizes the direct sum. The proof is very 
similar to that of Theorem 14.1. 

Theorem 14.2 (The universal property of external direct sums) Let 
U and V be vector spaces over F. Let D be a vector space over F, 
and let u 1 :D-+ U and u 2:D-+ W be linear transformations, as in 
Figure 14.5. Suppose that the triple {D,u1,112) has the following 
property. If W is any vector space over F, and if f1:W-+U and 
f2:W-+V are linear transformations, then there exists a unique linear 
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transformation r:W-.,D that makes the diagram commute, that is, or 
which 

u1r=f1 and u2r=f2 

Then D is isomorphic to the external direct sum U EB V. I 

Figure 14.5 

In summary, we have three equivalent characterizations of the 
external direct sum U EB V 

1) 

2) 

The definition: U EBV = {(u,v) I u E U, v E V} 

The quotient space 
<lfuxv -s-

where <lfu x v is the free vector space on U x V and 

S = span{r(u,v)- (ru,rv), (u,v) + (u',v')- (u + u',v + v')} 

3) By the universal property of external direct sums given in 
Theorem 14.2. 

Bilinear Maps and Tensor Products 
Before defining tensor products, we need a preliminary definition. 

Definition Let U, V and W be vector spaces over F. A function 
f: U XV__, W is bilinear. if it is linear in both variables separately, that 
is, 

f(ru + su',v) = rf(u,v) + sf(u',v) 
and 

f(u,rv + sv') = rf(u,v) + sf(u,v') 

The set of all bilinear functions from U x V to W is denoted by 
<:B(U,V;W). A bilinear function f:U xV-.,F, with values in the base 
field F, is called a bilinear form on U X V. 0 
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Example 14.1 
1) A real inner product (,}:V x V-+IR is a bilinear form on V XV. 
2) If A is an algebra, the product map J.t:A x A-+A defined by 

l'(a,b) = ab is bilinear. In short, multiplication is linear in each 
variable. 0 

If V is a vector space, we have two classes of functions from 
V x V to W, the linear maps .L(V x V, W) and the bilinear maps 
'!B(V, V;W). We leave it as an exercise to show that these two classes of 
maps have only the zero map in common. In other words, the only 
map that is both linear and bilinear is the zero map. 

Now we can define the tensor product of two vector spaces. 

Definition Let U and V be vector spaces over F, and let T be the 
subspace of the free vector space c:fu x v generated by all vectors of the 
form 

(14.5) r(u,v) + s(u',v)- (ru + su',v) 

and 

(14.6) r(u,v) + s(u,v')- (u,rv + sv') 

for all r,s E F, u,u' E U and v,v' E V. The quotient space c:fu x v/T 
is called the tensor product of U and V and is denoted by U ® V. 0 

Note that in the case of the tensor product, we divide by the space 
spanned by all vectors in U x V that would be zero if the vector space 
operations were linear in each coordinate separately. According to this 
definition, an element of U ® V has the form 

L:>i(~,vi)+T 
It is customary to denote the coset ( u, v) + T 

therefore any element of U ® V has the form 

where 
I:~®vi 

(14.7) r(u® v) +s(u' ® v) = (ru+su') ® v 

and 

(14.8) r(u ® v) + s(u ® v') = u ® (rv + sv') 

Thus, 

by u®v, and 

if and only if we can obtain one expression from the other by a finite 
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number of replacements using (14.7) and (14.8). 
As with the external direct sum, this definition, while intuitively 

pleasing, can be a bit difficult to work with, so we turn to a 
characterization via a universal property. 

Theorem 14.3 (The universal property of tensor products) Let U 
and V be vector spaces over the same field F. The pair (U 0 V,t), 
where t:U X V--tU 0 V is the bilinear map defined by 

t(u,v) = u0v 

has the following property. Referring to Figure 14.6, if f: U x V --t W is 
any bilinear function from U x V to a vector space W over F, then 
there is a unique linear transformation r: U 0 V --t W that makes the 
diagram in Figure 14.6 commute, that is, for which 

TOt= f 

Moreover, U 0 V is unique, in the sense that if a pair (X,s) also has 
this property, then X is isomorphic to U 0 V. 

uxv t bilinear) U®V 

f bilinear 

' 
' 
jT linear 

y 
~w 

Figure 14.6 

Proof. To prove that (U Q9 V, t) has the desired property, consider the 
diagram in Figure 14.7. 

Figure 14.7 

Since t(u,v)=u0v=(u,v)+T, the map t:UxV--tU0V is just the 
composition of the canonical injection j: U x V --t'!fu x v followed by the 
canonical projection 1l':'!fu x v--tU 0 V = '!fu x vfT. That is, 

t = 11' oj 

Now, the universal property of free vector spaces implies that there is a 
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unique linear transformation O":gu x v--"W for which 

O'Oj=f 

Note that, since f is bilinear, it sends any of the vectors (14.5} and 
(14.6} that generate T to the zero vector, so T C ker(O'). Hence, we 
may apply Theorem 3.3, to deduce the existence of a unique linear 
transformation r:U 0 y._....,w for which 

T07r=O' 
Hence, 

rot=ro7roj=O"oj=f 

Moreover, if r' o t = f, then 0'1 = r' o 1r:gu x v--"W is a linear 
transformation for which 

0'1 o j( u, v) = r' o 1r o j( u, v) = r' o t( u, v) = f( u, v) = 0' o j( u, v) 

and so 0'1 o j = 0' o j, implying that 0'1 = 0', which in turn implies that 
r' = r. Hence, r is unique. We leave proof of the uniqueness of 
U 0 V as an exercise. I 

Theorem 14.3 says that to each bilinear function f: U x V--" W, 
there corresponds a unique linear function r:U 0 y._....,w, through which 
f can be factored (that is, f =Tot). This establishes a map 
q):':B(U,V;W}--"L(U ® V,W) given by q)(f} = r. In other words, ¢>(f) 
is the unique linear map for which 

¢>(f}:u ® y._....,w q)(f)(u ® v) = f(u,v) 

Observe that ¢> is linear, since if f,g E c::B(U,V;W}, then 

[rq)(f) + sq)(g)](u ® v) = rf(u,v) + sg(u,v) = (rf + sg)(u,v) 

and so the uniqueness part of the universal property implies that 

rq)( f) + sq)(g) = ¢>( rf + sg) 

Also, ¢> is surjective, since if r: U ® V--" W is any linear map, then 
f = r o t: U x V--" W is bilinear, and by the uniqueness part of the 
universal property, we have q)(f) = T. Finally, ¢> is injective, for if 
¢>(f)= 0, then f = q)(f) o t = 0. We have established the following 
result. 

Theorem 14.4 Let U, V and W be vector spaces over F. Then the 
map q):<!B(U,V;W)--"L(U ® V,W) defined by the fact that q)(f} is the 
unique linear map for which f =¢>(f) o t, is an isomorphism. Thus, 

':B(U,V;W} ~ L(U ® V,W} I 
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Properties of the Tensor Product 
Armed with the definition and the universal property, we can now 

discuss some of the basic properties of tensor products. 

Theorem 14.5 If { u1, •.. , ~} are linearly independent vectors in U, 
and { v1, ... , v11} are arbitrary vectors in V, then 

Lui 0 vi = 0 :::? vi = 0 for all i 

Proof. Let us consider the dual vectors 6i E U* to the vectors ui. 
Thus, 6i(ll_j) = 6ij· For any linear functionals ti:V-+F, we define a 
bilinear form f: U x V-+ F by 

n 

f(u,v)-+ L6j(x)tj{y) 
j=l 

Then, by the universal property of tensor products, there exists a 
unique linear functional r:U 0 v-F for which T 0 t =f. Hence, 

0 = r(4= ui ·0 vi)= 4: r o t(ui,vi) 
1 1 

= 4=f(ui,vi) = 4: 4=6j(ui)(j{vi) = 4=ti(vi) 
1 1 J 1 

Since the tj's are arbitrary, we deduce that vi= 0 for all i. I 

Corollary 14.6 If u f. 0 and v f. 0, then u 0 v f. 0. I 

Theorem 14.7 Let ~ = { ei I i E I} be a basis for u and e = 
{~ lj E J} be a basis for V. Then the set ".D = {ei 0~ I i E I, j E J} is 
a basis for U 0 V. 

Proof. To see that the G.D is linearly independent, suppose that 

"""r· ·(e· 0 f.) = 0 L..J I,J I J 

This can be written 
ij 

4=ei 0(4=rij~) = 0 
I J 

and so, by Theorem 14.5, we must have 

"""r· .f.= 0 L..J I,J J 
j 

for all i, and hence rij = 0 for all i and j. To see that G.D spans 
U 0 V, let u0 v E U 0 V. Since u = ~riei, and v = ~sj~• we have 

1 J 

U 0 V = """f·C· 0 """s.f, = """S·(""" r-e· 0 f,) L...JII L...JJJ L...JJL...JII J 
i j j i 
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= ~sj(~ri(ei 09) = ~risj(ei 09 
.J I IJ 

Since any vector in U ® V is a finite sum of vectors u ® v, we deduce 
that GJ spans U ® V. I 

Corollary 14.8 For finite dimensional vector spaces, 

dim(V ® V) = dim(V) · dim(V) I 

Theorem 14.9 Let U and V be finite dimensional vector spaces. 
Then 

U* ® V* ~ (U ® V)* 

via the isomorphism r: U* ® V* --+(U ® V)* defined by 

r(a®,B)(u®v) = a(u),B(v) 

Proof. We must show that T is an isomorphism. Let us first fix 
a E U* and ,8 E V*, and consider the map u a,.B:V x V--+F defined by 

u0 ,.B(u,v) = a(u),B(v) 

This map is bilinear, and so the universal property of tensor products 
implies that there exists a unique linear map (i a,/3: U ® V --+F for which 

ua,.B(u®v) = ua,.B(u,v) = a(u),B(v) 

Thus, (i a,.B E (U ® V)"'. Now we define a map u: U* XV* --+(U ® V)* 
by 

u( a,,B) = (i a,/3 

This map is also bilinear. For instance, 

and so 

u(m + s,B,-y)(u ® v) = (m + s,B)(u)'Y(v) 

= m(u)'Y(v) + s,B(u)'Y(v) 

= ru(a,-y)(u,v) +su(,B,-y)(u,v) 

= [ru(a,-y) +su(,B,-y)](u,v) 

u(m + s,B,-y) = ru(a,-y) + su(,B,-y) 

which shows that u is linear in its first coordinate. Hence, the 
universal property implies that there exists a unique linear map 
T: U* ® V* --+(U ® V)* for which 

r( a® ,8) = u( a,,B) 
that is, 

r(a ® ,B)(u ® v) = u(a,,B)(u ® v) = (i a,.B(u ® v) = a(u),B(v) 
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To show that T is an isomorphism, let ':B = {bj} be a basis for 
u, with dual basis ':B' = {/3j}, and let e = {cj} be a basis for v, with 
dual basis e' = { 1J· Then 

r(f3i 0 1'j){bu 0 cv) = f3i{bu)'Yj{cv) = 8i,u8j,v = 8(ij),(u,v) 

and so r(f3i 0 1'j) E (U 0 V)* is a dual basis vector to the basis 
{bu 0 cJ for U 0 V. Thus, T takes the basis {f3i 0 'Yj} for U* 0 V* 
to the basis { r(f3i 0 1'j)} Hence, T is an isomorphism. I 

Combining the isomorphisms of Theorem 14.4 and Theorem 14.9, 
we have, for finite dimensional vector spaces U and V, 

U* 0 V* ~ (U 0 V)* ~ ':B(U,V;F) 

The Tensor Product of Linear Transformations 
Let r:V-+V' and u:W-+W' be linear transformations. Then 

there is a unique linear transformation { T 0 u ): V 0 W-+ V' 0 W' 
satisfying 

{14.9) (r0u)(v0w) = r(v) 0u(w) 

To see this, observe that the function f: V x W-+ V' 0 W' defined by 
f(v,w) = r(v) 0 u(w) is bilinear, and so by the universal property of 
tensor products, there exists a unique linear transformation T 0 u for 
which {14.9) holds. The map T 0 u is called the tensor product of r 
and u. 

Thus, we have a map 1/;:L(V,W) x L{V',W')-+L(V 0 W,V' 0 W') 
defined by 

{14.10) 1/;(r,u) = r0u 

This map is bilinear and so there is a unique linear transformation 

8:L{V,W) 0 L(V',W')-+L(V 0 W,V' 0 W') 

satisfying 8(r0u) = r0u. 
We propose to show that 8 is injective. Observe that any 

nonzero vector ~ E L{V,W) 0 L(V',W') has the form 
n 

~ = LTi0ui 
i=l 

where the r/s are linearly independent, and the ui's are linearly 
independent. To show that ker(8) = {0}, suppose that 

8(0 = 8(t ri 0 ui) = o 
I=l 
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Then 
n 

(14.11) I: ri(v) ® ui(w) = 0 
i=l 

for all v E V and wE W. Let us choose v E V so that r 1(v) -:f:. 0, 
and suppose (by renumbering if necessary) that r 1(v), ... ,rk(v) is a 
maximal linearly independent set among r 1(v), ... ,r11(v). Thus, 

k 

Tu(v) = I:ru,jrj(v) 
j=l 

for u = k+1, ... ,n. Hence, (14.11) gives 
k n k 

0= I:ri(v)®ui(w)+ I: (I:ru,jrj(v))®uu(w) 
i=l u=k+l j=l 
k k 11 

= I: ri(v) ® ui(w) + I: rj(v) ®( I: ru,juu(w)) 
i=l j=l u=k+l 

k 11 

= I:ri(v)®(ui(w)+ I: ru,juu(w)) 
i=l u=k+l 

and since r 1(v), ... ,rk(v) are linearly independent, we must have 
n 

uj(w) + E ru,juu(w) = 0 
u=k+l 

for all i = 1, ... , k, and all wE W. Hence, 
n 

O"i + L ru,juu = 0 
u=k+l 

which is in contradiction to the fact that the u/s are linearly 
independent. Hence, 0(~) -:f:. 0 and so 0 is injective. 

Note that if all vector spaces are finite dimensional, then 0 is 
also surjective, and hence is an isomorphism. In any case, the fact that 
O:r ® 0"1-+T 0 u is injective motivates the commonly used notation 
T ® u for the tensor product T 0 u. Let us summarize. 

Theorem 14.10 Let _T E L(V,V') and u E L(W,W'). There is a 
unique linear transformation T 0 u E L(V ® W,V' ® W'), called the 
tensor product of T and u, satisfying 

(r0u)(v®w) =r(v)®u(w) 

Moreover, there is a (unique) injective linear transformation 
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B:L(V,W) 0 L(V,,W,)--->L(V 0 W,V, 0 W1) 

satisfying 8( T 0 u) = T 0 u. In case all vector spaces are finite 
dimensional, (} is an isomorphism. I 

Change of Base Field 
We have seen in earlier chapters that a linear operator r, defined 

on a real n-dimensional vector space V, may not have n eigenvalues 
(counting multiplicity), since its characteristic polynomial may not split 
over lit On the other hand, a linear operator over the complex 
n-dimensional inner product space does have n eigenvalues. This leads 
us to wonder whether we can extend a real vector space to a complex 
vector space, and correspondingly extend a real operator to a complex 
operator. 

Let us approach this question in more generality. For 
convenience, we refer to a vector space over a field F as an F-space. 
There are several approaches to "upgrading" the base field of a vector 
space. For instance, suppose that V is an F -space, and that F1 is an 
extension field of F, that is, F, :J F. If {bJ is a basis for V, then 
every element x of V has the form 

x= "'r·b· ~II 

where ri E F. We can define an F1-space V' simply by taking all 
formal linear combinations of the form 

x = "'r!b. ~II 

where rj E F'. In other words, V' is the free F'-space on the set {bJ. 
Note that the dimension of V' as an F1-space is the same as the 
dimension of V as an F-space. Also, V' is an F-space (just restrict 
the scalars to F), and as such, the inclusion map j:V--->V' sending 
x E V to j(x) = x E V', is an F-monomorphism. 

The approach described in the previous paragraph uses an 
arbitrarily chosen basis for V, and is therefore not coordinate free. 
However, we can give a coordinate-free approach using tensor products 
as follows. If V is an F -space, let 

V' = F'0FV 

It is customary to include the subscript F on 0 F to denote the fact 
that the tensor product is taken with respect to the base field F. (All 
relevant maps are F-bilinear and F-linear.) However, since we will not 
take tensor products with respect to any other field, we will not always 
use this notation. 

The vector space V' is an F-space by definition of tensor product, 
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but we may make it into an F1-space as follows. Fix an S 1 E F1, and 
consider the map f81:(F1 X V)-+(F1 0 F V) by 

f 1(r1,v) = S1r1 0 v 
s 

Since f 1 is bilinear, the universality property of tensor products 
s 

implies that there is a unique F -linear map r 81:(F1 0 F V)-+(F1 0 F V) 
for which 

T 1(r1 0 v) = S1r1 0 v 
s 

This map is intended to be multiplication by the scalar S1 E F1• Note 
that, since r 1 is F-linear, it is additive, and so 

s 

T 81(r1 0 v + U1 0 w) = T 81(r1 0 v) + T 81(u1 0 w) 
that is, 

s1(r1 0 v + U1 0 w) = s1(r1 0 v) + s1(U1 0 w) 

Since all of the defining properties of scalar multiplication are satisfied, 
V1 is indeed an F1-space. 

It is not hard to see that if {bJ is a basis for the F-space V, 
then {10 bJ is a basis for the F1-space V1, and so the dimension of 
the F1-space V1 is equal to the dimension of the F -space V. 

The map v:V-+V1 defined by v(v) = 10 v is easily seen to be 
an F-monomorphism, and so the F-space V1 contains an isomorphic 
copy of V. The F-linear monomorphism v is sometimes called the F'­
extension map of V. This map has a universal property of its own, as 
described in the next theorem. 

Theorem 14.11 Let v: V-+ V1 = F1 0 F V be the F1-extension map of an 
F-space V. Then v has the following universal property. For any F­
linear map f:V-+W1, where W 1 is any F1-space, there exists a unique 
F1-linear map r:V 1-+W1 for which the diagram in Figure 14.8 is 
commutative, that is, 

TOV =f 

Proof. If such a map r:F1 0 F V-+ W 1 is to exist, then it must satisfy 

(14.12) r(r1 0 v) = r1r(10 v) = r1f(v) 

This shows that, if T exists, it is uniquely determined by f. To see 
that T exists, consider the map g:(F1 x V)-+W1 defined by 

g(r1,v) = r1f(v) 

Since this is bilinear, there exists a unique F-linear map r for which 
(14.12) holds. It is easy to see that r is also F1-linear, since 

r[s1(r1 0 v)] = r(s1r1 0 v) = s1r1f(v) = s1r(r1 0 v) I 
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u / / 
V > V = F ®FV 

~ I 'T F~linear 
F-~ine~ y 

w' 

Figure 14.8 

Theorem 14.11 is the key to describing how to extend an F-linear 
map to an F'-linear map. 

Theorem 14.12 Let V and W be F-spaces, with F'-extension maps 
v and f1, respectively. (See Figure 14.9.) Then for any F-linear map 
r:V---.W, the map r' = LF' Q9 r:V'---.W' is the unique F'-linear map that 
makes the diagram in Figure 14.9 commutative, that is, for which 

f1 or= r' o v 

Proof. The map f1 or is an F-linear map from the F-space V to the 
F'-space W'. Hence, Theorem 14.11 shows that there is a unique F'­
linear map r':V'---.W' such that 

f1 or= r' o v 
To see that r' = LF' Q9 r, observe that 

r'(r' Q9 v) = r'r'(1 Q9 v) = r'( r' o v)(v) = r'(/1 o r)(v) 

= r'(1 Q9 r(v)) = LF,(r') Q9 r(v) = (tF' Q9 r)(r' Q9 v) I 

V 'T F-linear > W 

"1 } 
/ / / / 

F ®FV=V T'F~Ii~~;> w = F ®FW 

Figure 14.9 

Multilinear Maps and Iterated Tensor Products 
The tensor product operation can easily be extended to more than 

two vector spaces. We begin with the extension of the concept of 
bilinearity. 
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Definition If VI, ... , V 11 and W are vector spaces over F, a function 
f:VI X···XVn-+W is said to be multilinear if it is linear in each variable 
separately, that is, if 

f(u1, .•• , uk_1,rv + sv',uk+1, ... , "u) = 

rf(u1, .•. , uk_1,v,uk+l' ... , ~1) + sf(u1,. •• , uk-vv',uk+l' ... , "u) 

for all k = 1, ... , n. A multilinear function of n variables is also 
referred to as an n-linear function. The set of all multilinear functions 
will be denoted by Mul(V1,. .• ,Vn;W). A multilinear function from 
V 1 x · · · X V n to the base field F is called a multilinear form (or n­
form). 0 

Example 14.2 
1) If A 1s an algebra then the product map J.L:A x · · · x A-+A 

defined by J.l( ai' ... 'an) = ac ·an is n-linear. 
2) The determinant function det:A11-+F is an n-linear form on the 

columns of the matrices in A 11• 0 

Definition Let VI, ... , V 11 be vector spaces over F, and let T be the 
subspace of the free vector space CiJ on V 1 X··· X V11 generated by all 
vectors of the form 

r(vi, ... , vk-I,u,vk+I' ... , v11) + s(vi, ... , vk-l'u',vk+I' ... , v11) 

-(vi, ... , vk_1,ru + su',vk+I'' .. , v11) 

for all r,s E F, u,u' E U and vi, ... , v11 E V. The quotient space G.f/T 
is called the tensor product of VI, ... , V 11, and denoted by 
VI ® .. ·®Vn. D 

As before, we denote the coset (vI, ... , v 11)+ T by v 1 ® .. · ® v n' 
and so any element of V 1 ® · · · ® V n has the form 

""' V· Q9 .. • Q9 V· LJ li lll 

where the vector space operations are linear in each variable. 
The tensor product can also be characterized by a universal 

property. 

Theorem 14.13 (The universal property of tensor products) Let 
V 1 , ... , V n be vector spaces over the field F. The pair 
(VI ® .. ·®Vn,t), where t:VI x .. ·xV11-+V1 ® .. ·®Vn is the 
multilinear map defined by 

t( VI, ••• , v11) = VI Q9 • • • ® V11 



14 Tensor Products 309 

has the following property. Referring to Figure 14.10, if 
f: V 1 X • • • X V n-+ W is any multilinear function from V 1 X • • • X V n to a 
vector space W over F, then there is a unique linear transformation 
r:V1 ®···®V11-+W that makes the diagram in Figure 14.10 commute, 
that is, for which 

rot= f 

Moreover, V 1 ® · · · ® V n is unique in the sense that if a pair (X,s) also 
has this property, then X is isomorphic to V 1 ® · · · ® V n· I 

Figure 14.10 

Here are some of the basic properties of multiple tensor products. 

Theorem 14.14 The tensor product has the following properties. Note 
that all vector spaces are over the same field F. 
1) (Associativity) There exists an isomorphism 

r:(V1 ®··· ® V11) ® (W1 ®···® Wm) 

-+V1 ®···®Vn ®WI ® .. ·®Wm 
for which 

r((vi 0 · · · 0 v11) 0 (wi 0 · · · 0 wm)l =vi 0 · · · 0 V11 0 WI 0 · · · 0 wm 

In particular, 

(U®V)®W ~ U®(V®W) ~ U®V®W 

2) (Commutativity) Let 1r be any permutation of the indices 
{1, ... ,n}. Then there is an isomorphism 

for which 
u· v1 ® ... ® v - v ( ) ® ... ® v ( ) · n 11' 1 11' n 

u(v1 ® · · · ® v11) = v11'(1) ® · · · ® vll'(n) 

3) There is an isomorphism p1:F ® V-+V for which 

PI(r® v) = rv 

and similarly, there is an isomorphism p2:V ® F-+V for which 

p2(v® r) = rv 
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Hence, F®V~V~V®F. I 

The analog of Theorem 14.4 is the following. 

Theorem 14.15 Let V 1, ... , V n and W be vector spaces over F. 
Then the map ¢>:Mul(V1, ... ,Vn;W)--+.L(V1 ®···®Vn,W), defined by 
the fact that ¢>(f) is the unique linear map for which f =¢>(f) o t, is an 
isomorphism. Thus, 

Mul(V1, ••• , Vn;W) ~ .L(V1 ®···® Vn,W) 

Moreover, if all vector spaces are finite dimensional, then 

dim[Mul(V1, ... , Vn;W)] = dim(V1)···dim(Vn) · dim(W) I 

Alternating Maps and Exterior Products 
We will use the notation yn to denote the Cartesian product of 

v with itself n times, and ® 11V to denote the n-fold tensor product. 
The following definitions describe some special types of multilinear 
maps. 

Definition 
1) A multilinear map f:Vn--+W is symmetric if 

for any i :f:j. 
2) A multilinear map f:Vn--+W is skew-symmetric if 

for i :f:j. 
3) A multilinear map f:Vn--+W is alternating if 

f(v1, ... ,vn) = 0 

whenever any two of the vectors vi are equal. D 

A few remarks about permutations, with which the reader may 
very well be familiar, are in order. A permutation of the set N = 
{1, ... ,n} is a bijective function 1r:N--+N. We denote the set of all 
such permutations by S11• This is the symmetric group on n symbols. 
A cycle of length k is a permutation of the form (i1 ,i2, ... , ik), that 
sends i1 to i2, i2 to i3 , ... , ik_1 to ik and ik to i1. (We assume that 
iu :f: iv for u :f: v.) All other elements of N are left fixed. Every 
permutation is the product (composition) of disjoint cycles. 

A transposition is a cycle (ij) of length 2. Every cycle (and 
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therefore every permutation) is the product of transpositions. In 
general, a permutation can be expressed as a product of transpositions 
in many ways. However, no matter how one represents a given 
permutation as such a product, the number of transpositions is either 
always even or always odd. Therefore, we can define the parity of a 
permutation 1r E Sn to be the parity of the number of transpositions in 
any decomposition of 1r as a product of transpositions. The sign of a 
permutation is defined by 

sg( 7r) = ( _1 )parity( 7r) 

Thus, sg(1r) = 1 if 1r is an even permutation, and -1 is 1r is an odd 
permutation. The sign of 1r is often written ( -1)"'. 

With these facts in mind, it is apparent that f is symmetric if 
and only if 

f(v1, ••. , vn) = f(v"'(I)•···• v1r(n)) 

for all permutations 1r E Sn, and that f is alternating if and only if 

f(v1, ... , v11) = (-1)"'f(v11'(l)•···• v1r(n)) 

for all permutations 1r E Sn. 
If f is a multilinear function, then 

f(v1, .•• , vi+ vj•· .. , vi+ vj, ... , vn) 

= f(v1, ... , vi, ... , vi, ... , v11) + f(v1, ... , vi,. .. , vj•· .. , v11) 

+ f(v1, ... , vj, ... , vi, ... , v11) + f(v1, •.. , vj•· .. , vj•· .. , vn) 

Hence, if f is alternating, then it is also skew-symmetric. On the other 
hand, if f is skew-symmetric, we have 

and so, provided that char(F) f. 2, this gives 

and so f is alternating. 
We have discussed symmetric and alternating bilinear functions in 

Chapter 11. Our intention here is to briefly discuss alternating 
multilinear functions, which play an especially important role in 
differential geometry and its applications. 

Definition Let V be a vector space over a field F with char(F) f. 2, 
and let 0 "V be the n-fold tensor product of V with itself. Let U 
be the subspace of 0 11V generated by all elements of the form 

(v1 0 · ·· 0 vi 0 · ·· 0 vj 0 · · · 0 vn) + (v1 0 ··· 0 vj 0 · · · 0 vi 0 ··· 0 V11) 
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for all i < j. The quotient space ( ® 11V)/U is called the nth exterior 
product space of V and is denoted by 

A11V or VA···AV ..____.., 
n factors 

0 

It is customary to denote the coset (vi®···® v11}+U by 
vi A··· A v11 and refer to A as the wedge product. Thus, any element 
of VI A • • • A V 11 has the form 

""'V· A ••• A V· 
LJ 1I 1n 

where the vector space operations are linear in each variable, and where 
the interchange of any two variables introduces a minus sign. 

The exterior product can also be characterized by a universal 
property. 

Theorem 14.16 (The universal property of exterior products) Let 
VI, ... , V 11 be vector spaces over a field F with char(F) # 2. The pair 
(VI A ... A V11,a), where a: VI X ... x V11--+VI A ... A V11 is the 
alternating multilinear map defined by 

a( vl' ... , v11) = vi A .. • A v11 

has the following property. Referring to Figure 14.11, if 
f: VI x .. · x V n--+ W is any alternating multilinear function from 
VI x · · · x V 11 to a vector space W over F, then there is a unique 
linear transformation r: VI A · · · A V 11--+ W that makes the diagram in 
Figure 14.11 commute, that is, for which 

TO a= f 

Moreover, VI A · · · A V 11 is unique in the sense that if a pair (X,o-) also 
has this property, then X is isomorphic to VI A .. · A V11• I 

Figure 14.11 
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EXERCISES 
1. Verify that the set '!Fu x v is a vector space. 
2. Show that if r: W--+ X is a linear map, and b: U x V--+ W IS 

bilinear, then T o b: U x V--+ X is bilinear. 
3. Show that the only map that is both linear and n-linear (for 

n;::: 2) is the zero map. 
4. Find an example of a bilinear map r:V x V--+W whose image 

im(r) = {r(u,v) I u,v E V} is not a subspace of W. 
5. Prove that U 0 V ~ V 0 U. 
6. Let X and Y be nonempty sets. Use the universal property of 

tensor products to prove that '!fx x y ~ '!Fx 0 '!Fy. 
7. Let u, u' E U and v, v' E V. Assuming that u 0 v f::. 0, show that 

u 0 v = u' 0 v' if and only if u' = ru and v' = r-1v, for r f::. 0. 
8. Let ':B = {hi} be a basis for U and e = { ci} be a basis for V. 

Show that any function f: U x V--+ W can be extended to a linear 
function f:U 0 V--+W. Deduce that the function f can be 
extended in a unique way to a bilinear map f: U x V--+ W. Show 
that all bilinear maps are obtained in this way. 

9. Let S1 ,S2 be subs paces of U. Show that 

(S1 0 V) n (S2 0 V) ~ (S1 n S2) 0 V 

10. Let S C U and T C V be subspaces of vector spaces U and V, 
respectively. Show that 

(S 0 V) n (U 0 T) ~ S 0 T 

11. Let SvS2 C U and T 1,T2 C V be subspaces of U and V, 
respectively. Show that 

(S1 0 T 1) n (S2 0 T 2) ~ (S1 n S2) 0 (T 1 0 T 2) 

12. Find an example of two vector spaces U and V and a nonzero 
vector x E U 0 V that has at least two distinct (not including 
order of the terms) representations of the form 

n 

x= Lui0vi 
i=1 

where the u/s are linearly independent, and so are the vi's. 
However, prove that the number n of terms is the same for all 
such representations. 

13. What is the dimension of the space c:B(U,V;F) of all bilinear 
forms on U x V? (Assume U and V are finite dimensional.) 

14. Let tx denote the identity operator on a vector space X. Prove 
that tv 0 tw = tv 0 w· 

15. Suppose that r 1:U--+V, r 2:V--+W, and u1:U'--+V', u2:V'--+W'. 
Prove that 
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16. 

17. 

18. 

19. 

14 Tensor Products 

Let V be an F -space, and F' :J F. Prove that if {bj} is a basis 
for the F-space V, then {1 ® bj} is a basis for the F'-space V'. 
Connect the two approaches to extending the base field of an F­
space V to F' (at least in the finite dimensional case) by 
showing that yn ® FF' ~ (F')n. 
Prove that any permutation 1r E Sn is the product of disjoint 
cycles. Then prove that any cycle is the product of transpositions. 
Prove that if 1r E Sn, then any decomposition of 1r as a product 
of transpositions has the same parity. Hint: Consider the 
polynomial 

p(x1, ... ,~) = IT (xi -xj) 
j <j 

and let 1r(p) = p(x11'(l)''"'x11'(n)). Show that 1r(p) = p if p 1s 
the product of an even number of transpositions, and 1r(p) = -p if 
7r is the product of an odd number of transpositions. 



CHAPTER 15 

Affine Geometry 

Contents: Affine Geometry. Affine Combinations. Affine Hulls. The 
Lattice of Flats. Affine Independence. Affine Transformations. 
Projective Geometry. Exercises. 

In this chapter, we will study the geometry of a finite dimensional 
vector space V, along with its structure preserving maps. Throughout 
this chapter, all vector spaces are assumed to be finite dimensional. 

Affine Geometry 

Definition Let V be a vector space. If v E V and S is a subspace of 
V, then the set 

v+S={v+slsES} 

is called a flat, or coset in V. The set .A(V) of all flats in V is 
called the affme geometry of V. The dimension dim( .A(V)) of .A(V) 
is defined to be dim(V). 0 

It is clear that a flat in V is nothing more than a translated 
subspace of V. We will denote subspaces of V by the letters S,T, ... 
and flats in V by X,Y,.... Here are some of the basic intersection 
properties of flats. 

Theorem 15.1 
1) The following are equivalent: 

~ x+S=y+S ~ xEy+S c) x-yES 
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Let X = x + S and Y = y + T be flats in V. Then 
2) S C T {::} v +XC Y for some v E V 
3) S = T {::} v +X = Y for some v E V 
4) X n Y # 0, S C T =* XC Y 
5) X n Y # 0, S = T =* X= Y 

Proof. We leave proof of part (1) as an exercise. To prove (2), observe 
that S = -x+X and T = -y+T, and so 

S C T {::} -x+X C -y+ Y {::} (y-x) +XC Y 

As for (3), we have 

~-~+XCY ~d ~-~+YCX 
and so 

(y- x) +X C Y C (y- x) +X 

which implies that (y- x) +X = Y. 
To prove ( 4), let z EX n Y. Then part (2) tells us that 

v + {{. C Y, and so v + z = y E Y, which implies that v = y- z E T. 
Hence, XC -v + Y C Y. Part (5) follows from (4). I 

Part (1) of the previous theorem says that a flat can be 
represented in many ways, in the form x + S. When a flat is written 
x + S, we refer to x as the flat representative, or coset representative of 
the flat. Any element of a flat can be used as a flat representative. On 
the other hand, part (3) of Theorem 15.1, with v = 0, implies that 
each flat x + S is associated with a unique subspace S. This allows us 
to make the following definition. 

Definition The dimension of a flat x + S is dim(S). A flat of 
dimension k is called a k-flat. A 0-flat is a point, a 1-flat is a line and 
a 2-flat is a plane. A flat of dimension dim(.A(V)) -1 is called a 
hyperplane. 0 

Definition Two flats X = x + S and Y = y + T are said to be 
parallel if S C T or T C S. This is denoted by X II Y. 0 

According to Theorem 15.1, if X II Y, then X C Y, Y C X or 
X n Y = 0. Moreover, part (2) of Theorem 15.1 says that X and Y 
are parallel if and only if some translation of one of these flats is 
contained in the other. 

Affine Combinations 
If ri E F and r1 + · · · + rn = 1, then the linear combination 
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r1x1 +···+rn~ 

is referred to as an affine combination of the vectors x1, ... , ~. 

Theorem 15.2 If char(F) -=/= 2, then the following are equivalent for a 
subset X of V. 
1) X is closed under the taking of affine combinations of any two of 

its points, that is, 
x,yEX => rx+(1-r)yEX 

2) X is closed under the taking of affine combinations, that is, 

x1, ... ,~EX,r1 +···+rn=1 => r 1x1 +···+rn~EX 

Proof. It is clear that (2) implies (1). For the converse, we proceed by 
induction. According to (1), for x1,x2 EX, 

r1 +r2 = 1 => r1x1 +r2x2 EX 

Assume for the purposes of induction that for Xj E X 

r1+···+rn-1=1 => r1x1+···+rn-1~-1EX 
Let x1, ... , ~1 E X and r 1 + · · · + rn = 1, and consider the affine 
combination 

z = r 1 x1 + ... + rn~l 

If one of r1 or r2 is different from 1, say r1 -=/= 1, then we may write 

and smce the sum of the coefficients of the sum inside the large 
parentheses is 1, the induction hypothesis implies that this sum is in 
X. Then (1) shows that z EX. On the other hand, if r1 = r2 = 1, 
then since char(F) -=/= 2, we may write 

z = 2[~x1 + ~x2] + r3x3 + · · · + r11~ 
and .since ( 1) implies that ~x1 + ~x2 E X, we may again deduce from 
the induction hypothesis that z E X. In any case, z E X, and so (2) 
holds. I 

Note that the requirement char(F) -=/= 2 is necessary, for the subset 
X= {{0,0), {1,0), {0,1)} of (F2) 2 satisfies (1), but not {2), in Theorem 
15.2. We can now characterize flats. 

Theorem 15.3 
1) A subset X of V is a flat in V if and only if it is closed under 

the taking of affine combinations, that is, 
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x1, ... ,~ EX, r1 +···+r11 = 1 => r1x1 +···+r11~ EX 

2) If char{F) =f:. 2, a subset X of V is a flat if and only if X 
contains the line through any two of its points, that is, if and only 
if 

x,y EX => rx+ {1-r)y EX 

Proof. Suppose that X = x + S is a flat, and x1, ••• , ~ E X. Then 
Xj = x + si, for si E S, and so if :Eri = 1, we have 

~::::>iXj = :~:::>i(x + Bj) = x + L)isi Ex+ S 

and so X is closed tinder affine combinations. Conversely, suppose 
that X is closed under the taking of affine combinations, and let 

S={x-:xolxEX} 

for some :XO EX. If x1 - XQ, ... ,~- :XO are arbitrary vectors in S, 
and r1,. .. ,r11 E F, then 

L)i(Xj- XQ) = r1x1 + · · · + r11~ + {1 - r1 - · · ·- r11)XQ- :XO E S 

Thus, S is closed under the taking of linear combinations, and so is a 
subspace of V. This implies that X= :XO + S is a flat. Part {2) 
follows from part {1) and Theorem 15.2. I 

Affine Hulls 
The following definition gives the analog of the subspace spanned 

by a collection of vectors. 

Definition Let C be a nonempty set of vectors in V. The affine hull 
hull(C) of C is the smallest flat containing C. We also refer to 
hull(C) as the flat generated by C. 0 

Theorem 15.4 Let C be any nonempty subset of V. The affine hull 
hull( C) is the set of all-affine combinations of vectors in C 

hull( C)= {f:>iXj In 2: 1, xv ... ,X.1 E C, t::>i = 1} 
1=1 1=1 

Proof. According to Theorem 15.3, any flat containing C must 
contain all affine combinations of vectors in C. It remains only to 
show that the set X of all such affine combinations is a flat. To this 
end, let y E X, and consider the set 

s = {Yj - y I Yj EX} 

It suffices to show that S is a subspace of V, for then X = y + S is 
indeed a flat. To this end, let 
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n 

Y = I::ro,iXj• 
i=l 

n 

Yt = L rl,iXj and 
i=l 

n 

Y2 = Lr2,iXj 
i=l 

319 

(By including additional zero coefficients if necessary, we may assume 
that the upper limits of summation are the same.) Hence, any linear 
combination of y1 - y and y2- y has the form 

But, 

n n 

= s Lrt,iXj + t I::r2,iXj- (s+ t)y 
i=l i=l 

n 

= L (sr1,i + tr2,i)Xj- (s + t -1)y- y 
i=l 

= t(sr1,i + tr2,i- (s + t -1)ro,i~- y 
1=1 

n n n n 
I::(sr1,i +tr2,i- (s+ t -l)ro,i) = s Lrt,i +t I::r2,i- (s+t-1) 'L:ro,i 
i=l i=l i=l i=l 

=s+t-(s+t-1) = 1 

which shows that z E S. Hence, S is a subspace of V. 1 

The affine hull of a finite set of vectors is denoted by 
hull{x1, .•• ,~1}. We leave it as an exercise to show that 

(15.1) 

where (XcXj1 ••• ,Xj_cXj1Xj+cXj•····~-Xj} is the subspace spanned 
by the vectors within the angle brackets. This shows that 

dim(hull{x1,. •• ,~1}) ~ n- 1 

The affine hull of a pair of distinct points is the line through those 
points, denoted by 

xy = {rx+ (1-r)y IrE F} = y+ (x- y} 

The Lattice of Flats 
Since flats are subsets of V, they are partially ordered by set 

inclusion. 
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Theorem 15.5 The intersection of a nonempty collection e = 
{Xj + si I i E K} of flats in v is either empty or is a flat. If the 
intersection is nonempty, then 

n (Xj + Si) =X+ n si 
iEK iEK 

for any vector x in the intersection. 

Proof. If 
xE n (Xj+Si) 

iEK 
then Xj + si = X+ si for all i E K, and so 

I 

Definition The join of a nonempty collection e = {Xj + si I i E K} of 
flats in V is the smallest flat containing all flats in e. We denote the 
join of the collection e of flats by v e, or by 

v {Y· + S·} iEK -, 1 

The join of two flats is denoted by (x + S) V (y + T). 0 

Theorem 15.6 Let e = {Xj + si I i E K} be a nonempty collection of 
flats in V. 
1) v e is the intersection of all flats that contain all flats in e. 
2) V e is hull( C), where C is the union of all flats in e. I 

Theorem 15.7 For any two flats in V, 

(x + S) V (y + T) = x + [ (x- y) + S + T) 

Proof. Since x,y E (x + S) V (y + T), we have 

(x + S) V (y + T) = x + U = y + U 

for some subspace U of V. Hence, x- y E U, and so (x- y) C U. 
Moreover, x + S C x + U implies that S C U, and similarly T CU. 
Hence, 

x+[(x-y)+S+T] Cx+ U 

Since x + S and y + T are both contained in x + [(x- y} + S + T], we 
deduce that x + U C x + (x- y) + S + T. The result follows. I 

We can now describe the dimension of the join of two flats. 
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Theorem 15.8 Let X= x+ S and Y = y + T be flats in V. 
1) If X n Y j 0 then 

a) XVY=x+S+T 
b) dim( XV Y) = dim(S + T) = dim( X) + dim(Y) - dim( X n Y) 

2) If XnY = 0 then 
dim( X V Y) = dim(S + T) + 1 

Proof. Using Theorem 15.7, we have 

(x + S) n (y + T) j 0 {:} 3 s E S, t E T s.t. x + s = y + t 
{:} x- y E S + T {:} (x- y) + S + T = S + T {:} X V Y = x + S + T 

This establishes (1a) and (2). As to (1b), note that 

dim(S + T) = dim(S) + dim(T)- dim(S n T) 

and that, if (x + S) n (y + T) j 0, then 

dim(S n T) = dim(x + [S n T]) = dim([x + S] n [y + T]) = dim(X n Y) I 

Affine Independence 
We now discuss the affine counterpart of linear independence. 

Theorem 15.9 Let x1, ..• , ~ be vectors in V. The following are 
equivalent. 
1) X=hul/{x1, .•. ,~} hasdimension n-1. 
2) {xcXj, ... ,Xj_1-x1,Xj+1-Xj, ... ,~-Xj} is linearly independent for 

all i = 1, ... ,n. 
3) Xj ~ hull{x1, ... ,Xj_1,Xj+l' ... ,x,..} for all i = l, ... ,n. 
4) If Erj~ and Esps are affine combinations, then 

I: rj~ = I: sj~ :::} rj = sj for all j 
j j 

Proof. The fact that (1) and (2) are equivalent follows directly from 
( 15.1 ). If (3) does not hold, we have 

hull{x1, ••. ,~} = hul/{x1, ... ,Xj_1 ,Xj+l'"""'~J 

where by (15.1), the latter has dimension at most n- 2. Hence, (1) 
cannot hold, and so (1) implies (3). 

Next we show that (3) implies ( 4). Suppose that {3) holds, and 
that Er-.x: = Es-x-. Setting t· = r· - S· gives 

JJ rJ J J J 

I>j~ = 0 and ~ tj = 0 
j J 

But if any of the tj 's are nonzero, say t1 j 0, then dividing by t1 

gives 
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or 

where 
L:-(t/ti) = 1 

j > 1 

Hence, x1 E hul/{x2,. .. ,~}. This contradiction implies that tj = 0 
for all j, that is, r· = sj for all j. Thus, (3) implies (4). 

Finally, we show that ( 4) implies (2). For concreteness, let us 
show that (4) implies that {x2 -x1, ••• ,~-x1 } is linearly 
independent. Indeed, if a 2, ••• , a 11 E F and Eaj = a, then 

L aj(~- x1) = 0 =:} L aj~ = ax1 =:} (1-a)x1 + L aj~ = x1 
">2 ">2 ">2 j_ j_ j_ 

But the latter is an equality between two affine combinations, and so 
corresponding coefficients must be equal, which implies that aj = 0 for 
all j = 2, ... ,n. This shows that (4) implies (2). I 

Definition The vectors x1, ... , ~ are affinely independent if they 
satisfy any (and hence all) of the conditions of Theorem 15.9. 0 

Theorem 15.10 If X is a flat of dimension n, then there exist n+l 
vectors x1, ••• , ~+I for which every vector x E X has a unique 
expression as an affine combination 

x = rlxl + · · · + rn+I":tt+l 

The coefficients ri are called the barycentric coordinates of x with 
respect to the vectors x1, ... , ~+ 1. I 

Affine Transformations 
Now let us discuss some properties of maps that preserve affine 

structure. 

Definition A function f: V -+V that preserves affine combinations, that 
is, for which 

~ ri = 1 =:} f( ~ riXj) = ~ rl(Xj) 
I J J 

is called an affine transformation (or affine map, or affinity). 0 
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We should mention that some authors require that f be bijective 
in order to be an affine map. The following theorem is the analog of 
Theorem 15.2. 

Theorem 15.11 If char(F) =/= 2, then the following are equivalent for a 
function f: V--+ V. 
1) f preserves affine combinations of any two of its points, that is, 

f(rx+ (1-r)y) = rf(x) + (1-r)f(y) 

2) f preserves affine combinations, that is, 

~ri = 1 ::} f(~ri~) = ~rl(~) I 
1 1 1 

Thus, if char(F) =/= 2, then a map f is an affine transformation if 
and only if it sends the line through x and y to the line through f(x) 
and f(y). It is clear that linear transformations are affine 
transformations. So are the following maps. 

Definition Let v E V. The affine map Tv= V--+ V defined by 

Tv(x) = x+v 

for all x E V, is called translation by v. 0 

It is not hard to see that any map of the form Tv or, where 
T E .t(V), is affine. Conversely, any affine map must have this form. 

Theorem 15.12 A function f:V-+V is an affine transformation if and 
only if f =Tv or, where v E V and T E L(V). 

Proof. We leave proof that Tv o T is an affine transformation to the 
reader. Conversely, suppose that f is an affine map. Then 

f(rx + sy) = f(rx + sy + (1- r- s)O) = rf(x) + sf(y) + (1- r- s)f(O) 

Rearranging gives 

f(rx + sy) - f(O) = r[f(x)- f(O)] + s[f(y) - f(O)] 

which is equivalent to 

(T -f(O) o f)(rx + sy) = r(T -f(O) o f)(x) + s(T -f(O) o f)(y) 

and so T = T -f(O) of is linear. Thus, f = Tr(o) o T. I 

Corollary 15.13 
1) The composition of two affine transformations IS an affine 

transformation. 
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2) An affine transformation f = Tv o T is bijective if and only if T 

is bijective. 
3) The set Aff(V) of all bijective affine transformations on V is a 

group under composition of maps, called the affine group of V. I 

Let us make a few remarks for those familiar with the basics of 
group theory. The set Trans(V) of all translations of V is a 
subgroup of Aff(V). We can define a function 1/J:Aff(V)-+L(V) by 

1/J(Tvor) = T 

It is not hard to see that ¢ is a well-defined group homomorphism 
from Aff(V) onto L{V), with kernel Trans(V). Hence, Trans(V) is 
a normal subgroup of Aff(V) and 

Aff(V) L{V) 
Trans(V) ~ 

Projective Geometry 
If dim(V) = 2, then the join of any two distinct points in V is a 

line. On the other hand, it is not the case that the intersection of any 
two lines is a point. Thus, we see a certain asymmetry between the 
concepts of points and lines in V. This asymmetry can be removed by 
constructing the so-called projective plane. Our plan here is to very 
briefly describe one possible construction of projective geometries of all 
dimensions. 

By way of motivation, let us consider Figure 15.1. 

Figure 15.1 
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Note that H is a hyperplane in a 3-dimensional vector space V and 
that 0 ~H. Now, the set .A.(H) of all flats of V that lie in H is an 
affine geometry of dimension 2. (According to our definition of affine 
geometry, H must be a vector space in order to define .A.(H). 
However, we hereby extend the definition of affine geometry to include 
the collection of all flats contained in a flat of V.) 

To each flat X in H, we associate the subspace (X} of V 
generated by X. This defines a function 

P:.A.(H)__.:f(V), P(X) =(X} 

where :f(V) is the set of all subspaces of V. Note that P is not onto 
:f(V), but only because im(P) does not contain any subspaces of the 
subspace K that contains the origin and is parallel to H. Figure 15.1 
shows a one-dimensional flat X, and its image P(X) = (X}, as well as 
a zero-dimensional flat Y, and its image (Y). Note that, for any flat 
X in H, we have dim(P(X)) = dim(X) + 1. 

Note also that if L1 and L2 are any two distinct lines in H, the 
corresponding planes P(L1) and P(L2) have the property that their 
intersection is a line through the origin. We are now ready to define 
projective geometries. 

Definition Let V be a vector space. The set <:P(V) of all subspaces of 
V is called the projective geometry of V. If S is a subspace of V, its 
projective dimension, denoted by pdim(S) is equal to dim(S) - 1. The 
projective dimension of <:P(V) is defined to be pdim(V) = dim(V) - 1. 
A subspace of projective dimension 0, 1 or 2 is called a projective 
point, projective line, or projective plane, respectively. 0 

Thus, referring to Figure 15.1, a projective point is a line through 
the origin and, provided that it is not contained in the plane K 
described earlier, it meets H in an (affine) point. Similarly, a 
projective line is a plane through the origin and, provided that it is not 
K, it will meet H in a line. (This holds in higher dimensions as well.) 
In short, 

and so on. 

P(point) = projective point, P(line) = projective line 

P(plane) =projective plane 

Given a vector space V of any dimension, and any hyperplane H 
in V not containing the origin, we can define the function 
P:.A.(H)__.<:P(V), as shown in Figure 15.1 for dim(V) = 3. It is also 
clear from this figure that a projective geometry of projective dimension 
n is an "extension" of an affine geometry of (affine) dimension n, 
formed in such a way that all "objects" intersect. More specifically, the 
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map P:.A(H)-+c:P(V) satisfies the properties described in the following 
theorem. 

Theorem 15.14 The map P:.A(H)-+c:P(V) from the affine geometry 
.A(H) to the projective geometry c:P(V) satisfies the following. 
1) P is injective, with inverse given by 

p-1(U) = UnH 

2) im(P) is the set of all subspaces of V that are not contained in 
the subspace K parallel to H 

3) X c Y if and only if P(X) C P(Y) 
4) If Xi are flats in H with nonempty intersection, then 

P( n xi)= n P(Xi) 
ieK ieK 

5) For any collection of flats in H, 

P(. V Xi) =. $ P(Xi) 
IEK IEK 

6) P preserves dimension, in the sense that 

pdim(P(X)) = dim(X) 

7) X II Y if and only if one of P(X) n K and P(Y) n K is contained 
in the other. 

Proof. To prove part (1), let x+ S be a flat in H. Then x E H, and 
so H = x + K, which implies that S C K. Note also that P(x + S) = 
(x} +S, and 

zEP(x+S)nH=((x}+S)n(x+K) => z=rx+s=x+k 

for some s E S, k E K and rEF. This implies that (1- r)x E K, 
which implies that either x E K or r = 1. But x E H implies x rt. K, 
and so r = 1, which implies that z = x +sEx+ S. In other words, 

P(x+S)nH Cx+S 

Since the reverse inclusion is clear, we have 

P(x+S) nH = x+S 

This establishes (1). 
To prove (2), let U be a subspace of V that is not contained in 

K. We wish to show that U is in the image of c:P. Note first that 
since U ¢ K, and dim(K) = dim(V) -1, we have U + K = V, and so 

dim(V n K) = dim(V) + dim(K) - dim(V + K) = dim(V) - 1 

Now, let 0 =f: x E U-K. Then 
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x ~ K => (x} + K = V 

=> rx + k E H for some 0 I r E F, k E K => rx E H 

Thus, rx E U n H for some 0 IrE F. Hence, the flat rx+ (U n K) 
lies in H, and 

dim(rx + (U n K)) = dim(U n K) = dim(U)- 1 

which implies that P( rx + (U n K)) = (rx} + (U n K) lies in U, and 
has the same dimension as U. In other words, 

P(rx+(UnK)) = (rx}+(UnK) = U 

We leave proof of the remaining parts of the theorem as exercises. I 

EXERCISES 
1. Show that if x1, ... , ~1 E V, then the set S = {I:::riXi I Eri = 0} 1s 

a subspace of V. 
2. Prove that hull{x1,. .. ,~1} = x1 + (x2 -x1, •.• ,~ -x1}. 

3. Prove that the set X= {(0,0), (1,0), (0,1)} in (F2)2 is closed 
under the formation of lines, but not affine hulls. 

4. Prove that a flat contains the origin 0 if and only if it is a 
subspace. 

5. Prove that a flat X is a subspace if and only if for some x EX 
we have rx EX for some 1 IrE F. 

6. Show that the join of a collection e = {Xj + si I i E K} of flats in 
v is the intersection of all flats that contain all flats in e. 

7. Is the collection of all flats in V a lattice under set inclusion? If 
not, how can you "fix" this? 

8. Prove that if dim(X) = dim(Y) and X II Y then S = T, where 
X=x+S and Y=y+T. 

9. Suppose that X = x + S and Y = y + T are disjoint hyperplanes 
in V. Show that S = T. 

10. (The parallel postulate) Let X be a flat in V, and v ~X. Show 
that there is exactly one flat containing v, parallel to X, and 
having the same dimension as X. 

11. a) Find an example to show that the join XV Y of two flats 
may not be the set of all lines connecting all points in the 
union of these flats. 

b) Show that if X and Y are flats with X n Y I 0, then 
X V Y is the union of all lines xy where x E X and y E Y. 

12. Show that if X II y and X n y = 0 then dim(X v Y) = 
max{ dim(X), dim(Y)} + 1. 

13. Let dim(V) = 2. Prove the following. 
a) The join of any two distinct points is a line. 
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b) The intersection of any two nonparallel lines is a point. 
14. Let dim(V) = 3. Prove the following. 

a) The join of any two distinct points is a line. 
b) The intersection of any two nonparallel planes is a line. 
c) The join of any two lines whose intersection is a point is a 

plane. 
d) The intersection of two coplanar nonparallel lines is a point. 
e) The join of any two distinct parallel lines is a plane. 
f) The join of a line and a point not on that line is a plane. 
g) The intersection of a plane and a line not on that plane is a 

point. 
15. Prove that fV-+ V is an affine transformation: if and only if f = 

ToT w for some w E V and T E L(V). 
16. Verify the gr~mp-theoretic remarks about the group 

homomorphism c/J:Af/(V)-+L(V), and the subgroup Trans(V) of 
Aff(V). 



CHAPTER 16 

The Umbral Calculus 

Contents: Formal Power Series. The Umbra/ Algebra. Formal Power 
Series as Linear Operators. Sheffer Sequences. Examples of Sheffer 
Sequences. Umbra/ Operators and Umbra/ Shifts. Continuous 
Operators on the Umbra/ Algebra. Operator Adjoints. Automorphisms 
of the Umbra/ Algebra. Derivations of the Umbra/ Algebra. Exercises. 

In this chapter, we give a brief introduction to a relatively new 
subject, called the umbral calculus. This is an algebraic theory used to 
study certain types of polynomial functions that play an important role 
in applied mathematics. We give only a brief introduction to the 
subject -emphasizing the algebraic aspects rather than the applications. 
For more on the umbral calculus, we suggest The Umbra/ Calculus, by 
Roman [1984]. 

Formal Power Series 
We begin with a few remarks concerning formal power series. Let 

GJ denote the algebra of formal power series in the variable t, with 
complex coefficients. Thus, GJ is the set of all formal sums of the form 

(16.1) 

where ak E C. Addition and multiplication are purely formal 

and 



330 16 The Umbral Calculus 

00 00 00 k 

(LaktkXLbktk) = L:( L:ajbk-j)tk 
k=O k=O k=O j=O 

The order o(f) of f is the smallest exponent of t that appears 
with a nonzero coefficient. The order of the zero series is +oo. A series 
f has a multiplicative inverse, denoted by rl, if and only if o(f) = 0. 
We leave it to the reader to show that 

o(fg) = o(f) + o(g) 
and 

o(f +g) 2: min{ o(f),o(g)} 

If fk is a sequence in GJ with o(fk)-oo as k-0, then for any 
series 

we may form the series 
00 

h(t) = L:bkfk(t) 
k=O 

This sum is well-defined since the coefficient of each power of t is a 
finite sum. In particular, if o(f) 2: 1, then o(P')-oo, and so the 
composition 

00 

(gof)(t) = g(f(t)) = Lbktk(t) 
k=O 

is well-defined. It is easy to see that o(g of) = o(g)o(f). 
If o(f) = 1, then f has a compositional inverse, denoted by f 

and satisfying (fof)(t) = (fof)(t) = t. A series f with o(f) = 1 is 
called a delta series. 

The sequence of powers pt of a delta series f forms a 
pseudobasis for GJ, in the sense that for any g E GJ, there exists a 
unique sequence of constants ak for which 

00 

g(t) = Lakfk(t) 
k=O 

Finally, we note that the formal derivative of the series (16.1) is 
given by oo 

8tf(t) = f'(t) = Lkaktk-1 

k=1 
The operator 8t is a derivation, that is, 

8t(fg) = 8t(f)g + f8t(g) 
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The Umbral Algebra 
Let GJl = C[x] denote the algebra of polynomials in a single 

variable x over the complex field. One of the starting points of the 
umbral calculus is the fact that any formal power series in ':f can play 
three different roles- as a formal power series, as a linear functional on 
G.Jl, and as a linear operator on G.Jl. Let us first explore the connection 
between formal power series and linear functionals. 

Let G.Jl* denote the vector space of all linear functionals on G.Jl. 
Note that G.Jl* is the algebraic dual space of G.Jl, as defined in 
Chapter 2. It will be convenient to denote the action of L E G.Jl* on 
p(x) E GJl by 

(L I p(x)) 

The vector space operations on G.Jl* then take the form 

and 
(L + M I p(x)) = (L I p(x)) + (M I p(x)) 

(rL I p(x)) = r(L I p(x)), r E C 

Note also that since any linear functional on GJl is uniquely determined 
by its values on a basis for G.Jl, L E G.Jl* is uniquely determined by the 
values (L I x11) for n ~ 0. 

Now, any formal series in ':f can be written in the form 

~ak k 
f(t)=Gok!t 

and we can use this to define a linear functional f( t) by setting 

(f(t) I X 11) =an 

for n ~ 0. In other words, the linear functional f( t) is defined by the 
condition 

f( ) _ ~ (f{ t) I xk) k 
t - L.,; k' t 

k=O • 

Note in particular that 
(tk I xn) = n!hn,k 

where b11 k is the Kronecker delta function. This implies that 
' 

(tk I p(x)) = p(k)(O) 

and so tk is the functional "kth derivative at 0." Also, t0 is 
evaluation at 0. 

As it happens, any linear functional L E G.Jl* has the form f(t). 
To see this, we simply note that if 

fdt) = 'to(L ~~k)tk 
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then 
{fL(t) I xn) = {L I xn) 

for all n ~ 0, and so as linear functionals, L = fdt). 
Thus, we can define a map ¢:~* --+GJ by ¢(1) = fdt). 

Theorem 16.1 The map ¢:~*--+GJ defined by ¢(1) = fdt) is a vector 
space isomorphism from ~· onto GJ. 

Proof. To see that ¢ is injective, note that 

fL(t) = fM(t) => {L I xn) = {M I xn) for all n ~ 0 => L = M 

Moreover, the map ¢ is surjective, since for any f E GJ, the linear 
functional L = f(t) has the property that ¢(1) = fdt) = f(t). Finally, 

.,~,.( 1 M) _ ~ {rL + sM I xk) k 
"' r + s - L.J kl t 

k=O . 

oo {L I xk) oo {M I xk) 
= r L 1 tk + s L 1 tk = r¢(1) + s¢(M) I 

k=O k. k=O k. 

From now on, we shall identify the vector space ~· with the 
vector space GJ, using the isomorphism ¢:~* --+GJ. Thus, we think of 
linear functionals on ~ simply as formal power series. The advantage 
of this approach is that GJ is more than just a vector space - it is an 
algebra. Hence, we have automatically defined a multiplication of 
linear functionals, namely, the product of formal power series. The 
algebra GJ, when thought of as both the algebra of formal power series 
and the algebra of linear functionals on ~' is called the umbral algebra. 

Let us consider an example. 

Example 16.1 For a E C, the evaluation functional fa E ~· is defined 
by 

{fa I p(x)) = p(a) 

In particular, {fa I xn) =an, and so the formal power series 
representation for this functional is 

oo { I k) oo k 
ff (t) = L fa IX tk= L~tk=eat 

a k=O k. k=O k. 

which is the exponential series. If ebt is evaluation at b, then 

eatebt = e(a+b)t 

and so the product of evaluation at a and evaluation at b is 
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evaluation at a+ b. 0 

When we are thinking of a delta series f E GJ as a linear 
functional, we refer to it as a delta functional. Similarly, an invertible 
series f E GJ is referred to as an invertible functional. Here are some 
simple consequences of the development so far. 

Theorem 16.2 
1} For any f E GJ, 

r(} _ ~(f(t} I~) k 
1' t - LJ k' t 

2} For any p E GJI, 
k=O • 

p(x) = L (tk I ~(x)) xk 
k~O k. 

3} For any f,g E GJ, 

(f(t)g(t) I x11) = t ~)(f(t) I xk)(g(t) I xn-k)tk 
k=O 

4} o(f(t)) > deg p(x) ::::} (f(t) I p(x)) = 0 

5} If o(fk) = k for all k ~ 0, then 

( fakfk(t) I p(x)) = L ak(fk(t) I p(x)} 
k=O k ~ 0 

where the sum on the right is a finite one. 
6} If o(fk} = k for all k ~ 0, then 

(fk(t) I p(x)} = (fk(t) I q(x)} for all k ~ 0 ::::} p(x) = q(x) 

7) If deg Pk(x) = k for all k ~ 0, then 

(f(t) I Pk(x)} = (g(t) I Pk(x)} for all k ~ 0 ::::} f(t) = g(t) 

Proof. We prove only part (3). Let 

oo ak k oo bj . 
f(t) = 2::: -k1 t and g(t) = 2::: ...,tJ 

k=O . j=O J. 

Then 
f(t)g(t) = f ( ~! f:(k)akbm-k)tm 

m=O k=O 
and applying both sides of this (as linear functionals) to x11 gives 

(f(t)g(t) I X11) = t(k)akbn-k 
k=O 

The result now follows from the fact that part (1) implies ak = 
(f(t) I~) and bn-k = (g(t) I x11-k). I 
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We can now present our first "umbral" result. 

Theorem 16.3 For any f(t) E GJ and p(x) E GJ', 

(f(t) I xp(x)} = (iV(t) I p(x)) 

Proof. By linearity, we need only establish this for p(x) = xn. But, if 

then 

ooa 
f(t) = 2:--'ftk 

k=Ok. 

Let us consider a few examples of important linear functionals and 
their power series representations. 

Example 16.2 
1) We have already encountered the evaluation functional 

satisfying 
(eat I p(x)) = p(a) 

2) The forward difference functional is the delta functional eat- 1, 
satisfying 

(eat- 11 p(x)) = p(a)- p(O) 

3) The Abel functional is the delta functional teat, satisfying 

(teat I p(x)) = p'(a) 

4) The invertible functional (1- t)-1 satisfies 

((1- t)-1 1 p(x)) = J~ p(u)e-"du 

as can be seen by setting p(x) = xn, and expanding the expression 
(1- t)-1• 

5) To determine the linear functional f satisfying 

{f(t) I p(x)) = J:p(u) du 

we observe that 

f(t) = f: (f(t)! xk) tk = f: ak+I I tk =eat -1 
k=O k. k=O(k+l). t 
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The inverse t/(eat -1) of this functional is associated with the 
so-called Bernoulli polynomials, which play a very important role 
in mathematics and its applications. In fact, the numbers 

are known as the Bernoulli numbers. 0 

Formal Power Series as Linear Operators 
We now turn to the connection between formal power series and 

linear operators on GJl. Let us denote the k-th derivative operator on GJl 
by tk. Thus, 

We can then extend this to formal series in t 

(16.2) ~ak k 
f(t) = ~k! t 

by defining the linear operator f( t ):GJl___..GJl by 

00 a a () 
f(t)p(x) = L -{[tkp(x)] = L-{ p k (x) 

k=ok. k > ok. 

the latter sum being a finite one. Note in particular that 

f(t)xn = t(k) akxn-k 
k=O 

(16.3) 

With this definition, we see that each formal power series f E GJ 
plays three roles in the umbral calculus, namely, as a formal power 
series, as a linear functional, and as a ·linear operator. The differing 
notations (f(t) I p(x)) and f(t)p(x) will make it clear whether we are 
thinking of f as a functional or as an operator. 

It is important to note that f = g in GJ if and only if f = g as 
linear functionals, which holds if and only if f = g as linear operators. 
It is also worth noting that 

[f(t)g(t)]p(x) = f(t)[g(t)p(x)] 

and so we may write f(t)g(t)p(x) without ambiguity. In addition, 

f(t)g(t)p(x) = g(t)f(t)p(x) 

for all f,g E GJ and p E GJl. 
When we are thinking of a delta series f as an operator, we call it 

a delta operator. The following theorem describes the key relationship 
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between linear functionals and linear operators of the form f( t ). 

Theorem 16.4 If f,g E GJ, then 

(f(t)g(t) I p(x)) = (f(t) I g(t)p(x)) 

for all polynomials p(x) E GJI. 

Proof. If f has the form (16.2), then by (16.3), 

(16.4) (t0 I f(t)x11) = (t0 I t(i:) akxn-k) = a11 = (f(t) I x11) 

k=O 
By linearity, this hold·s for x11 replaced by any polynomial p(x). 
Hence, applying this to the product fg gives 

(f(t)g(t) I p(x)) = (t0 I f(t)g(t)p(x)) 

= (t0 I f(t)[g(t)p(x)]) = (f(t) I g(t)p(x)) I 

Equation (16.4) shows that applying the linear functional f(t) is 
equivalent to applying the operator f(t), and then following by 
evaluation at x = 0. 

Here are the operator versions of the functionals in Example 16.2. 

and so 
eatp(x) = p(x +a) 

for all p E GJI. Thus eat is a translation operator. 
2) The forward difference operator is the delta operator eat- 1, 

where 
(eat -1)p(x) = p(x +a)- p(a) 

3) The Abel operator is the delta operator teat, where 

teatp(x) = p'(x +a) 

4) The invertible operator (1- t)-1 satisfies 

(1-t)-1p(x) = J~p(x+u)e-udu 
5) The operator (eat - 1) / t is easily seen to satisfy 

at Jx+a 
e t- 1 p(x) = x p(u) du 0 



16 The Umbra! Calculus 337 

We have seen that all linear functionals on ~ have the form f(t), 
for f E GJ. However, not all linear operators on ~ have this form. To 
see this, observe that 

deg [f(t)p(x)] ~ deg p(x) 

but the linear operator t/J:~-~ defined by t/J(p(x)) = xp(x) does not 
have this property. Proof of the following characterization of operators 
that do have the form f(t) can be found in Roman [1984]. 

Theorem 16.5 The following are equivalent for a linear operator 
T:~-~. 

1) T has the form f(t), that is, there exists an f E GJ for which 
T = f(t), as linear operators. 

2) T commutes with the derivative operator, that is, rt = tr. 
3) T commutes with any delta operator g(t), that is, rg(t) = g(t)r. 
4) T commutes with any translation operator, that is, reat = eatT. 1 

Sheffer Sequences 
We can now define the principal object of study in the umbral 

calculus. When referring to a sequence s11(x) in ~. we shall always 
imply that deg s11(x) = n for all n 2: 0. The proof of the following 
result is straightforward, but in the interest of space, it will be omitted. 

Theorem 16.6 Let f be a delta series, let g be an invertible series, 
and consider the geometric sequence 

g, gf, gf2, gtu, ... 

in GJ. Then there is a unique sequence su(x) in ~ satisfying the 
orthogonality conditions 

(16.5) 

for all n,k 2: 0. I 

Definition The sequence su(x) in (16.5) is called the Sheffer sequence 
for the ordered pair (g(t),f(t)). We shorten this by saying that s11(x) 
is Sheffer for (g(t),f(t)). 0 

Two special types of Sheffer sequences deserve explicit mention. 

Definition The Sheffer sequence for a pair of the form (1,f(t)) is called 
the associated sequence for f(t). The Sheffer sequence for a pair of the 
form (g(t),t) is called the Appell sequence for g(t). 0 
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Before considering examples, we wish to describe several 
characterizations of Sheffer sequences. First, we require a key result. 

Theorem 16.7 (The expansion theorems) 
(g(t),f(t)). 

Let sn(x) be Sheffer for 

1) For any hE GJ, 

h(t) = f: (h(t) I ~k(x)) g(t)fk(t) 
k=O k. 

2) For any p E GJl, 

( ) _ ""(g(t)fk(t) I p(x) ( ) 
p X - L.,.. kl Sk X 

k>O ' 
Proof. Part (1) follows from parts {5) and (7) of Theorem 16.2, since 

( f: (h{t) t?(x)) g(t)fk{t) I sn(x)) = f: (h(t) t~k(x)) n!hn,k 
k=O k=O 

= (h(t) I sn(x)) 

Part (2) follows in a similar way from part (6) of Theorem 16.2. I 

We can now begin our characterization of Sheffer sequences, 
starting with the generating function. The idea of a generating function 
is quite simple. If rn(x) is a sequence of polynomials, we may define a 
formal power series of the form 

~rk(x) k 
g(t,x) = ~ k!t 

This is referred to as the (exponential) generating function for the 
sequence rn(x). (The term exponential refers to the presence of k! in 
this series. When this is not present, we have an ordinary generating 
function.) Since the series is a formal one, knowing g(t) is equivalent 
(in theory, if not always in practice) to knowing the polynomials r11(x). 
Moreover, a knowledge of the generating function of a sequence of 
polynomials can often lead to a deeper understanding of the sequence 
itself, that might not be otherwise easily accessible. For this reason, 
generating functions are studied quite extensively. 

For the proofs of the following characterizations, we refer the 
reader to Roman [1984]. 

Theorem 16.8 (Generating function) 
1) Let p11(x) be the associated sequence for f(t). The generating 

function of Pn(x) is 
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yf(t) _ ~Pk(Y) tk 
e - L....t k' 

k=O ' 

where f(t) is the compositional inverse of f(t). 
2) Let sn(x) be Sheffer for (g(t), f(t)). The generating function of 

sn(x) is 

I 

Theorem 16.9 (Conjugate representation) 
1) A sequence Pn(x) is the associated sequence for f(t) if and only 

~ n 

Pn(x) = {;~! (f(t)k I xn)xk 

2) A sequence sn(x) is Sheffer for (g(t),f(t)) if and only if 
n 

sn(x) = L ~ (g(f(t))-1f(t)k I xn)xk 1 
k=Ok. 

Theorem 16.10 (Operator characterization) 
1) A sequence Pn(x) is the associated sequence for f(t) if and only 

if 
a) Pn(O) = c5n 0 

b) f(t)pn(x)~npn_1 (x) for n~O 
2) A sequence sn(x) is Sheffer for (g(t),f(t)), for some g(t), if and 

only if 

for all n ;:::: 0. I 

Theorem 16.11 
1) (The binomial identity) A sequence p11(x) is the associated 

sequence for a delta series f(t) if and only if it is of binomial 
type, that is, if and only if it satisfies the identity 

for all y E C. 
2) (The Sheffer identity) A sequence sn(x) is Sheffer for (g(t),f(t)), 

for some g( t) if and only if 

sn(x + y) = t(~)Pk(y)sn-k(x) 
k=O 

for all y E C, where Pn(x) is the associated sequence for f(t). I 
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Examples of Sheffer Sequences 
We can now give some examples of Sheffer sequences. While it is 

often a relatively straightforward matter to verify that a given sequence 
is Sheffer for a given pair (g( t ),f( t) ), it is quite another matter to find 
the Sheffer sequence for a given pair. The umbral calculus provides two 
formulas for this purpose, one of which is direct, but requires the 
usually very difficult computation of the series (f(t)/t)-11• The other is 
a recurrence relation that expresses each s11(x) in terms of previous 
terms in the Sheffer sequence. Unfortunately, space does not permit us 
to discuss these formulas in detail. However, we will discuss the 
recurrence formula for associated sequences later in this chapter. 

Example 16.4 The sequence p11(x) = x11 is the associated sequence for 
the delta series f( t) = t. The generating function for this sequence is 

00 k 
eYt = L~tk 

k=Ok. 

and the binomial identity is precisely that: 

(x + y)11 = t(n)xky11-k 
k=O k 

Example 16.5 The lower factorial polynomials 

(x)11 = x(x -1)· · ·(x- n + 1) 

form the associated sequence for the forward difference functional 

f(t)=et-1 

discussed in Example 16.2. To see this, we simply compute, using 
Theorem 16.10. Since (0)0 is defined to be 1, we have (0)11 = 811,0 • 

Also, 

(et -1)(x)11 = (x + 1)11 - (x)11 

= (x + 1 )x(x- 1 )· · ·(x- n + 2) - x(x- 1 )· · ·(x- n + 1) 

= x(x- 1)· · ·(x- n + 2)[(x + 1)- (x- n + 1)) 

= nx(x- 1)· · ·(x- n + 2) 

= n(x)n-1 

The generating function for the lower factorial polynomials is 

ylog(1+t) _ ~ (y)ktk 
e - ~ k' 

k=O . 
which can be rewritten in the more familiar form 
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(1 + t)Y = ta)tk 
k=O 

Of course, this is a formal identity, so there is no need to make any 
restrictions on t. The binomial identity in this case is 

(x + Y)n = t~)(x)k(Y)n-k 
k=O 

which can also be written in the form 

(x! Y) = t(~)(n~k) 
k=O 

This is known as the V andermonde convolution formula. 

Example 16.6 The Abel polynomials 

A11(x;a) = x(x- an)11- 1 

form the associated sequence for the Abel functional 

f(t) =teat 

also discussed in Example 16.2. We leave verification of this to the 
reader. The generating function for the Abel polynomials is 

- 00 ( k)k-1 yf(t) _ '"'y Y- a tk 
e - L.J k' 

k=O . 
Taking the formal derivative of this with respect to y gives 

f(t)eyf(t) = ~k(y-a)(~!-ak)k-1 tk 

which, for y = 0, gives a formula for the compositional inverse of the 
series f( t) = teat, 

_ oo ( -a)kkk-1 k 
f(t) = (; (k-1)! t 

Example 16.7 The famous Hermite polynomials H11(x) form the 
Appell sequence for the invertible functional 

g(t) = et2/2 

We ask the reader to show that s11(x) is the Appell sequence for g(t) 
if and only if s11(x) = g(t)-1x11• Using this fact, we get 

Hn(x) = e -t2 /2xn = L ( -~)k(nk\2k xn-k 
k~O . 

The generating function for the Hermite polynomials is 
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yt-t2 /2 _ ~ Hk(Y) tk 
e - L...J k' 

k=O . 

and the Sheffer identity is 

Hn(x + y) = t(k)Hdx)yn-k 
k=O 

We should remark that the Hermite polynomials, as defined in the 
literature, often differ from our definition by a multiplicative 
constant. D 

Example 16.8 The well-known and important Laguerre polynomials 
Lia)(x) of order a form the Sheffer sequence for the pair 

g(t) = (1- t)-a-1 , f(t) = ..i_1 t-

It is possible to show (although we will not do so here) that 

Lia)(x) = ~ki(~: ~)( -x)k 

The generating function of the Laguerre polynomials is 

1 yt/(t-1) _ ~ L£al(x) tk 
(1- t)a+l - f;Q k! 

As with the Hermite polynomials, some definitions of the Laguerre 
polynomials differ by a multiplicative constant. D 

We presume that the few examples we have given here indicate 
that the umbral calculus applies to a significant range of important 
polynomial sequences. In Roman [1984], we discuss approximately 30 
different sequences of polynomials that are (or are closely related to) 
Sheffer sequences. · 

Umbral Operators and Umbral Shifts 
We have now established the basic framework of the umbral 

calculus. As we have seen, the umbral algebra plays three roles- as the 
algebra of formal power series in a single variable, as the algebra of all 
linear functionals on ~, and as the algebra of all linear operators on ~ 
that commute with the derivative operator. Moreover, since GJ is an 
algebra, we can consider geometric sequences in ~ 

g, gf, gf2 , g£'3, ... 

where o(g) = 0 and o(f) = 1. We have seen by example that the 
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orthogonality conditions 

(g(t)fk(t) I s11(x)) = n!811 k 
' 

define important families of polynomial sequences. 
While the machinery that we have developed so far does unify a 

number of topics from the classical study of polynomial sequences (for 
example, special cases of the expansion theorem include Taylor's 
expansion, the Euler-MacLaurin formula and Boole's summation 
formula), it does not provide much new insight into their study. Our 
plan now is to take a brief look at some of the deeper results in the 
umbral calculus, which center around the interplay between operators 
on 'P and their adjoints, which are operators on the umbral algebra 
GJ = 'P*. 

We begin by defining two important operators on 'P associated 
to each Sheffer sequence. 

Definition Let s11(x) be Sheffer for (g(t),f(t)). The linear operator 
.Xg,r:'P--+'P defined by 

is called the Sheffer operator for the pair (g( t ),f( t) ), or for the sequence 
s11(x). If p11(x) is the associated sequence for f(t), the Sheffer operator 

.Xr(x11) = p11(x) 

is called the umbral operator for f(t), or for p11(x). 0 

Definition Let s11(x) be Sheffer for (g(t),f(t)). The linear operator 
() g,f:'P--+'P defined by 

is called the Sheffer shift for the pair (g( t ),f( t) ), or for the sequence 
s11(x). If p11(x) is the associated sequence for f(t), the Sheffer operator 

Or[Pn(x)] = Pn+l (x) 

is called the umbral shift for f(t), or for p11(x). 0 

We will confine our attention in this brief introduction to umbral 
operators and umbral shifts, rather than the more general Sheffer 
operators and Sheffer shifts. It is clear that each Sheffer sequence 
uniquely determines a Sheffer operator and vice-versa. Hence, knowing 
the Sheffer operator of a sequence is equivalent to knowing the 
sequence. 
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Continuous Operators on the Umbral Algebra 
It is clearly desirable that an operator T E .f.(<J) on the umbral 

algebra pass under infinite sums, that is, 

(16.6) 

whenever the sum on the left is defined, which is precisely when 
o(fk(t))-oo as k-oo. Not all operators on <J have this property, 
which leads to the following definition. 

Definition A linear operator T on the umbral algebra <J is 
continuous if it satisfies (16.6). 0 

The term continuous can be justified by defining a topology on <J. 
However, since no additional topological concepts will be needed, we 
will not do so here. Note that in order for (16.6) to make sense, we 
must have o(T[fk(t)])-oo. It turns out that this condition is also 
sufficient. 

Theorem 16.12 A linear operator T on <J is continuous if and only if 

(16.7) 

Proof. The necessity is clear. Suppose that (16.7) holds, and that 
o(fk)-oo. For any m ~ 0, we have 

Since o(Ek>makfk(t))-oo, (16.7) implies that we may choose m large 
enough so that 

as well as 
o(T[fk( t)]) > n for k > m 

Hence, (16.8) gives 

= ( f:ak T[fk(t)] I X11) 

k:"O 

which implies the desired result. I 
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Operator Adjoints 
If r:<!P-+<!P is a linear operator on <!P, then its (operator) adjoint 

Tx is an operator on <!P* = GJ defined by 

rx[h(t)] = h(t) o T 

In the symbolism of the umbral calculus, this is 

(r.xh(t) I p(x)) = {h(t) I rp(x)) 

(We have reduced the number of parentheses used to aid clarity.) 
Let us recall the basic properties of the adjoint from Chapter 3. 

Theorem 16.13 For r,u E L(<!P), 
1) ( T + lT t = Tx + ux 

2) (rr)x = rrx for any r E C 
3) ( TlTt = lTXTX 

4) ( r-1 )x = ( rx)-1 for any invertible T E L(<!P) I 

Thus, the map ¢:.t(<!P)-+.t(GJ) that sends r:<!P-+<!P to its adjoint 
rx:GJ-+GJ is a linear transformation from .t(<!P) to .t(GJ). Moreover, 
since Tx = 0 implies that {h(t) I rp(x)) = 0 for all h(t) E GJ and 
p(x) E <!P, which in turn implies that T = 0, we deduce that ¢ is 
injective. The next theorem describes the range of ¢. 

Theorem 16.14 A linear operator T E L(GJ) is the adjoint of a linear 
operator L E L(<!P) if and only if T is continuous. 

Proof. First, suppose that T = Tx for some T E L(<!P). If 
o(fk(t))-+oo, then for any n ~ 0, there is a k11 for which 

k > kn => o(fk(t)) > deg r(xi) for all 0 ~ i ~ n 
Hence, 

k > kn => (rxfk(t) I xi)= {fk(t) I rxi) = 0 for all 0 ~ i ~ n 

=> o(rxfk(t)) > n 

which shows that o( rxfk( t ))-+oo, and hence that Tx is continuous. 
For the converse, assume that T is continuous. We can define a 

linear operator T on <!P by setting 

n " (Ttk I xn) k 
TX = L.J kl X 

k~O • 

This makes sense since o(Ttk)-+oo as k-+oo, and so the sum on the 
right is a finite one. Then 

(Ttk I xn) 
(rxtm I xn) = (tm I rxn) = L kl (tm I xk} = (Ttm I xn} 

k~O • 
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which implies that Ttm = rxeu for all m 2: 0. Finally, since T and 
rx are both continuous, we have T = rx. I 

Automorphisms of the Umbral Algebra 
Figure 16.1 shows the map 1/J, which is an isomorphism from the 

vector space L(CJ!) onto the space of all continuous linear operators on 
CJ. We are interested in determining the images of the set of all umbral 
operators, and the set of all umbral shifts, under this isomorphism. 

Figure 16.1 

Let us begin with umbra! operators. Suppose that Ar is the 
umbra! operator for the associated sequence p11(x), associated to the 
delta series f( t) E CJ. Then 

(A;f(t)k I x11} = (f(t)k I ArX11} = (f(t)k I Pn(x)} = n!8n,k = (tk I x11} 

for all k and n. Hence, A;f(t)k = tk, which implies, since A; is 
continuous, that 

A{tk = f(t)k 

More generally, for any h(t) E CJ, 

(16.9) A[h(t) = h(f(t)) 

In words, A{ is composition by f(t). 
From (16.9), we deduce that A{ is a vector space isomorphism, 

and that 
Af[g(t)h(t)] = g(f(t))h(f(t)) = A£g(t)A£h(t) 

Hence, A{ is an automorphism of the umbra! algebra CJ. It is a 
pleasant fact that this characterizes umbra! operators. The first step in 
the proof of this is the following, whose proof is left as an exercise. 
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Theorem 16.15 If T is an automorphism of the umbral algebra, then 
T preserves order, that is, o(Tf(t)) = o(f(t)). In particular, T is 
continuous. I 

Theorem 16.16 A linear operator ,\ on GJl is an umbral operator if 
and only if its adjoint is an automorphism of the umbral algebra GJ. 
Moreover, if -'c is an umbral operator, then 

,\(h(t) = h(f(t)) 

for all h( t) E GJ. In particular, ,\(f( t) = t. 

Proof. We have already shown that the adjoint of -'c IS an 
automorphism satisfying (16.9). For the converse, suppose that ,\x is 
an automorphism of GJ. Theorem 16.15 implies the existence of a 
unique delta series f(t) for which ,\xf(t) = t. If p11(x) is the 
associated sequence for f(t), then 

(f(t)k I ,\xn} = (,\xf(t)k I xn} = ((,\xf(t)]k I xn} 

= (tk I X 11} = n!6n,k = (f(t)k I P11(x)} 

and so part (6) of Theorem 16.2 implies that AX11 = Pn(x). Thus, ,\ is 
an umbral operator. I 

Theorem 16.16 allows us to fill in one of the blank boxes on the 
right side of Figure 16.1, as shown in Figure 16.2. 

Umbra! 
Operators 

Umbra! 
Shifts 

Figure 16.2 

Let us see how we might use Theorem 16.16 to advantage in the 
study of associated sequences. Since the set A ut(GJ) of all 
automorphisms of GJ is a group under composition, so is the set of 
umbral operators. More specifically, let 

and 
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be umbral operators. Then 

( \ o Ar)x = A; o A~ 

is an automorphism of GJ, and so Ago Ar is an umbral operator. In 
fact, since 

( Ag o Ar)xf(g( t)) = A; o A~f(g( t)) = A;f( t) = t 

we deduce that Ag o Ar = Ar 0 g• Also, since 

we have A£1 = Ar 
Now, if 

Ai' o Ar = Ar o i' = At = t 

n 

Pn(x) = LPn,kXk 
k=O 

then Ago Ar is the umbral operator for the associated sequence 
n n 

(Ago Ar)xn = AgPn(x) = :L>n,kA~k = LPn,kqk(x) 
k=O k=O 

This sequence, denoted by 
n 

(16.10) Pn(q(x)) = LPn,kqk(x) 
k=O 

is called the umbral composition of p11(x) with q11(x). Let us 
summarize. 

Theorem 16.17 Let p11(x) and q11(x) be associated sequences, with 
umbral operators Ar and Ag, respectively. 
1) A oAr= Arog and A£1 = Ai' 
2) T~e set of associated sequences forms a group under umbra} 

composition, as defined by (16.10). In particular, the umbral 
composition p11(q(x)) is the associated sequence for the 
composition fog. The identity is the sequence x11, and the 
inverse of p11(x) is the associated sequence for the compositional 
inverse f(t). I 

Derivations of the Umbral Algebra 
We have seen that an operator on GJl is an umbral operator if and 

only if its adjoint is an automorphism of GJ. Now suppose that 
OrE t(GJl) is the umbra} shift for the associated sequence p11(x), 
associated to the delta series f(t) E GJ. Then 

(O;f(t)k I P11(x)) = (f(t)k I 0rP11(x)) = (f(t)k I Pn+I(x)) 

= (n+1)!6n+I,k = (n+1)n!6n,k-l = (kf(t)k-ll p11(x)) 
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and so 
(16.11) O{f(t)k = kf(t)k-1 

This implies 

(16.12) 

and further, by continuity, that 

(16.13) Of[g(t)h(t)) = (O{g(t))h(t) + g(t)(O{g(t)) 

Let us pause for a definition. 

Definition Let .A be any algebra. A linear operator {) on .A is a 
derivation if 

o(ab) = (oa)b+aob 
for all a,b E .A. 0 

Thus, we have shown that the adjoint of an umbra! shift is a 
derivation of the umbra! algebra GJ. Moreover, the expansion theorem 
and (16.11) show that 0£ is surjective. As with umbra! operators, this 
characterizes umbra! shifts. First we need a preliminary result on 
surjective derivations. 

Theorem 16.18 Let {) be a surjective derivation on the umbra! algebra 
GJ. Then oc = 0 for any constant c E GJ and o(of(t)) = o(f(t)) -1, if 
o(f(t)) 2: 1. In particular, {) is continuous. 

Proof. We begin by noting that 81 = 01 2 = 81 + 81 = 201, and so 
oc = cOl = 0 for all constants c E GJ. Since {) is surjective, there 
must exists an h(t) E GJ for which 

ah(t) = 1 

Writing h(t) = h0 + th1(t), we have 

1 = a(h0 +th1(t)] = (at)h1(t) +t8h1{t) 

which implies that o(at.) = 0. Finally, if o(h(t)) = k 2: 1, then h(t) = 
tkh1(t), where o(h1(t)) = 0, and so 

o[oh( t )] = o[otkh1 ( t )] = o[tkoh{t) + ktk-1h1 ( t )at] = k- 1 I 

Theorem 16.19 A linear operator 0 on GJ is an umbra! shift if and 
only if its adjoint is a surjective derivation of the umbra! algebra GJ. 
Moreover, if Or is an umbra! shift, then 0£ =or is derivation with 
respect to f(t), that is, 

B(f(t)k = kf(t)k-l 
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for all k 2: 0. In particular, B{f( t) = 1. 

Proof. We have already seen that 8{ is derivation with respect to 
f(t). For the converse, suppose that ox is a surjective derivation. 
Theorem 16.18 implies that there is a delta functional f(t) such that 
Bxf(t) = 1. If Pn(x) is the associated sequence for f(t), then 

(f(t)k I Bpn(x)} = (Bxf(t)k I Pn(x)} = (kf(t)k-1Bxf(t) I Pn(x)} 

= (kf(t)k-1 I Pn(x)} = (n+1)!6u+I,k = (f(t)k I P11+I(x)} 

Hence, Bpn(x) = Pu+I (x), that is, 8 = Be is the umbral shift for 
Pn(x). I 

Figure 16.2 is now justified. Let us summarize. 

Theorem 16.20 The isomorphism ¢ from ..t('JI) onto the continuous 
linear operators on GJ is a bijection from the set of all umbral 
operators to the set of all automorphisms of GJ, as well as a bijection 
from the set of all umbral shifts to the set of all surjective derivations 
on GJ. I 

We have seen that the fact that the set of all automorphisms on 
GJ is a group under composition shows that the set of all associated 
sequences is a group under umbral composition. The set of all 
surjective derivations on GJ does not form a group. However, we do 
have the chain rule for derivations! 

Theorem 16.21 (The chain rule) Let 8e and {)g be surjective 
derivations on GJ. Then 

Proof. This follows from 

{)gf(t)k = kf(t)k-18/(t) = (8i(t))8cf(t)k 

and so continuity implies the result. I 

The chain rule leads to the following umbral result. 

Theorem 16.22 If Be and Bg are umbral shifts, then 

Be= Bg o 8rg(t) 

Proof. The chain rule gives 

and so 
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(h(t) I Brp(x)) = (O{h(t) I p(x)) = ((8rg(t))e~h(t) I p(x)) 

= (O~h(t) I 8rg(t)p(x)) = (h(t) I ego 8rg(t)p(x)) 

for all p(x) E GJl and all h(t) E GJ, which implies the result. I 
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We leave it as an exercise to show that 8i(t) = [org(t)]-1• Now, 
by taking g(t) = t in Theorem 16.22, and observing that Otxn = xn+1 

and so (;It is multiplication by x, we get 

Or= x8rt = x[atf(t)]-1 = x[f'(t)]-1 

Applying this to the associated sequence p11(x) for f(t) gives the 
following important recurrence relation for p11(x). 

Theorem 16.23 (The recurrence formula) Let p (x) be the n 
associated sequence for f( t ). Then 

I 

Example 16.9 The recurrence relation can be used to find the 
associated sequence for the forward difference functional f(t) = et- 1. 

Since f' ( t) = e\ the recurrence relation is 

Pn+1(x) = xe-tp11(x) = xp1/x -1) 

Using the fact that p0(x) = 1, we have 

p1 (x) = x, p2(x) = x(x- 1 ), p3(x) = x(x- 1 )(x- 2) 

and so on, leading easily to the lower factorial polynomials 

p11(x) = x(x- 1)· · ·(x- n + 1) = (x)n 

Example 16.10 Consider the delta functional 

f(t) = log(1 + t) 

0 

Since f( t) = et - 1 is the forward difference functional, Theorem 16.17 
implies that the associated sequence «Pn(x) for f(t) is the inverse, 
under umbra! composition, of the lower factorial polynomials. Thus, if 
we write 

11 

«Pn(x) = L S(n,k)xk 

then 
k=O 

n 

xn = L S(n,k)(x)k 
k=O 

The coefficients S(n,k) in this equation are known as the Stirling 
numbers of the second kind and have great combinatorial significance. 
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In fact, S(n,k) is the number of partitions of a set of size n into k 
blocks. The polynomials ¢11(x) are called the exponential polynomials. 

The recurrence relation for the exponential polynomials is 

¢11+1(x) = x(1 + t)¢11(x) = x(¢11(x) + ¢~(x)) 

Equating coefficients of xk on both sides of this gives the well-known 
formula for the Stirling numbers 

S(n+1,k) = S(n,k-1) + kS(n,k) 

Many other properties of the Stirling numbers can be derived by umbra! 
means. 0 

EXERCISES 
1. 
2. 
3. 
4. 
5. 
6. 

7. 
8. 

9. 
10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

Prove that o(fg) = o(f) + o(g), for any f,g E GJ. 
Prove that o(f +g)~ min{ o(f),o(g)}, for any f,g E GJ. 
Show that any delta series has a compositional inverse. 
Show that for any delta series f, the sequence fk is a pseudobasis. 
Prove that {)t is a derivation. 
Show that f E GJ is a delta functional if and only if (f 11} = 0 
and (f I x} # 0. 
Show that f E GJ is invertible if and only if (f 11} # 0. 
Show that (f(at) I p(x)} = {f(t) I p(ax)} for any a E C, f E GJ and 
p E~. 
Show that (teat I p(x)) = p'(a) for any polynomial p(x) E ~­
Show that f = g in GJ if and only if f = g as linear functionals, 
which holds if and only if f = g as linear operators. 
Prove that if s11(x) is Sheffer for (g(t),f~)), then f(t)s11(x) = 
ns11_ 1(x). Hint: Apply the functionals g(t)f (t) to both sides. 
Verify that the Abel polynomials form the associated sequence for 
the Abel functional. 
Show that a sequence s~(x) is the Appell sequence for g(t) if 
and only if s11(x) = g(t)- x11• 

If f is a delta series, show that the adjoint Ac of the umbra! 
operator Ar is a vector space isomorphism of GJ. 
Prove that if T is an automorphism of the umbra! algebra, then 
T preserves order, that is, o(Tf(t)) = o(f(t)). In particular, T is 
continuous. 
Show that an umbra! operator maps associated sequences to 
associated sequences. 
Let p11(x) and q11(x) be associated sequences. Define a linear 
operator a by a:p11(x)-qu(x). Show that a is an umbra! 
operator. 
Prove that if 8r and {)g are surjective derivations on GJ, then 
8i(t) = [8rg(t)]-1• 
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coset (see also flat), 64, 315 
coset representative, 64, 316 
countable, 10 

countably infinite, 10 

Dense, 246 
derivation, 349 
diagonalizability, simultaneous, 156 
diagram, commutative, 293 
diameter, 258 
dimension, 39 

Hamel, 166 
Hilbert, 165, 284 
projective, 325 

direct product, 31 
direct sum, 32 

external, 32 
universal property of, 296 

internal, 33 
orthogonal, 169, 214 

direct summand, 33 
distance, 161 
divides, 20 
division algorithm, 3 
dot product, 158 
dual space, algebraic, 69, 211 

continuous, 287 

double, 72 

Eigenspace, 138 
eigenvalue, 137, 138 

Index 

algebraic multiplicity of, 143 
geometric multiplicity of, 143 

eigenvector, 138 
elementary divisors, 117, 128 
endomorphism, of modules, 90 

of vector spaces, 46 
epimorphism, of modules, 90 

of vector spaces, 46 
equivalence class, 5 
equivalence relation, 5 
Euclidean space, 158 
evaluation at v, 72 
extension map, 306 
exterior product, universal property of, 312 
exterior product space, 312 

Field, 23 
finite, 10 
flat, 315 

dimension of, 316 
generated by a set, 318 
hyperplane, 316 
line, 316 
parallel, 316 
plane, 316 
point, 316 

flat representative, 316 
form, bilinear, 205, 297 

discriminant of, 209 
rank of, 209 
universal, 222 

multilinear, 308 
formal power series, composition of, 330 

delta series, 330 
order of, 330 

Fourier coefficient, 167 
Fourier expansion, 167, 276, 282 
function, bijective, 5 

bilinear, 297 
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continuous, 248 
domain of, 4 
image of, 4 
injective, 4 
multilinear, 308 
n-linear, 308 
range of, 4 
restriction of, 5 
square summable, 285 
surjective, 5 

functional (see linear functional) 
functional calculus, 195 

Gaussian coefficient, 81 
generate, 35, 87 
generating function, 338 
Gram-Schmidt orthogonalization, 170, 171 
greatest lower bound, 9 
group, 15 

abelian, 15 
commutative, 15 
zero element of, 15 

Hamming distance, 258 
Hilbert space, 265 

total subset of, 274 
Holder's inequality, 241, 261 
homomorphism, of modules, 90 

of vector spaces, 46 
hyperbolic pair, 216 
hyperbolic plane, 216 
hyperbolic space, 216 

maximal, 233ff. 

Ideal, 18 
maximal, 21, 98 
order, 111 
prime, 105 
principal, 18 

index set, 49 
infinite series, absolutely convergence of, 268 

convergence of, 268, 277 

net convergence of, 277 
partial sum of, 268 
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unconditional convergence of, 276 
injection, 4 
inner product, 157, 206 

standard, 158 
inner product space, 158 
integral domain, 17 
invariant, 6 

complete, 6 
complete system of, 6 

invariant factor, 118 
irreducible, 21 
isometric, metric spaces, 253 

metric vector spaces, 225 
isometry, of inner product spaces, 162, 264 

of metric spaces, 253 
of metric vector spaces, 225 

isomorphic, isometrically, 162, 264 
vector spaces, 48 

isomorphism, isometric, 162, 264 
of modules, 90 
of vector spaces, 46, 48 

Jordon block, 141 
Jordon canonical form, 142 

Kronecker delta function, 70 

Lattice, 31 
least upper bound, 9 
limit, 244 
limit point, 245 
linear combination, 28 
linear functional, 69 

Abel, 334 
delta, 333 
evaluation, 332 
forward difference, 334 
invertible, 333 

linear operator, 45 
Abel, 336 
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adjoint of, 77, 175, 176 
delta, 335 
diagonalizable, 123 
direct swn of, 60 
forward difference, 336 
Hermitian, 180, 181ff. 
involution, 155 
minimal polynomial of, 124 
nilpotent, 154 
nonderogatory, 154 
nonnegative, 197 
normal, 180, 185ff. 
orthogonal spectral resolution of, 194, 195 
orthogonally diagonalizable, 179, 186ff. 
polar decomposition of, 199 
positive, 197 
projection (see projection) 
self-adjoint, 180, 181ff. 
Sheffer, 343 
spectral resolution of, 153 
spectrum of, 153 
square root of, 197 
translation, 336 
umbral, 343 
unitary, 180, 183ff. 

linear transformation, 45 
adjoint of, 77, 175, 176 
bounded, 287 
external direct sum of, 61 
image of, 48 
kernel of, 48 
matrix of, 54 
nullity of, 48 
operator adjoint of, 77 
orthogonal, 225 

determinant of, 227 
rank of, 48 
reflection, 227 
restriction of, 47 
rotation, 227 
symmetry, 227 
symplectic, 226 
tensor product of, 303 
unipotent, 237 

linearly dependent, 35, 89 

linearly independent, 35, 89 
linearly ordered set, 9 

Matrix, adjoint of, 3 
alternate, 208 
block, 129 
block diagonal, 129 
change of basis, 53 
column rank of, 40 
column space of, 40 
companion, 126 
congruent, 8, 208 
conjugate transpose of, 177 
coordinate, 42 
elementary, 2 
equivalent, 7, 58 
Hermitian, 181 
leading entry, 2 
minimal polynomial of, 125 
normal, 181 
of a bilinear form, 208 
of a linear transformation, 54 
orthogonal, 181 
rank of, 41 
reduced row echelon form, 2 
row equivalent, 2 
row rank of, 40 
row space of, 40 
similar, 8, 59, 122 
skew-Hermitian, 181 
skew-symmetric, 1, 181 
standard, 52 
symmetric, 1, 181 
trace of, 155 
transpose of, 1-2 
unitary, 181 

maximal element, 9 
maximal ideal, 21 
metric, 239 

Euclidean, 240 
sup, 240 
unitary, 240 

metric space, 161, 239 
bounded subset of, 259 

Index 
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complete, 250 
complete subspace of, 250 
completion of, 254 
convergence in, 243 
dense subset of, 246 
distance between subsets in, 259 
separable, 246 
subspace of, 242 

metric vector space, 206 
anisotropic, 214 
group of, 225 
isometric, 225 
isotropic, 214 
nondegenerate, 206, 214 
nonsingular, 206, 214 
radical of, 213, 214 
totally isotropic, 214 

Minkowski space, 206 
Minkowski's inequality, 241, 261 
modular law, 43 
module, 84 

basis for, 90 
complement of, 86 
direct sum of, 86 
direct summand of, 86 
finitely generated, 87 
free, 91 
noetherian, 101 
primary, 111 
quotient, 97 
rank of, 93 
torsion, 108 
torsion element of, 95 
torsion free, 108 

monomorphism, of modules, 90 
of vector spaces, 46 

Natural map, 72 
neighborhood, open, 242 
net convergence, 277 
norm, 159, 161 

p-norm, 241 
normed linear space, 161 

Open, 242, 243 
open ball, 242 
operator (see linear operator) 
order, 111 
orthogonal, 164 
orthogonal complement, 164 
orthogonal geometry, 206 
orthogonal set, 164 
orthogonal transformation, 225 

determinant of, 227 
orthonormal set, 164 

Parallelogram law, 160, 264 
Parseval's identity, 167, 283 
partial order, 8 
partially ordered set, 8 
partition, 5 

blocks of, 5 
permutation, 310 

parity of, 311 
sign of, 311 

p-norm 
polarization identities, 161 
polynomial(s), Abel, 341 

characteristic, 136, 137 
degree of, 3 
exponential, 352 
greatest common divisor of, 4 
Hermite, 174, 341 
irreducible, 4 
Laguerre, 342 
leading coefficient of, 3 
Legendre, 172 
lower factorial, 340 
minimal, 124, 125 
monic, 3 
relatively prime, 4 
split, 140 

power set, 11 
prime, 21 
principal ideal, 18 
principal ideal domain, 19 
projection(s}, 62, 145 

canonical, 65 
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modulo a subspace, 65 
natural, 65 
onto a subspace, 68, 145 
orthogonal, 147, 190 

projective dimension, 325 
projective geometry, 325 
projective line, 325 
projective plane, 325 
projective point, 325 
pseudobasis, 330 

Quadratic form, 210 
quotient space, 64 

dimension of, 68 

Rank, of a bilinear form, 209 
of a linear transformation, 48 
of a matrix, 40,41 
of a module, 93 

rational canonical form, 131 
recurrence formula, 351 
reflection, 227 
resolution of the identity, 150 

orthogonal, 193 
ring, 16 

characteristic of, 24 
commutative, 16 
noetherian, 103 
quotient, 98 
subring, 16 
with identity, 16 

rotation, 227 

Scalar, 27, 84 
sequence, Appell, 337 

associated, 337 
conjugate representation of, 339 
generating function of, 338 
operator characterization of, 339 
recurrence relation for, 351 

Cauchy, 249 
Sheffer, 337 

Index 

conjugate representation of, 339 
generating function of, 339 
operator characterization of, 339 

sesquilinearity, 158 
Sheffer identity, 339 
Sheffer operator, 343 
Sheffer sequence, 337 
Sheffer shift, 343 
similarity class, 59, 122 
span, 35, 87 
spectral resolution (see linear operator) 
spectrum, 153 
sphere, 242 
standard basis, 37, 50, 93 
standard vector, 37 
Stirling numbers, 351 
subfield, 43 
submodule, 85 

cyclic, 87 
subring, 16 
subspace(s), 29 

affine, 43 
complement of, 33 
cyclic, 127 
direct sum of, 33 
invariant, 60 
number of, 81 
orthogonal, 213 
orthogonal complement of, 164, 213 
sum of, 31 
zero 30 

support, of a binary sequence, 73 
of a function, 32 

surjection, 4 
Sylverster's law of inertia, 221 
symmetry, 227 
symplectic geometry, 206 
symplectic transformation, 226 

Tensor product, 298, 303, 308 
universal property of, 299, 308 

theorem, Cantor's, 11 
Cayley-Hamilton, 140 
cyclic decomposition, 112, 117, 118, 128 



Index 

expansion, 338 
first isomorphism, 67 
Hilbert basis, 104 
primary decomposition, 111 
projection, 168, 272 
rank plus nullity, 51 
Riesz representation, 172, 211, 288 
SchrOder-Bernstein, 11 
second isomorphism, 68 
spectral for normal operators, 194 
spectral resolution for self-adjoint 

operators, 194 
third isomorphism, 68 
Witt's cancellation, 229 
Witt's extension, 233 

topological space, 243 
topology, 243 

induced by a metric, 243 
torsion element, 95, 108 
total subset, 274 
totally ordered set, 9 
translation, 323 
transposition, 310 
triangle inequality, 160, 240, 264 

Umbral algebra, 332 
urnbral composition, 348 
urnbral shift, 343 
unit, 21 
unitary space, 158 
upper bound, 9 

V andermonde convolution formula, 341 

vector space, 27 
basis for, 37 
dimension of, 39 
direct product of, 31 
external direct sum of, 32 
finite dimensional, 39 
free, 292 

universal property of, 293 
infinite dimensional, 39 
isomorphic, 48 
ordered basis for, 41 
quotient space, 64 
tensor product of, 298 

vector(s), 27 
isotropic, 211, 214 
length of, 159 
linearly dependent, 35 
linearly independent, 35 
norm of, 159 
null, 211, 214 
orthogonal, 164, 211 
span of, 35 
unit, 159 

Wedge product, 312 
weight, 30 
Witt index, 233 

Zero divisor, 17 
Zorn's lemma, 9 
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