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Preface

This book is a thorough introduction to linear algebra, for the graduate
or advanced undergraduate student. Prerequisites are limited to a
knowledge of the basic properties of matrices and determinants.
However, since we cover the basics of vector spaces and linear
transformations rather rapidly, a prior course in linear algebra (even at
the sophomore level), along with a certain measure of “mathematical
maturity,” is highly desirable.

Chapter 0 contains a summary of certain topics in modern algebra
that are required for the sequel. This chapier should be skimmed
quickly and then used primarily as a reference. Chapters 1-3 contain a
discussion of the basic properties of vector spaces and linear
transformations.

Chapter 4 is devoted to a discussion of modules, emphasizing a
comparison between the properties of modules and those of vector
spaces. Chapter 5 provides more on modules. The main goals of this
chapter are to prove that any two bases of a free module have the same
cardinality and to introduce noetherian modules.  However, the
instructor may simply skim over this chapter, omitting all proofs.
Chapter 6 is devoted to the theory of modules over a principal ideal
domain, establishing the cyclic decomposition theorem for finitely
generated modules. This theorem is the key to the structure theorems
for finite dimensional linear operators, discussed in Chapters 7 and 8.

Chapter 9 is devoted to real and complex inner product spaces.
The emphasis here is on the finite-dimensional case, in order to arrive
as quickly as possible at the finite-dimensional spectral theorem for
normal operators, in Chapter 10. However, we have endeavored to
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state as many results as is convenient for vector spaces of arbitrary
dimension.

The second part of the book consists of a collection of independent
topics, with the one exception that Chapter 13 requires Chapter 12.
Chapter 11 is on metric vector spaces, where we describe the structure
of symplectic and orthogonal geometries over various base fields.
Chapter 12 contains enough material on metric spaces to allow a unified
treatment of topological issues for the basic Hilbert space theory of
Chapter 13. The rather lengthy proof that every metric space can be
embedded in its completion ‘may be omitted.

Chapter 14 contains a brief introduction to tensor products. In
order to motivate the universal property of tensor products, without
getting too involved in categorical terminology, we first treat both free
vector spaces and the familiar direct sum, in a universal way. Chapter
15 is on affine geometry, emphasizing algebraic, rather than geometric,
concepts.

The final chapter provides an introduction to a relatively new
subject, called the umbral calculus. This is an algebraic theory used to
study certain types of polynomial functions that play an important role
in applied mathematics. We give only a brief introduction to the
subject — emphasizing the algebraic aspects, rather than the
applications. This is the first time that this subject has appeared in a
true textbook.

One final comment. Unless otherwise mentioned, omission of a
proof in the text is a tacit suggestion that the reader attempt to supply
one.

Steven Roman Irvine, Ca.
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CHAPTER 0
Preliminaries

In this chapter, we briefly discuss some topics that are needed for the
sequel. This chapter should be skimmed quickly and then used primarily
as a reference.

Conlents: Part 1: Preliminaries. Matrices. Determinants.
Polynomials.  Funclions. Equivalence Relations. Zorn’s Lemma.
Cardinality. Part 2: Algebraic Structures. Groups. Rings. Integral
Domains.  Ideals and Principal Ideal Domains. Prime FElements.
Fields. The Characteristic of a Ring.

Part 1 Preliminaries

Matrices

If F is a field, we let b, (F) denote the set of all mxn
matrices whose entries lie in F. When no confusion can arise, we
denote this set by b, ,, or simply by Ab. The set Jﬂ’n,n(F) will be
denoted by M (F) or M.

We expect that the reader is familiar with the basic properties of
matrices, including matrix addition and multiplication. If A € M, the
(i,j)-th entry of A will be denoted by A, ;. The identity matrix of size
nxn is denoted by I .

Definition The transpose of A € Moy m is the matrix AT defined by
(AT = Ay

A matrix A is symmetric if A =A" and skew-symmetric if
AT=-A. D
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Theorem 0.1 (Properties of the transpose) Let A, B € M. Then
1) AN =A

2) (A+B)T=AT+BT

3) (tA)'=rA",forallr€F

4) (AB)T = BTA", provided that the product AB is defined

5) det(AT) = det(A). 1

Recall that there are three types of elementary row operations.
Type 1 operations consist of multiplying a row of A by a nonzero
scalar (that is, an element of F). Type 2 operations consist of
interchanging two rows of A. Type 3 operations consist of adding a
scalar multiple of one row of A to another row of A.

If we perform an elementary operation of type k (=1,2 or 3) to
an identity matrix I, we get an elementary matrix of type k. It is
easy to see that all elementary matrices are invertible.

If A has size m Xxn, then in order to perform an elementary row
operation on A, we may instead perform that operation on the identity
L, to obtain an elementary matrix E, and then take the product EA.
Note that we must multiply A on the left by E, since multiplying on
the right has the effect of performing column operations.

Definition A matrix R is said to be in reduced row echelon form if

1)  All rows consisting only of 0s appear at the bottom of the matrix.

2) In any nonzero row, the first nonzero entry is a 1. This entry is
called a leading entry.

3) For any two consecutive rows, the leading entry of the lower row
is to the right of the leading entry of the upper row.

4) Any column that contains a leading entry has 0s in all other
positions. 0

Here are the basic facts concerning reduced row echelon form.

Theorem 0.2 Two matrices A and B in HMopn are Tow equivalent if
one can be obtained from the other by a series of elementary row
operations. We denote this by A ~ B.
1)  Row reduction is an equivalence relation. That is,
a) A~A
b) A~B=>B~A
¢c) A~B,B~C=>A~C.
2)  Any matrix A is row equivalent to one and only one matrix R
that is in reduced row echelon form. The matrix R is called the
reduced row echelon form of A. Furthermore, we have

A=E;-ER
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where E; are the elementary matrices required to reduce A to
reduced row echelon form.

3) A is invertible if and only if R is an identity matrix. Hence, a
matrix is invertible if and only if it is the product of elementary
matrices. 1§

Determinants
We assume that the reader is familiar with the following basic
properties of determinants.

Theorem 0.3 Let A be an nxn matrix over F. Then det(A) is an

element of F. Furthermore,

1)  det(AB) = det(A)det(B), for any B € M (F).

2) A is nonsingular (invertible) if and only if det(A) # 0.

3) The determinant of an upper triangular, or lower triangular,
matrix is the product of the entries on its main diagonal.

4)  Let A(i,j) denote the matrix obtained by deleting the ith row and
jth column from A. The adjoint of A is the matrix adj(A)
defined by

(adj(A)); 5 = (~1)Hdet(A(1,j))

If A isinvertible, then

A"l = madj(A) |

Polynomials

If F is a field, then F[x] denotes the set of all polynomials in
the variable x, with coefficients from F. If p(x) € F[x], we say that
p(x) is a polynomial over F. If

b(x)=a0+a1x+---+anxn

is a polynomial, with a  # 0, then a_ is called the leading coefficient
of p(x), and the degree deg p(x) of p(x) is n. We will set the
degree of the zero polynomial to —-oo. A polynomial is monic if its
leading coefficient is 1.

Theorem 0.4 (Division algorithm) Let f(x) € F[x] and g(x) € F[x],
where deg g(x) > 0. Then there exist unique polynomials q(x) and
r(x) in F[x] for which

f(x) = q(x)g(x) + r(x)

where 1(x) =0 or 0 <degr(x) < degg(x). 1
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If p(x) divides q(x), that is, if there exists a polynomial f(x)

for which
a(x) = f(x)p(x)
then we write p(x) | q(x).

Theorem 0.5 Let f(x) and g(x) be polynomials over F. The
greatest common divisor of f(x) and g(x), denoted by ged(f(x),g(x)),
is the unique monic polynomial p(x) over F for which

1) p(x)|f(x) and p(x)]g(x)

2) if r(x)|f(x) and r(x)]g(x), then r(x)|p(x).

Furthermore, there exist polynomials a(x) and b(x) over F for

which
ged(f(x),g(x)) = a(x)f(x) + b(x)g(x) '

Definition Let f(x) and g(x) be polynomials over F. If
ged(f(x),g(x)) = 1, we say that f(x) and g(x) are relatively prime. In
particular, f(x) and g(x) are relatively prime if and only if there exist
polynomials a(x) and b(x) over F for which

a(0f(x) +b(x)g(x) = 1 i

Definition A nonconstant polynomial f(x) € F[x] is irreducible if
whenever f(x) = p(x)q(x), then one of p(x) or q(x) must be
constant. [J

The following two theorems support the view that irreducible
polynomials behave like prime numbers.

Theorem 0.6 If f(x) is irreducible and f(x)|p(x)q(x), then either
f(x) | p(x) or f(x)]a(x). O

Theorem 0.7 Every nonconstant polynomial in F[x] can be written as
a product of irreducible polynomials. Moreover, this expression is
unique up to order of the factors and multiplication by a scalar. [

Functions
To set our notation, we should make a few comments about
functions.

Definition Let f:S—T be a function (map) from a set S to aset T.
1) The domain of f is the set S.

2)  The image or range of f is the set im(f) = {f(s) |s € S}.

3) f is injective (one-to-one), or an injection, if x #y = f(x) # f(y).
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4) f is surjective (onto T), or a surjection, if im(f) = T.
5) f is bijective, or a bijection, if it is both injective and surjective. 0

If £:S—T is injective, then its inverse f~l:im(f)—S exists and is
well-defined. It will be convenient to apply f:S—T to subsets of S
and T. In particular, if X CS, we set f(X)={f(x)|x€ X} and if
YCT, we set f}(Y)={s€S|f(s)€Y}. Note that the latter is
defined even if f is not injective.

If X CS, the restriction of f:S—T is the function f|yx:X—T.
Clearly, the restriction of an injective map is injective.

Equivalence Relations
The concept of an equivalence relation plays a major role in the
study of matrices and linear transformations.

Definition Let S be a nonempty set. A binary relation ~ on S is
called an equivalence relation on S if it satisfies the following
conditions.
1)  (reflexivity)
a~a

for all a€S.

2)  (symmetry)
a~b = b~a

for all a, beS.

3)  (transitivity)
a~b,b~c = a~c
for all a,b,ceS. 0

Definition Let ~ be an equivalence relation on S. For a €S, the set
[a] ={beS|b~a}

is called the equivalence class of a. [

Theorem 0.8 Let ~ be an equivalence relation on S. Then
1) befa] & a€[b] & [a]=[b]
2) For any a, b €S, we have either [a] =[b] or [a]N[b]=0. 1

Definition Let S be a nonempty set. A partition of S is a collection
{A,...,A,} of nonempty subsets of S, called blocks, for which

1) A NA; = 0, for all i,

2) S=A,U---UA. D
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The following theorem sheds considerable light on the concept of
an equivalence relation.

Theorem 0.9
1) Let ~ be an equivalence relation on S. Then the set of distinct
equivalence classes with respect to ~ are the blocks of a partition

of S.

2) Conversely, if P is a partition of §, the binary relation ~

defined by
a~b & a and b lie in the same block of @

is an equivalence relation on S, whose equivalence classes are the
blocks of %.
This establishes a one-to-one correspondence between equivalence
relations on S and partitions of S. 1

The most important problem related to equivalence relations is
that of finding an efficient way to determine when two elements are
equivalent. Unfortunately, in most cases, the definition does not
provide an efficient test for equivalence, and so we are led to the
following concepts.

Definition @ Let ~ be an equivalence relation on S. A function
f:S—T, where T is any set, is called an invariant of ~ if

a~b = f(a) =1(b)
A function f:S—T is a complete invariant if
a~b & f(a) =1(b)

A collection f;,...,fi of invariants is called a complete system of
invariants if

a~b & fi(a)=f(b) forall i=1,...,n 0

Definition Let ~ be an equivalence relation on S. A subset CCS is
sald to be a set of canonical forms for ~ if for every s €S, there is
exactly one ¢ € C such that ¢ ~s. [

Example 0.1 Define a binary relation ~ on F[x] by letting
p(x) ~ q(x) if and only if there exists a nonzero constant a € F such
that p(x) = aq(x). This is easily seen to be an equivalence relation.
The function that assigns to each polynomial its degree is an invariant,
since

P(x) ~ q(x) => deg(p(x)) = deg(q(x))

However, it is not a complete invariant, since there are inequivalent
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polynomials with the same degree. The set of all monic polynomials is
a set of canonical forms for this equivalence relation. 0

Example 0.2 We have remarked that row equivalence is an equivalence
relation on b, (F). Moreover, the subset of reduced row echelon
form matrices is a set of canonical forms for row equivalence, since
every matrix is row equivalent to a unigue matrix in reduced row
echelon form. 00

Example 0.3 Two matrices A, B€ M (F) are row equivalent if and
only if there is an invertible matrix P such that A = PB. Similarly,
A and B are column equivalent (that is, A can be reduced to B
using elementary column operations) if and only if there exists an
invertible matrix Q such that A = BQ.

Two matrices A and B are said to be equivalent if there exists
invertible matrices P and Q for which

A =PBQ

Put another way, A and B are equivalent if A can be reduced to B
by performing a series of elementary row and/or column operations.
(The use of the term equivalent is unfortunate, since it applies to all
equivalence relations —not just this one. However, the terminology is
standard, so we use it here.)

It is not hard to see that a square matrix R that is in both
reduced row echelon form and reduced column echelon form must have
the form

10 0
0°- - 0

1

Jk: 0
000000

with 0s everywhere off the main diagonal, and k Is, followed by
n—k 0s, on the main diagonal.

We leave it to the reader to show that every matrix A in M is
equivalent to exactly one matrix of the form J,, and so the set of these
matrices is a set of canonical forms for equivalence. Moreover, the
function f defined by f(A) =k, where A ~ ], is a complete invariant
for equivalence.

Since the rank of J, is k, and since neither row nor column
operations affect the rank, we deduce that the rank of A is k. Hence,
rank is a complete invariant for equivalence. [
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Example 0.4 Two matrices A, B € M (F) are said to be similar if
there exists an invertible matrix P such that

A = PBP-1!

Similarity is easily seen to be an equivalence relation on M . As we
will learn, two matrices are similar if and only if they represent the
same linear operators on a given n-dimensional vector space V. Hence,
similarity is extremely important for studying the structure of linear
operators. One of the main goals of this book is to develop canonical
forms for similarity.

We leave it to the reader to show that the determinant function
and the trace function are invariants for similarity. However, these two
invariants do not, in general, form a complete system of invariants. [

Example 0.5 Two matrices A, B € M (F) are said to be congruent if
there exists an invertible matrix P for which

A = PBP'

where PT is the transpose of P. This relation is easily seen to be an
equivalence relation, and we will devote some effort to finding canonical
forms for congruence. For some base fields F (such as R, C or a
finite field), this is relatively easy to do, but for other base fields (such
as Q), it is extremely difficult. [

Zorn’s Lemma

In order to show that any vector space has a basis, we require a
result known as Zorn’s lemma. To state this lemma, we need some
preliminary definitions.

Definition A partially ordered set is a nonempty set P, together with
a partial order defined on P. A partial order is a binary relation,
denoted by < and read “less than or equal to,” with the following
properties.
1)  (reflexivity) For all a € P,

a<a

2)  (antisymmetry) For all a,b € P,
a<b and b<a implies a=b
3)  (transitivity) For all a,b,c € P,
a<b and b<c implies a<c 0
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Definition If P is a partially ordered set and if m €P has the
property that m <p implies m =p, then m is called a maximal
element in P. [

Definition Let P be a partially ordered set and let a,b € P. If there
isa u &P with the property that

1) a<u and b<u,and

2) if a<x and b<x,then u<x

then we say that u is the least upper bound of a and b, and write
u = lub{a,b}. If there is an element ¢ € P with the property that

3) €¢<a and ¢<b,and

4) if x<a and x<b, then x<¢

then we say that £ is the greatest lower bound of a and b, and write
¢ =glb{a,b}. O

Note that in a partially ordered set, it is possible that not all
elements are comparable. In other words, it is possible to have x,y € P
with the property that x €y and y £x. A partially ordered set in
which every pair of elements is comparable is called a totally ordered
set, or a linearly ordered set. Any totally ordered subset of a partially
ordered set P is called a chain in P.

Let S be a subset of a partially ordered set P. We say that an
element u € P is an upper bound for S if s<u for all s€S.

Example 0.6

1) The set R of real numbers, with the usual binary relation < is
a partially ordered set. It is also a totally ordered set. It has no
maximal element.

2) The set N of natural numbers, together with the binary relation
of divides, is a partially ordered set. It is customary to write
n|m to indicate that n divides m. The subset S of N
consisting of all powers of 2 is a totally ordered subset of N,
that is, it is a chain in N. The set P ={2,4,8,3,9,27} is a
partially ordered set under |. It has two maximal elements,
namely 8 and 27.

3) Let S be any set, and let P(S) be the power set of S, that is,
the set of all subsets of S. Then %P(S), together with the subset
relation C, is a partially ordered set. [

Now we can state Zorn’s lemma.
Theorem 0.10 (Zorn’s lemma) Let P be a partially ordered set in

which every chain has an upper bound. Then P has a maximal
element. 1
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The reader who is interested in looking at an example of the use of
Zorn’s lemma now might wish to refer to the proof in Chapter 1 that
every vector space has a basis.

Cardinality
We will say that two sets S and T have the same cardinalily,
and write

IS| =1T|

if there is a bijective function (a one-to-one correspondence) between the
sets. The reader is probably aware of the fact that

|Z| = IN| and |Q| = |N|

where N, Z and €@ are the natural numbers, integers, and rational
numbers, respectively.

If S is in one-to-one correspondence with a subset of T, we write
[S| < |T|. If S is in one-to-one correspondence with a proper
subset of T, and if |S| # |T|, we write |S| < |T|. The second
condition is necessary, since, for instance, N is in one-to-one
correspondence with a proper subset of Z, and yet |N| & |Z].

This is not the place to enter into a detailed discussion of cardinal
numbers. The intention here is that the cardinality of a set, whatever
that is, represents the “size” of the set, and it happens that it is much
easier to talk about two sets having the same, or different, size
(cardinality) than it is to explicitly define the size (cardinality) of a
given set.

Be that as it may, we associate to each set S a cardinal number,
denoted by |S| or card(S), that is intended to measure the size of
the set. Actually, cardinal numbers are just very special types of sets.
However, we can simply think of them as vague amorphous objects that
measure the size of sets.

A set is finite if it can be put in one-to-one correspondence with a
set of the form Z = {0,1,...,n-1}, for some positive integer n. The
cardinal number (or cardinality) of a finite set is just the number of
elements in the set. The cardinal number of the set N of natural
numbers is R, (read “aleph nought”), where R is the first letter of
the Hebrew alphabet . Hence,

IN| =1Z] =[Q| =R,

Any set with cardinality R, is called a countably infinite set, and any
finite or countably infinite set is called a countable set.

Since it can be shown that |R| > |N|, the real numbers are not
countable.
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If S and T are finite sets, then it is well known that
S| <|T| and |T| < [S] = [S|=|T]|

The first part of the next theorem tells us that this is also true for
infinite sets.

The reader will no doubt recall that the power set P(S) of a set
S is the set of all subsets of S. For finite sets, the power set of S 1is
always bigger than the set itself. In fact,

S| =n = [9(S)| =2

The second part of the next theorem says that the power set of any set
S is bigger than S itself. On the other hand, the third part of this
theorem says that, for infinite sets S, the set of all finite subsets of S
is the same size as S.

Theorem 0.11
1)  (Schroder-Bernstein theorem) For any sets S and T,

S| <IT| and |T| < [S| = [S|=]|T|
2)  (Cantor’s theorem) If P(S) denotes the power set of S, then
IS] < [2(S)]

3) If Py(S) denotes the set of all finite subsets of S, and if S is an
infinite set, then

|S| = |€Po(s)l

Proof. We prove only parts (1) and (2).

1) To prove the Schrdder-Bernstein theorem, we follow the proof of
Halmos [1960]. Let f:S—T be an injective function from S into
T, and let g:T—S be an injective function from T into S. We
want to show that there is a bijective function from S to T. For
this purpose, we make the following definitions. An element s €S
has descendants

f(s), g(f(s)), f(g(f(s)))s.- .-

If t is a descendant of s, then s is an ancestor of t. We define
descendants of t and ancestors of s similarly. Now, by tracing
an element’s ancestry to its beginning, we find that there are three
possibilities — the element may originate in S, or in T, or it may
have no originator. Accordingly, we can write S as the union of
three disjoint sets

Sg={s€S|s originates in S}

Sr={s€S|s originates in T}
and
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Seo = {s €S|s has no originator}

Similarly, we write T as the disjoint union of Tg, Ty and T_.
Now, the restriction
flsgSs—Ts
is a bijection. For if t € Tg, then t =f(s), for some s'€S. But

s’ and t have the same originator, and so s’ € Sg. We leave it
to the reader to show that the functions

g| TT:TT"’ST and f| Soo:S°°_)T°°

are also bijections. Putting these three bijections together gives a
bijection between S and T. Hence, |S| = |T].

The inclusion map eS—P(S) defined by ¢€(s)={s} 1is an
injection from S to P(S),andso |S| < |P(S)|. To complete
the proof of Cantor’s theorem, we must show that if f:S—%(S) is
any injection, then f is not surjective. To this end, let

X={seS|s¢f(s)}

Then X € P(S), and we now show that X is not in im(f). For
suppose that X =f(x) for some x € X. Then if x € X, we have
by definition of X that x ¢ X. On the other hand, if x ¢ X, we
have again by definition of X that x € X. This contradiction
implies that X ¢ #m(f), and so f is not surjective. B

Now let us define addition, multiplication and exponentiation of

cardinal numbers. If S and T are sets, the cartesian product SxT
is the set of all ordered pairs

SxT={(st)|s€S, teT}

Also, we let ST denote the set of all functions from T to S.

Definition Let x and A denote cardinal numbers.

1)
2)

3)

The sum k+ A is the cardinal number of SUT, where S and
T are any disjoint sets for which |S| =k and |T| = A.

The product «A is the cardinal number of SxT, where S and
T are any sets for which |S| =« and |T| = A

The power k* is the cardinal number of S , where S and T
are any sets for which |S| =« and |T| =A. O

We will not go into the details of why these definitions make

sense. (For instance, they seem to depend on the sets S and T, but in
fact, they do not.) It can be shown, using these definitions, that
cardinal addition and multiplication is associative, commutative and
that multiplication distributes over addition.
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Theorem 0.12 Let «, A and g be cardinal numbers. Then the
following properties hold.

1)  (Associativity)
k+A+p)=(k+A)+p and w(Ap) = (kM)p

2)  (Commutativity)
K+A=)4+k and kA= Xk

3) (Distributivity)
KA+ p) = kA + Kkp
4)  (Properties of Exponents)
a) kATH = A
b) (k)= kM
c) (rkA)H = kHIH 1

On the other hand, the arithmetic of cardinal numbers can seem a
bit strange at first.

Theorem 0.13 Let « and X be cardinal numbers. Then
1) &+ A =max{k,A}
2) kXA = max{k,A} ]

It is not hard to see that there is a one-to-one correspondence
between the power set P(S) of a set S and the set of all functions
from S to {0,1}. This leads to the following theorem.

Theorem 0.14
1) If |S| =« then [P(S)| =2F
2) k<2F 1

We have already observed that |N| =R,. It can be shown that
R, is the smallest infinite cardinal, that is,

k <Ry = k is a natural number

It can also be shown that the set R of real numbers is in one-to-
one correspondence with the power set P(N) of the natural numbers.

Therefore, X
|[R| =20

The set of all points on the real line is sometimes called the continuum,
and so 20 is sometimes called the power of the continuum, and
denoted by c.

Theorem 0.13 shows that cardinal addition and multiplication has
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a kind of “absorption” quality, which makes it hard to produce larger
cardinals from smaller ones. The next theorem demonstrates this more
dramatically.

Theorem 0.15

1) Addition and multiplication, applied a finite number of times to
the cardinal number R;, do not yield anything more than N,
Specifically, for any nonzero n €N,

n-R;=x, and RG =R,

2)  Addition and multiplication, applied a countable number of times
to the cardinal number 2 © do not yield more than 2.
Specifically, we have

R, 20 =2" and (2f0)%0=2"

0 ]

Using this theorem, we can establish other relationships, such as

Ry

Mo <m0 < (@) o=2
which, by the Schréder-Bernstein theorem, implies that
R
(®) 0= Yo
We mention that the problem of evaluating k* in general is a
very difficult one, and would take us far beyond the scope of this book.
We will have use for the following result, whose proof is omitted.

Theorem 0.16 Let {A, |k € K} be a collection of sets, indexed by the
set K, with |K| =«. If |A | <X forall k €K, then

| U Ak’ < Ak
keK

Let us conclude by describing the cardinality of some famous sets.

Theorem 0.17
1)  The following sets have cardinality R.
a) The rational numbers Q.
b) The set of all finite subsets of N.
¢) The union of a countable number of countable sets.
d) The set Z" of all ordered n—tuple§ of integers.
2)  The following sets have cardinality 2°.
a) The set of all points in R™.
b) The set of all infinite sequences of natural numbers.
¢) The set of all infinite sequences of real numbers.
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d) The set of all finite subsets of R.
e) The set of all irrational numbers. 1

Part 2 Algebraic Structures

Groups

Definition A group is a nonempty set G, together with a binary
operation denoted by *, which satisfies the following properties.

1)  (associativity) For all a,b,c€ G
(axb)xc = ax(bx*c)
2)  (identity) There exists an element e € G for which

exa = a*e = a

for all a€G.
3) (inverses) For each a€ G, there is an element a~!€G for
which
ara l=alxa=e 0

Definition A group G is abelian, or commutative, if axb = bxa, for all
a,b € G. When a group is abelian, it is customary to denote the
operation * by +, thus writing a*b as a+b. It is also customary to
refer to the identity as a zero element, and to denote the inverse a1
by -a, referred to as the negative of a.

Example 0.7 The set F of all byjective functions from a set S to S,
is a group under composition of functions. [

Example 0.8 The set ‘/ﬂ’ln,n(F) is an abelian group under addition of
matrices. The identity is the zero matrix 0,m of size m xn.

The set M (F) is not a group under multiplication of matrices,
since not all matrices have multiplicative inverses. However, the set of
invertible matrices of size nxn is a nonabelian group under

multiphication. [

A group G is finite if it contains only a finite number of
elements. The cardinality of a finite group G is called its order and is
denoted by o(G). Thus, for example, Z  is a finite group, but
Moy m(R) is not finite.
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Rings

Definition A ring is a nonempty set R, together with two binary
operations, called addition (denoted by +), and maultiplication (denoted
by juxtaposition), for which the following hold.

1) R is an abelian group under addition
2)  (associativity) For all a,b,c €R,

(ab)e = a(bc)

3) (distributivity) For all ab,c €R,

(a+b)c=ac+bc and c(a+b)=ca+cb 0
Definition A ring R is said to be commutative if ab =ba for all
a,b € R. If aring R contains an element e with the property that

ac=ea=a
for all a € R, we say that R is a ring with identity. The identity e
is usually denoted by 1. 0
Example 0.9 The set Z = {0,1,...,n-1} is a commutative ring under
addition and multiplication modulo n
a®,b=(atb)modn, a®,b=abmodn

The element 1€ Z is the identity.

Example 0.10 The set of even integers ECZ is a commutative ring
under the usual operations on Z, but it has no identity. [

Example 0.11 The set b (F) is a noncommutative ring under matrix
addition and multiplication. The identity matrix I is the identity for
M (F). O

Example 0.12 Let F be a field. The set F[x] of all polynomials in a
single variable x, with coefficients in F, is a commutative ring, under
the usual operations of polynomial addition and multiplication. What
is the identity for F[x]? 0O

Definition A subring of a ring R is a subset S of R that is a ring in
its own right, using the same operations as defined on R. []

Applying the definition is not generally the easiest way to show
that a subset of a ring is a subring. The following characterization is
usually easier to apply.
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Theorem 0.18 A nonempty subset S of a ring R is a subring if and
only if
1) S is closed under subtraction, that is

abeS = a-beSs
2) S is closed under multiplication, that is,

abeS = abesS 1

Integral Domains

Definition Let R be a ring. A nonzero element r € R is called a zero
divisor if there exists a nonzero s€R for which rs=0. A
commutative ring R with identity is called an integral domain if it
contains no zero divisors. [

Example 0.13 If n is not a prime number, then the ring Z_ has zero
divisors, and so is not an integral domain. To see this, observe that if
n is not prime, then n=ab in Z, where a,b>2. Butin 7, we
have

a®© b=abmodn=nmodn=0

and so a and b are both zero divisors. As we will see later, if n isa
prime, then Z is an integral domain. [

Example 0.14 The ring F[x] is an integral domain, since p(x)q(x) =0
implies that p(x) =0 or q(x)=0. 0O

If R is aring and rx=ry for rx,y €R, then we cannot in
general, cancel the 1’s, and conclude that x =y. For instance, in Z,,
we have 2-3=2-1, but we cannot cancel the 2’s, to get 3 =1.
However, it is precisely the integral domains in which we can cancel.

Theorem 0.19 Let R be a commutative ring with identity. Then R
is an integral domain if and only if the cancellation law
r#0 and rx=1y = x=y

holds in R.
Proof. Suppose that R is an integral domain. Then

r£0 and rx=ry = r(x-y)=0 = x—y=0 = x=y

Conversely, suppose that the cancellation law holds and that ab = 0.
If a#0, then we have ab =a0, and so b=0. Hence, R is an
integral domain. 1§
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Ideals and Principal Ideal Domains
Rings have another important substructure, besides subrings.

Definition Let R be aring. A subset 3 of R is called an ideal if
1) 3 is closed under subtraction, that is
abeR = a-beR
2) 3 is closed under multiplication by any ring element, that is,
acd reR = ar€d and ra€l 1]
Observe that a subring is closed under multiplication, in the sense
that the product of two elements in the subring is also in the subring.

However, an ideal has a stronger closure property, namely, the product
of an element in the ideal and any element in the ring is in the ideal.

Example 0.15 Let p(x) be a polynomial in F[x]. The set of all

multiples of p(x)
(p(x)) = {ax)p(x) | a(x) € F[x]}

is an ideal in F[x]. O

Definition Let S be a subset of a ring R with identity. The set
(S15--»8n) = {rysy +--+rs, I, €R, 5, €85}

is an ideal in R, called the ideal generated by S. It is the smallest (in
the sense of set inclusion) ideal of R containing S. 0

Note that in the previous definition, we require that R have an
identity. This is to insure that, for example, s € (s).

Definition Let R be a ring with identity, and let a€R. The
principal ideal generated by a is the ideal

(a) = {ra|r € R} 0

We will use the following algebraic structure quite a bit in the
sequel.

Theorem 0.20 Let R be a ring.

1) The intersection of any collection {3, |k € K} of ideals is an
ideal.

2) If J,C3C--- 1is an ascending sequence of ideals, each one
contained in the next, then the union |JJ is also an ideal.

Proof. To prove (1), let 3 = (3. Then if a,b €, we have abe 3,
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for all ke K. Hence, a—beJ for all k€K, and so a—bej}.
Hence, § is closed under subtraction. Also, if r € R, then ra €, for
all k€K, and so ra€}.

To prove (2), observe that if a,b € (J3, then a€3 and be 3,
for some 1, j €N. Hence, if m =max{i,j}, we have abe€J , and so
a—bed, CcUd. Hence, |JJ is closed under subtraction. Also, if
reR and a€lJy, then a€d for some i€N, and so
ra€ 3 C U3 Thus, U3, is closed under multiplication by any ring
element, and so it is an ideal. 1

Note that in general the union of ideals is not an ideal. However,
as we have just proved, the union of an ascending chain of ideals is an

ideal.

Definition An integral domain R in which every ideal is a principal
ideal is called a principal ideal domain. 0

Theorem 0.21 The integers form a principal ideal domain. In fact, an
ideal 3 in R is generated by the smallest positive integer a that is
contained in 3. 1

Theorem 0.22 The ring F[x] is a principal ideal domain. In fact, any
ideal J is generated by the unique monic polynomial of smallest degree
contained in 3. Moreover, for polynomials py,...,p,,

(Pyy-+-sPp) = (ged{pys...,Py})

Proof. Let J be an ideal in F[x], and let m(x) be a monic
polynomial of smallest degree in J. First, we observe that there is only
one such polynomial in J. For if n(x) €3 is monic, and deg n(x) =
deg m(x), then
b(x) = m(x) —n(x) € I

and since deg b(x) < deg m(x), we must have b(x)=0, and so
n(x) = m(x).

Now, let us show that 3 is generated by m(x). Since J is an

ideal, and m(x) € 3, we have
(m(x)) C 3

To establish the reverse inclusion, if p(x) € (m(x)), then dividing p(x)
by m(x) gives

p(x) = q(x)m(x) +r(x)
where r(x) =0 or 0 <deg r(x) < deg m(x). But since J is an ideal,

r(x) = p(x) —q(x)m(x) € 3
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and so 0 < deg r(x) < deg m(x) is impossible. Hence, r(x) =0, and
p(x) = q(x)m(x) € (m(x))
This shows that 3 C (m(x)), and so I = (m(x)).

To prove the second statement, let 3= (p;(x),...,p,(x)). Then,
by what we have just shown,

3= (py(X)y+- - Py(x)) = (m(x))

for the unique monic polynomial m(x) in 3 of smallest degree. In
particular, since p;(x) € (m(x)), we have

pi(x) = a;(x)m(x)
for some polynomial a;(x), and so m(x) | p;(x), for each i=1,...,n.

In other words, m(x) is a common divisor of the p;(x)’s.
Moreover, if q(x)|p;(x), for all i, then each p;(x) is a multiple

of q(x), and so
pi(x) € (a(x))
for all i, which implies that

(m(x)) = (p1(%);-- -, Py(%)) C {a(x))

In particular, this implies that m(x) € (q(x)), and so q(x) | m(x). This
shows that m(x) is the greatest common divisor of the p;(x)’s, and
completes the proof. 1

Example 0.16 Let R =F[x,y] be the ring of polynomials in two
variables x and y. Then R is nof a principal ideal domain. To see
this, observe that the subring 3 of all polynomials with zero constant
term is an ideal in R. Also, x€3 and y € 3. Now, suppose that 93
is the principal ideal 3= (p(x,y)). Then there exist polynomials a(x,y)
and b(x,y) for which

(0.1) x = a(x,y)p(x,y) and y = b(x,y)p(x,y)

But if p(x,y) is a constant polynomial, then 3= (p(x,y)) is all of R,
which is not the case. Hence, deg(p(x,y)) > 1, and so a(x,y) and
b(x,y) must both be constants, which implies that (0.1) cannot
possibly hold. 0

Prime Elements

We can define the notion of a prime element in any integral
domain. For r,s € R, we say that r divides s (written r|s) if there
exists an x € R for which s = xr.
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Definition Let R be an integral domain.

1)  An invertible element of R is called a unit. Thus, u€R is a
unit if uv =1 for some v € R.

2) Two elements a,b € R are said to be associates if there exists a
unit u for which a = ub.

3) A nonzero nonunit p €R is said to be prime if plab = p|a
or p|b.

4) A nonzero nonunit r € R is said to be irreducible if r=ab =
either a or b isa unit. [

Theorem 0.23

1) Anelement u€R is a unit if and only if (u) =R.

2) r and s are associates if and only if (r) = (s).

3) r divides s if and only if (s) C (r).

4) r properly divides s (thatis, s =xr where x is not a unit) if
and only if (s)G(r). 1

In the case of the integers, an integer is prime if and only if it is
irreducible. However, this is not the case in general. But it is true for
principal ideal domains.

Theorem 0.24 Let R be a principal ideal domain.

1) If reR isirreducible, then the principal ideal (r) is maximal,
that is, (r) # R and there is no ideal (a) for which (r) G (a) GR.

2)  Anelement in R is prime if and only if it is irreducible.

3) Any r € R can be written as a product

) — upl...pn

where u is a unit, and p,,...,p, are primes. Furthermore, this
factorization is unique up to order, and unit element u.

Proof. To prove (1), suppose that r is irreducible, and that
(r) C{(a) CR. Then re€(a), and so r=xa for some x€R. The
irreducibility of r now implies that a or x isa unit. Butif a isa
unit, then (a) =R, and if x is a unit, then (a)= (xa)=(r). This
shows that (r) is maximal. (We have (r)# R, since r is not a unit.)

To prove (2), assume first that p is prime, and let p =ab.
Then plab, and so p|la or p|b. We may assume that p]|a.
Therefore, a = xp, and p = ab = xpb. Canceling p’s, we get 1 =xb,
and so b is a unit. Hence, p is irreducible. (Note that this argument
applies in any integral domain.)

Conversely, suppose that 1 is irreducible, and let r|ab. We
wish to prove that r|a or r|b. In the terminology of ideals, we
assume that ab € (r), where by part (1), (r) is maximal, and we want



22 0 Preliminaries

to show that a € (r) or b€ (r). But

a¢(r)= (ar)=R=>1=xa+yr, forsome x,y€R
and
b¢(r) = (bg)=R =>1=xb+y', forsome x'\y'€R

From this, we get
1 = (xa +yr)(x'b +y'r) = xx'ab + xy'ar + yx'br + yy'r? € (r)

which implies that r is a unit. This contradiction shows that a € (r)
or be(r)

To prove (3), let r€R. If r is irreducible, then we are done. If
not, then r=r;ry, where neither factor is a unit. If r; and r, are
irreducible, we are done. If not, suppose that r, is not irreducible.
Then ry =rgry, where neither r; nor r, is a unit. Continuing in this
way, we obtain a factorization of the form (after renumbering if
necessary)

(0.2) r =17y = 1y(r3ry) = (1173)(r57g) = (vy73r5)(r77g) =+
Each step is a factorization of r into a product of nonunits. However,
this process must stop after a finite number of steps. To see this,
observe that since

rlr, 14lrg, Tglr,, ...

the sequence (0.2) gives rise to an ascending sequence of ideals

(r) C(ry) C(ry) Clrg) -~
Moreover, since none of the r,’s is a unit, the inclusions in this chain
are proper. Now, if the factorization process did not stop, we would
obtain an infinite ascending sequence of such ideals. But, according to
Theorem 0.20, the union 9 of all of these ideals would be another
ideal in R, which must be principal. Suppose that U =(a). Then
a€U andso a€(ry,) for some n. But this is not possible, since it
would imply that
U = (a) C (1)

which implies that (r, )= (r2(n +1)> = ..., contradicting the fact that
the inclusions are proper. 1

Fields

In a ring, addition is “stronger” than multiplication, in the sense
that it must possess more properties. In a field, the two operations
have essentially the same strength.
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Definition A field is a set F, containing at least two elements, together
with two binary operations, called addition (denoted by +) and
multiplication (denoted by juxtaposition), for which the following hold.

1) F is an abelian group under addition.

2) The set F* of all nonzero elements in F is an abelian group
under multiplication.

3)  (distributivity) For all a,b,c € F,

(a+b)c=ac+bc and c(a+b)=ca+cb 0

We require that F have at least two elements to avoid the
pathological case where 0 =1.

Example 0.17 The sets Q, R and C, of all rational, real and complex
numbers, respectively, are fields, under the usual operations of addition
and multiplication of numbers. 0

Example 0.18 The ring Z_ is a field if and only if n is a prime
number. We have already seen that Z, is not a field if n is not
prime, since a field is also an integral domain. Now suppose that n =
p is a prime.

We have seen that Z_ is an integral domain, and so it remains to
show that every nonzero eﬁ)ement in Z, hasa multiplicative inverse.
Let 0#a€Z, Since a<p, we know that a and b are relatively
prime. It follows that there exists integers u and v for which

ua+vp=1
Hence,

ua = (1-vp) =1 modp

and sou ® p? = 1in Zp, that is, u is the multiplicative inverse of a. [

The previous example shows that not all fields are infinite sets. In
fact, finite fields play an extremely important role in many areas of
abstract and applied mathematics.

The Characteristic of a Ring
Let R be aring. If n is a positive integer, then by n-r, we
simply mean
n'r=r-+4--4r
e —

n terms
Now, it may happen that there is a positive integer ¢ for which

c-l=1+4+---41 =0
‘_—v_/

¢ terms
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For instance, in Z , we have n-1=n=0. On the other hand, in Z,
c-1 =0 implies ¢ =0, and so no such positive integer exists.

Notice that, in any finite ring or field, there must exist such a
positive integer ¢, since the infinite sequence of numbers

1-1,2-1,3-1, ...

cannot be distinct, and so i-1=j-1 for some i#j. Hence, if i<j,
we have (j—i)-1=0.

Definition Let R be a ring. The smallest positive integer ¢ for which
c¢-1 =10 is called the characteristic of R. If no such number ¢ exists,
we say that R has characteristic 0. The characteristic of R is
denoted by char(R). O

If char(R) =c, then for any r € R, we have
cor=r+--+r=(1+---+1)r=0-r=0
—— —

c terms c terms

Theorem 0.25 Any finite ring has nonzero characteristic. Furthermore,
any finite field has prime characteristic.

Proof. We have already seen that a finite ring has nonzero
characteristic. Let F be a finite field, and suppose that char(F) =
¢>0. If c=pq, where ©p, q<c, then pq-1=0. Hence,
(p-1)(q+1) =0, implying that p-1=0 or q-1=0. In either case,
we have a contradiction to the fact that ¢ is the smallest positive
integer such that ¢-1=10. Hence, ¢ must be prime. I

Notice that in any field F of characteristic 2, we have 2a =10
for all a€F. Thus, in F, we have
2=0,and a=-a, forall aeF

These properties take a bit of getting used to, and make fields of
characteristic 2 quite exceptional. (As it happens, there are many
important uses for fields of characteristic 2.)
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CHAPTER 1
Vector Spaces

Conlents:  Vector Spaces. Subspaces. The Latlice of Subspaces.
Direct Sums. Spanning Sets and Linear Independence. The Dimension
of a Vector Space. The Row and Column Space of a Matriz.
Coordinate Matrices. FEzercises.

Vector Spaces
Let us begin with the definition of our principle object of study.

Definition Let F be a field, whose elements are referred to as scalars.
A vector space over F is a nonempty set V, whose elements are
referred to as vectors, together with two operations. The first
operation, called addition and denoted by 4, assigns to each pair
(u,v) EVXV of vectorsin V a vector u+v in V. The second
operation, called scalar multiplication and denoted by juxtaposition,
assigns to each pair (r,u) € FxV a vector rv in V. Furthermore, the
following properties must be satisfied.

1)  (Associativity of addition)
u+(v+w)=(ut+v)+w

for all vectors u,v,w € V.
2)  (Commutivity of addition)

u+v=v+4u
for all vectors u,veV.
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3) (Existence of a zero)
There is a vector 0 € V with the property that

0+tu=u+0=nu
for all vectors u€eV.
4)  (Existence of additive inverses)
For each vector u €V, there is a vector in V, denoted by -u,
with the property that

u+t(-u)=(-u)+u=0

5)  (Properties of scalar multiplication)
For all scalars r and s, we have

r(lu+v)=ru+rv
(r+s)u=ru+su
(rs)u = r(su)
lu=u

for all vectors u,v€ V. I

Note that the first four properties in the definition of vector space
can be summarized by saying that V is an abelian group under addition.
Any expression of the form
v +'”+rnvn
where r;€EF and v;€V for all i, is called a linear combination of
the vectors vy,...,V,

n'

Example 1.1

1) Let F be afield. The set ¥ of all functions from F to F isa
vector space over F, under the operations of ordinary addition
and scalar multiplication of functions

(f+g)(x) = f(x) +g(x)

(rf)(x) = r(f(x))

2) Theset M, (F) ofall mxn matrices with entries in a field F
is a vector space over F, under the operations of matrix addition
and scalar multiplication.

3) The set F" of all ordered n-tuples, whose components lie in a
field F, is a vector space over F, with addition and scalar
multiplication defined componentwise

(agy-..yay) + (by,...,b ) = (a; +by,...,a,+ b))

and

and
r(ay,...,a,) = (ra;,...,ra )
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When convenient, we will also write the elements of F™ in column
form. When F is a finite field F_ with q elements, we use the
notation V(n,q), rather than Fg. Thus, V(n,q) is the set of all
ordered n-tuples, whose components come from the finite field F_.

4)  There are various sequence spaces that are vector spaces. The set
Seq(F) of all infinite sequences, whose entries lie in a field F,is a
vector space, under componentwise operations

(80) + (ty) = (55 + t,)

r(s,) = (rs,)

In a similar way, the set ¢, of all sequences of complex numbers
that converge to 0 is a vector space, as is the set £€>° of all
bounded complex sequences. Also, if p is a positive integer, then
the set P  of all complex sequences (s,) for which
> Is,|P <o is a vector space under componentwise operations.
To see that addition is a binary operation on P, one verifies
Minkowski’s inequality

(Z lsn+ 4 D2 < (T 15, D)2+ (1, D)
which we will not do here. (See the exercises in Chapter 12.) [

and

Subspaces
Most algebraic structures contain substructures, and vector spaces
are no exception.

Definition A subspace of a vector space V is a subset S of V that
is a vector space in its own right, under the operations obtained by
restricting the operations of V to S. [

Since many of the properties of addition and scalar multiplication
hold, a fortiori, in the subset S, we can establish that a nonempty
subset is a subspace merely by checking that the subset is closed under
the operations of V.

Theorem 1.1 A nonempty subset S of a vector space V is a subspace
if and only if
1) S is closed under addition, that is,

WwW€E€S = u+veS
2) S is closed under scalar multiplication, that is,

reF,ueS = rues
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Equivalently, S is a subspace if and only if
3) S is closed under taking linear combinations, that is,

rs€EF,u,veES = ru+sveS 0

Example 1.2 Consider the vector space V(n,2) of all binary n-tuples.

The weight w(v) of a vector v € V(n,2) is the number of nonzero

coordinates in v. For instance, w(101010) =3. Let E,; be the set of

all vectors in V of even weight. Then E, is a subspace of V(n,2).
To see this, note that

w(u + v) = w(u) + w(v) — 2w(uNv)

where unv is the vector in V(n,2) whose ith component is the
product of the ith components of u and v, taken modulo 2. That is,

(unv); = (v - v;) mod 2

Hence, if w(u) and w(v) are both even, so is w(u+v). Finally,
scalar multiplication over F, is trivial, and so E, is a subspace of
V(n,2), known as the even weight subspace of V(n,2). O

Example 1.3 Any subspace of the vector space V(n,q) is called a
linear code. Linear codes are among the most important, and most
studied, types of codes, because their structure allows for efficient
encoding and decoding of information. For a detailed discussion of
linear (and other) codes, see Roman {1992]. 0

The Lattice of Subspaces

The set $(V) of all subspaces of a vector space V is partially
ordered by set inclusion. The zero subspace {0} is the smallest
element in f(V), and the entire space V is the largest element.

If S,Te&(V), then SNT is the largest subspace of V that
contains S and T. Hence, in ¥(V), the greatest lower bound of S
and T is

glb{S,T} =SNT

Similarly, if {S;|i€ K} is any collection of subspaces of V, then the
intersection
s

iekK
is also a subspace of V, and is the greatest lower bound of the
collection {S;}.
On the other hand, if S,T € $(V), then SUT € $(V) if and only
if SCT or TCS. Thus, the union of subspaces is never a subspace
in any “interesting” case. We also have the following.
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Theorem 1.2 A vector space V over an infinite field F is never the
union of a finite number of proper subspaces.

Proof. Suppose that V =S,U---US_, where we may assume that
S;¢S,u---US,.  Let we€S;—(S,U---US,), and let v¢S,.
Consider the infinite set A ={w+4rv|r€F}. (This is the “line”
through w, parallel to v.) We want to show that each S; contains at
most one vector from the infinite set A, which is contrary to the fact
that V=35;U---US,_, and so this will prove the theorem.

Suppose that w-+rveS; for r#0. Then since weS;, we
would have rveE€S,, or veES,, contrary to assumption. Next, suppose
that w+r,v, w+r,v€S;, for 1> 2, where r; #r,. Then

S;ory(WHr V) —r(WHryv) = (rg — 1y )W
and so w € S;, which is also contrary to assumption. I

To determine the smallest subspace of V  containing the
subspaces S and T, we make the following definition.

Definition Let S and T be subspaces of V. The sum S+ T is the
set of all sums of vectors from S and T, that is,

S+T={u+v|ueS, veT}

More generally, the sum of any collection {S;|i€ K} of subspaces is
the set of all finite sums of vectors from the union [JS;

Zsi={81+"‘+Sn|SjE.USi} 0
i€eK ieK

It is not hard to show that the sum of any collection of subspaces
of V is a subspace of V, and that

lub{S,T} =S+ T
and, more generally,

lub{S;} = Y _§;

ieK

A partially ordered set in which every pair of elements has a least
upper bound and greatest lower bound is called a lattice.

Theorem 1.3 The set $(V) of all subspaces of a vector space V is a
lattice under set inclusion, with

glb{S,T} =SNT and lub{S,T} =S+T 0
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Direct Sums
As we will see, there are many ways to construct new vector

spaces from old ones.

Definition Let V,,...,V, be vector spaces over the same field F.
The external direct sum of V,,...,V,, denoted by V=V, B---BV,,is
the vector space V whose elements are ordered n-tuples

V={(vp...,v)) |y €V;,i=1,...,n}
with componentwise operations

(agyeeyuy) + (Veye o, vp) = (0 + vy, u, +v,)
and
r(Vyseeey V) = (1vy,...,1v,) 0

Example 1.4 The vector space F" is the external direct sum of n
copies of F, that is,
F'=F@---B8F

where there are n summands on the right-hand side. [
This construction can be generalized to any collection of vector
spaces, by generalizing the idea that an ordered n-tuple (vy,...,v,) is

just a function f:{1,...,n}—|JV;, with the property that f(i) €V,
One possible generalization is given by the following definition.

Definition Let F = {V;|i € K} be any family of vector spaces over F.
The direct product of ¥F is the vector space

I1vi={ex-J vi|t) e vp)

ieK iekK
thought of as a subspace of the vector space of all functions from K to
Uv,. o

The following will prove more useful to us, however.

Definition Let ¥F = {V;|i€ K} be a family of vector spaces over F.
The support of a function f:K—{JV; is the set

supp(f) = {i € K| (i) # 0}
Thus, f has finite support if f(i) =0 for all but a finite number of
i € K. The external direct sum of the family F is the vector space

Hv,= {f:K-—-)U V; I f(i) € V,, f has finite support}
ieK icK



1 Vector Spaces 33

thought of as a subspace of the vector space of all functions from K to

UV, 0

An important special case occurs when V; =V for all i€ K. If
we let VK denote the set of all functlons from K to V and (VK)0
denote the set of all functions in VK that have finite support, then

[Tv=vE and V=¥,
ieK ieK

There is also an internal version of the direct sum construction.

Definition Let V be a vector space. We say that V is the (internal)
direct sum of a family ¥ ={S;|i € K} of subspaces of V if every
vector v in V can be written, in a unique way (except for order), as a
finite sum of vectors from the subspaces in ¥, that is, if for all ve 'V,

V= ul + e + un
for some wu; € S;, and furthermore, if
vV=w;+ -+ w,

where w; €5;, then w; =w; forall i=1,...,n.
If V is the direct sum of ¥, we write
V=S
ieK
and refer to each S; as a direct summand of V. If ¥={S,,...,S,}

is a finite family, we write
V=§5,&---&S,

If V=S&T, then T is called a complement of S in V. We will
often write S°® to denote a complement of S. [I

The reader will be asked in a later chapter to show that the
concepts of internal and external direct sum are essentially equivalent.
Since the internal version of direct sum will be used more often, we
simply refer to it as the direct sum. Once we have discussed the
concept of a basis, the following theorem can be easily proved.

Theorem 1.4 Any subspace of a vector space has a complement, that
is, if S is a subspace of V, then there exists a subspace S¢ for which

V=S@S. 0

It should be emphasized that a subspace generally has many
complements. The reader can easily find examples of this in R2. The
following characterization of direct sums is quite useful.
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Theorem 1.5 A vector space V is the direct sum of a family ¥ =
{V;1i €K} of subspaces if and only if
ieK
2) Foreach i€K,
J#I
Proof. Suppose first that V is the direct sum of %¥. Then (1)

certainly holds, and if
ves;n(Ys;)
J#£i
then
v=0+---+0+8+0+---+0
and
V=8t t8  +0+8,, 4+t

where s €S; for all i. Hence, by the uniqueness of direct sum
representations, s; =0 for all i=1,...,n, and so v=0. Thus, (2)
holds.

For the converse, suppose that (1) and (2) hold. Then any vector
v is a sum of vectors from the §;,

V=8 +--+s8;
where s, €8S;. If

v=t1++tn
where t, € S;, then

(s —t)+-+(s,—t,) =0

But if v; =8 —~t;€S; is nonzero, then v; can be written as a sum of
vectors from the S;, with j#1i, which contradicts (2). Hence, 8 =t
for all i, and V is the direct sum of ¥. 1

Example 1.5 Any matrix A € M can be written in the form
(1.1) A=XA+AT)+}A-AT)=B+C

where AT is the transpose of A. It is easy to verify that B is
symmetric, and C is skew-symmetric, and so (1.1) is a decomposition
of A as the sum of a symmetric matrix and a skew-symmetric matrix.

Since the sets Sym and SkewSym of all symmetric and skew-
symmetric matrices in b are subspaces of b, we have

Mo, = Sym + SkewSym
Furthermore, if S+ T =S+ T', where S and S’ are symmetric, and
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T and T’ are skew-symmetric, then the matrix
U=S-8=T-T

is both symmetric and skew-symmetric. Hence, provided that
char(F) # 2, we deduce that U=0, and so S=§ and T=T.
Thus,

Mo = Sym & SkewSym 0

Spanning Sets and Linear Independence
A set of vectors spans a vector space if every vector can be written
as a linear combination of some of the vectors in that set.

Definition The subspace spanned (or generated) by a set S of vectors
in V is the set of all linear combinations of vectors from S
(S) = span(S) = {ryvy + - +r v |5, €F, v, €V}

When S ={v;,...,v,} is a finite set, we use the notation (vy,...,v,),
or span{vy,...,v,}. Aset S of vectorsin V issaid to span V, or
generate V, if

V = span(S)

that is, if every vector v €V can be written in the form
V=Iv; Rl b S A

for some scalars rq,...,r, and vectors vy,...,v,. [

It is clear that any superset of a spanning set is also a spanning
set. Note also that all vector spaces have spanning sets, since the entire
space is a spanning set.

Definition The nonempty set S of vectors in V is linearly
independent if for any vy,...,v, in V, we have

v+ trv =0 = ==, =0
If a set of vectors is not linearly independent, it is linearly dependent. {1

It follows from the definition that any nonempty subset of a
linearly independent set is linearly independent.

Theorem 1.6 Let S be a set of vectorsin V.

1) S is linearly independent if and only if every vector in the span of
S has a unique expression as a linear combination of the vectors
in S.
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2) S is linearly independent if and only if no vector in S is a linear
combination of the other vectorsin S. 1

The relationship between minimal spanning sets and linear
independence is described in the following key theorem.

Theorem 1.7 Let S be a set of vectors in V. The following are

equivalent.

1) S islinearly independent and spans V.

2)  For every vector v €V, there is a unique set of vectors vy,...,v,
in S, along with a unique set of scalars ry,...,r, in F, for which

V=ryVvyteee vy

3) S is a minimal spanning set in the sense that S spans V, and
any proper subset of S does not span V.

4) S is a mazimal linearly independent set in the sense that S is
linearly independent, but any proper superset of S is not linearly
independent.

Proof. We leave it to the reader to show that (1) and (2) are
equivalent. Now suppose (1) holds. Then S is a spanning set. If
some proper subset S’ of S also spanned V, then any vector in
S —S’ would be a linear combination of the vectors in S, contradicting
the fact that the vectors in S are linearly independent. Hence (1)
implies (3).

Conversely, if S is a minimal spanning set, then it must be
linearly independent. For if not, some vector s € S would be a linear
combination of the other vectors in S, and so S—{s} would be a
proper spanning subset of S, which is not possible. Hence (3) implies
(1).

Suppose again that (1) holds. Then S is linearly independent. If
S were not maximal, there would be a vector ve& V—S for which the
set SU{v} is linearly independent. But then v is not in the span of
S, contradicting the fact that S is a spanning set. Hence, S is a
maximal linearly independent set, and so (1) implies (4).

Conversely, if S is a maximal linearly independent set, then it
must span V, for if not, we could find a vector v€ V —S that is not a
linear combination of the vectors in S. Hence, SU{v} would be a
linearly independent proper superset of S, which is a contradiction.
Thus, (4) implies (1). 1

Corollary 1.8 A finite set S = {vy,...,v,} of vectorsin V is a basis
for V if and only if
V= (u) 0 (v,) '
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Definition Any set of vectors in V that is linearly independent and
spans V is called a basis for V. Thus, a set of vectors is a basis for
V if and only if it satisfies any (and hence all) of the conditions in
Theorem 1.7. 0

Example 1.6 The ith standard vector in F" is the vector e; that has
0s in all coordinate positions except the ith, where it has a 1. Thus,

e, =(1,0,...,0), e, =(0,1,...,0),..., ¢, =(0,...,0,1)
The set {e;,...,e } is called the standard basis for F". 0

The proof that every nontrivial vector space has a basis is a classic
example of the use of Zorn’s lemma.

Theorem 1.9 Any vector space, except the zero space {0}, has a basis.

Proof. Let V be a nonzero vector space, and consider the collection A
of all linearly independent subsets of V. This collection is not empty,
since any single nonzero vector forms a linearly independent set. Now,
if I, CI,C--- is a chain of linearly independent subsets of V, then

the union

is also a linearly independent set. Hence, every chain in A has an
upper bound in A, and according to Zorn’s lemma, A must contain a
maximal element, that is, V has a maximal linearly independent set,
which is a basis for V by Theorem 1.7. 1

Theorem 1.7 makes it easy to prove the following useful result.

Theorem 1.10

1)  Any linearly independent set of vectors in V is contained in a
basis for V. That is, any linearly independent set can be eztended
to a basis for V.

2)  Any spanning set for V contains a basis for V. That is, any
spanning set can be reduced to a basis for V. 1

The reader can now show, using Theorem 1.10, that any subspace
of a vector space has a complement.

The Dimension of a Vector Space

The next result, with its classical elegant proof, says that if a
vector space V has a finite spanning set S, then the size of any
linearly independent set cannot exceed the size of S.
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Theorem 1.11 Let V be a vector space, and assume that the vectors
Vyy...,V, are linearly independent, and the vectors s,...,s, span V.

Then n <m.
Proof. First, we list the two sets of vectors

S1y.+0y8y Viseeoy ¥y

Then we move the last vector v, to the front of the first list

VsSse+0y 8y ViseeesVp_1

Since sy,...,8,, span V, v, is a linear combination of the s’s. This
implies that we may remove one of the s’s, say 8 from the first list,

and still have a spanning set

VisSpye e s Sjreey 8y ViseeosVno1

where the hat ~ means that the vector has been removed from the list.

Now we repeat the process, moving v,_; from the second list to
the beginning of the first list

P
V11 VnsSp -3 8jre ey 8y ViyeroyVp_o

As before, the vectors in the first list are linearly dependent, since they
spanned V before the inclusion of v, ;. However, since the v;’s are
linearly independent, any linear combination of the vectors in the first
list must involve at least one of the s’s. Hence, we may remove that
vector, say sy, and still have a spanning set

vn_l,vn,sl,...,§j,...,§k,...,sm VireeesVp_o
It should be clear that this process can be continued until we run
out of either the s’s or the v;’s. However, if we run out of the s;’s
before the v;’s, that is, if m <n, then the first list will be a proper
subset of the v;’s that spans V, which contradicts the independence of
the v;’s. Therefore, m >n. 1

Corollary 1.12 If V has a finite spanning set, then any two bases of
V have the same size. I

Now let us prove Corollary 1.12 for arbitrary vector spaces.

Theorem 1.13 If V is a vector space, then any two bases for V have
the same cardinality.

Proof. We may assume that all bases for V are infinite sets, for if any
basis is finite, then V has a finite spanning set, and so Corollary 1.12
applies.
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Let B be a basis for V. We may write B = {b;|i €1}, where I
is the index set, used to index the vectors in B. Note that |I| =
| B|. Now let C be another basis for V. Then any vector ¢ € C can
be written as a finite linear combination of the vectors in B, where all
of the coefficients are nonzero, say

c= Z r;b;

€U,

Here, U_ is a finite subset of the index set 1. Now, because C is a
basis for V, the union of all of the U_’s, as ¢ varies over C, must
be I, in symbols,

(1.2) Ju.=t1

cEC

For if all vectors in the basis € can be expressed as a finite linear
combination of the vectors B — {b, }, for some k, then all vectors in V
can be expressed in this manner, implying that B —{b,} spans V,
which is not the case.

Now, from (1.2), Theorem 0.16 implies that

[B] = |T] < |C|Ry=|C]

But we may also reverse the roles of B and C, to conclude that

|[C] < |B|,andso |B| =|C|. N
Theorem 1.13 allows us to make the following definition.

Definition A vector space V is finite dimensional if it is the zero space
{0}, or if it has a finite basis. All other vector spaces are infinite
dimensional.

The dimension of. the zero space is 0, and the dimension of any
nonzero vector space is the cardinality of any basis for V. If a vector
space V has a basis of cardinality x, we say that V is xk-dimensional,
and write dim(V) =«&. 0

It is easy to see that if S is a subspace of V, then
dim(S) < dim(V). Furthermore, if dim(S) = dim(V) < oo then S =V.

Theorem 1.14 Let S and T be subspaces of a finite dimensional
vector space V, then

dim(S) + dim(T) = dim(S+T) + dim(SN'T)
In particular, if S¢ is any complement of S in V, then

dim(S) + dim(S€) = dim(V) 1
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Theorem 1.15 Let V be a vector space.
1) If B isabasisfor V,and if B=3B,UB, and B;NB, =4,
then
V = span{B,} & span{B,}

2) Let V=S&T. If B, isabasisfor S and B, is a basis for
T, then B;NB, =0 and B=B, UDB, is a basisfor V. 1

The Row and Column Space of a Matrix

Let A be an mxn matrix over F. The rows of A span a
subspace of F™ known as the row space of A, and the columns of A
span a subspace of F™ known as the column space of A. The
dimensions of these spaces are called the row rank and column rank,
respectively. We denote the row space and row rank by rs(A) and
rr{A), and the column space and column rank by cs(A) and cr(A).

It is a remarkable, and useful, fact that the row rank of a matrix
is always equal to the column rank, despite the fact that if m # n, the
row space and column space lie in different vector spaces.

To see this, let A be an mxn matrix. Some subset of the rows
of A form a basis for 7s(A). Let A’ be the submatrix of A
containing just these rows. Hence,

(1.3) rr(A’) = rr(A)
and

(1.4) er(A') < er(A)

Consider the matrix C obtained by throwing away all columns of
A’, except those that form a basis for the column space of A’. Thus,
C is a matrix of size rr{A’')xcr(A’), whose c¢r(A’) columns form a
basis for cs(A’), which is a subspace of F*, where r = rr(A’). Hence,

(L5) er(A") < rr(A")
We propose to show that cr(A’) = rr(A’).
If ¢,...,¢ s are the columns of C, then the ith column a; of A’
has the form
a =Ti¢ + -+ TC

and so

|

rk'

Hence, if R is the k/xn matrix whose ith column is r;, we have

A'=CR
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Now, if ¢r(A’) < r(A’), then the matrix C would have linearly
dependent rows, and so there would exist a nonzero row vector v for

which vC = 0. Hence,
vA'=vCR =0

and so the rows of A’ would be linearly dependent, which is not the
case. Therefore, cr(A’) & rr(A’), and so (1.5) implies that

cr(A') = rr(A")
This, together with (1.3) and (1.4), gives
r(A) = rr{A") = er(A") < cr(A)

But, we can apply the same reasoning to the transpose AT of A,

to deduce that
P(AT) < er(AT)

and since rr{AT) = cr(A) and cr{AT) = rr(A), we have
er(A) < m{A)

which, together with the reverse inequality, gives c¢r{A) = rr(A). (I
am indebted to Professor William Gearhart for suggesting the above
argument.) Let us summarize.

Theorem 1.16 For any matrix A, we have rr(A)=cr(A). This
number is called the rank of A, and denoted by rk(A). 1

Coordinate Matrices

From the point of view of the vector space operations, every
n-dimensional vector space is essentlally the same. To understand this
statement more clearly, we make the following definition.

Definition Let dim(V) =n. An ordered basis for V is an ordered
n-tuple (vy,...,v,) of vectors, for which the set {v,,...,v,} is a basis
for V. O

Thus, the only difference between a basis and an ordered basis is
that we impose an order on the vectors in an ordered basis.

Now, let us fix an ordered basis B = (vy,...,v,) for V. For
each vector v €YV, there is a unique ordered n-tuple (ry,...,r ) of
scalars for which

V=Vt vy

This allows us to associate to each vector v€V a unigue column
matrix of length n as follows
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I
(1.6) v = [Vl =

rn
The matrix [v]e, is known as the coordinate matrix of v with respect
to the ordered basis B. Clearly, knowing the coordinate matrix [v]q
is just as good as knowing v. (Assuming that we know %.)

Furthermore, performing linear operations on coordinate matrices

has essentially the same effect as performing the same operations on the
vectors in V. That is,

[u+ v]ey = [u]ey + [V
and

[rv]ey = r[v]ep

or, more generally,
(1.7 [ryvy +o + 1,V ]op :rl[vl]%+---+rn[vn]%
The association (1.6) defines a function

¢q(V) = [Vlgg
from V to F™ (where we write the elements of F" as column

vectors). Because @B is a basis, it is easy to see that ¢% is bijective.
Moreover, (1.7) is equivalent to

bap(ryvy +o0 H1,,) = 1ydq(vy) + -+ 18q(V)

which says that ¢‘EB preserves the vector space operations. Functions
from one vector space to another that preserve the vector space
operations are called linear transformations and form the objects of
study of the next chapter.

EXERCISES

1. Show that the sum of any collection of subspaces of V is a
subspace of V, and that if S,T € $(V), then lub{S,T} =S+ T.

2.  Find a vector space V and a subset S of V that is a vector
space, using operations that differ from those of V.

3. Referring to Example 1.1, what are the subset relationships, if
any, between Seg(C), ¢y, €*° and &

4. Prove that if S,T€¥(V), then SUTe€¥(V) if and only if
SCcT or TCS.

5. Let S, T and U be subspaces of V. Show that if U C S, then

SN(T+U)=(SNT)+U
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[o 2]

10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

This is called the modular law, for the lattice $(V).

Show that the set Sym of all symmetric matrices of size nxn Is

a subspace of b , as is the set SkewSym of all skew-symmetric

matrices of size n xn.

Prove the the first two statements in Theorem 1.7 are equivalent.

Show that any subspace of a vector space is a direct summand.

Let dim(V) < oo, and suppose that V=U@®S; and V=U8S,.

What can you say about the relationship between S; and S,?

Show that if S is a subspace of a vector space V, then

dim(S) < dim(V). Furthermore, if dim(S) = dim(V) < oo, then

S =V. Give an example to show that the finiteness is required in

the second statement. Hinf: think about the vector space of

polynomials F[x].

What is the relationship between S&®T and T@®S? Is the

direct sum operation commutative? Formulate and prove a

similar statement concerning associativity. Is there an “identity”

for direct sum? What about “negatives”?

Prove that the vector space ¥ of all functions from R to R is

infinite dimensional.

Prove that the vector space C of all continuous functions from R

to R is infinite dimensional.

Let F be a field, and let V be an infinite dimensional vector

space over F. What is the cardinality of V?

If dim(V)=n does V necessarily contain a subspace of any

dimension r satisfying 0 <r <n?

Show that Theorem 1.2 does not hold if the base field F is finite.

Let S be a subspace of V. The set v+S={v+s|s€S} is

called an affine subspace of V.

a) Under what conditions is an affine subspace of V a subspace
of V7

b) Show that any two affine subspaces of the form v+S and
w+ S are either equal or disjoint.

If V and W are vector spaces over F for which |V| = |W],

then must it be true that dim(V) = dim(W)?

Let V be an n-dimensional vector space over a finite field F,

with |F| =q. What is the cardinality of V?

Let F be a field. A subfield of F is a subset K of F thatisa

field in its own right, using the same operations as defined on F.

a) Show that F is a vector space over a subfield K of F.

b) Suppose that F is an m-dimensional subspace over a subfield
K of F. If V is an n-dimensional vector space over F,
show that V is also a vector space over K. What is the
dimension of V as a vector space over K7
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Linear Transformations

Loosely speaking, a linear transformation is a function from one
vector space to another that preserves the vector space operations. Let
us be more precise.

Definition Let V and W be vector spaces over the same field F. A
function 7:V—W is said to be a linear transformation if

T(ru+sv) =rr(u) +s7(v)

for all scalars r,s € F and vectors wu,v€ V. A linear transformation
7:V—=V is called a linear operator on V. The set of all linear
transformations from V to W is denoted by £(V,W), and the set of
all linear operators on V is denoted by £(V). [

We should mention that some authors use the term linear
operator for any linear transformation from V to W.
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Definition The following terms are also employed:

1)  homomorphism for linear transformation

2)  endomorphism for linear operator

3) monomorphism for injective linear transformation
4)  epimorphism for surjective linear transformation
5)  isomorphism for bijective linear transformation. 0

Example 2.1
1)  The derivative D:9—%D is a linear operator on the vector space of
all infinitely differentiable functions on R.
2)  The integral operator 7:F[x]—>F[x] defined by
X
o(f) = J f(t) dt
0
is a linear operator on F[x].
3) Let A bean mxn matrix over F. The function 7,:F'—F™
defined by 7,(v) =Av, where all vectors are written as column
vectors, is a linear transformation from F" to F™. [

We next show that £(V,W) is a vector space in its own right.
Moreover, the set £(V) has the structure of an algebra, as given by the
following definition.

Definition Let F be a field. An algebra A over F is a nonempty
set A, together with three operations, called addition (denoted by +),
multiplication (denoted by juxtaposition), and scalar multiplication
(also denoted by juxtaposition), for which the following properties hold.
1) A is a vector space under addition and scalar multiplication.

2) A is aring under addition and multiplication.

3) IfreF and abe A then

r(ab) = (ra)b = a(rb) 0

Thus, an algebra is a vector space in which we can take the
product of vectors, or a ring in which we can multiply each element by
a scalar (subject, of course, to additional requirements, as given in the
definition). We now return to linear transformations.

Theorem 2.1

1) The set L(V,W) is a vector space, under ordinary addition of
functions and scalar multiplication of functions by elements of F.

2) If c€L(U,V) and 7€ £L(V,W), then the composition 7o isin
L(U,W).

3) If 7€ L(V,W) is bijective, then 771 € L(W,V).
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4) The vector space £(V) is an algebra, where multiplication is
composition of functions. The identity map € £(V) is the
multiplicative identity, and the zero map 0€ £(V) is the
additive identity.

Proof. We prove only part 3. Let 7:V—W be a bijective linear
transformation. Then 7~ 1:W—V is a well-defined function, and since
any two vectors w; and w, in W have the form w; =7(v;) and
w, = 7(v,), we have

7'_1(1‘w1 +swy) = T—l(l‘T(VI) +s7(v,))
= 7'—1(1'(rv1 +5v,))
=TIVvy + SV,

= rr’l(wl) + sr"l(w2)

1 s linear. &

which shows that 7~

One of the easiest ways to define a linear transformation is to give
its values on a basis. The following theorem says that we may assign
these values arbitrarily and thereby obtain a wunique linear
transformation.

Theorem 2.2 Let B be a basis for V, and let W be a vector space.
Then we can define a linear transformation =€ £(V,W) by specifying
the values of 7(b) € W arbitrarily, for all b€ B, and extending the
domain of 7 to all of V by linearity. Moreover, if 7,0 € L(V,W)
have the property that 7(b) = o(b) for all b€ B, then r =o.

Proof. Once 7 1is defined on the basis vectors in B, we extend the
definition of 7 by letting

T(ryby +--+1.b)) =1y7(by) +-+- +1,7(by)

The crucial point is that this is well-defined, since each vector in V
has a unique representation as a linear combination of a finite number
of vectors in B. We leave proof of the linearity of 7, and the
uniqueness, to the reader. B

If ref(V,W), and if S 1is a subspace of V, then we may
restrict the domain of 7 to S. The resulting map, denoted by 7 |g, is
a linear transformation from S to W, and is called the restriction of
T to S. We will have many occasions to use this concept in the sequel.
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The Kernel and Image of a Linear Transformation
There are two very important vector spaces associated with a
linear transformation 7 from V to W.

Definition Let 7€ £(V,W). The set
Fer(r) = {v € V| r(v) = 0}
is called the kernel of 7, and the set
im(r) = {r(v) [v € V)

is called the image of 7. The dimension of ker(r) is called the nullity
of 7, and is denoted by null(r). The dimension of im(7) is called the
rank of 7, and is denoted by rk(7). O

It is routine to show that ker(r) is a subspace of V and im(r)
is a subspace of W. Moreover, we have the following.

Theorem 2.3 Let 7€ £(V,W). Then
1) 7 is surjective if and only if im(7) =W
2) r isinjective if and only if ker(r) = {0}

Proof. The first statement is merely a restatement of the definition of
surjectivity. To see the validity of the second statement, observe that

(2.1) () =7(v) & T(u—Vv)=0 & u-—vEe€ ker(r)
Hence, if ker(r) = {0}, then
T(u)=7(v) & u=v

which shows that 7 is injective. Conversely, if 7 is injective, then
(2.1) implies that

u—-v=0 & u=v & u—vEeEker(r)

and so, letting w=u—v, we get w=0 if and only if w € ker(r),
that is, ker(7) = {0}. 1

Isomorphisms

Definition A bijective linear transformation 7:V—W is called an
isomorphism from V to W. When an isomorphism from V to W
exists, we say that V and W are isomorphic, and write V.x W. [

Example 2.2 Let dim(V)=n. For any ordered basis B of V, the
map d)%:V—»Fn that sends each vector v to its coordinate matrix
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[Vley is an isomorphism. Hence, any n-dimensional vector space over
F 1s isomorphic to F". We will refer to the map ¢% many times in
the sequel. [

When two vector spaces are isomorphic, they behave in essentially
the same way with respect to the concepts that depend only on linear
operations. The following result provides support for this view.

Theorem 2.4 Suppose that 7 € £(V,W) is an isomorphism. Let S be
a set of vectors in V, and let

7(S) = {r(s) | s € S}

be the set of images of the vectors in S. Then

1) S spans V if and only if 7(S) spans W.

2) S is linearly independent in V if and only if 7(S) is linearly
independent in W,

3) S isabasisfor V if and only if 7(S) is a basis for W. 1

An isomorphism can be characterized as a linear transformation
7:V—W that maps a basis for V to a basis for W.

Theorem 2.5 Let 7€ £(V,W). If B is a basis for V and if
7(B) = {r(b) | b € B}

is a basis for W, then 7 is an isomorphism from V onto W. §

The following theorem says that, up to isomorphism, there is only
one vector space of any given dimension.

Theorem 2.6 Let V and W be vector spaces over F. Then Va W
if and only if dim(V) = dim(W). 1

In Example 2.2, we saw that any n-dimensional vector space is
isomorphic to F™. To examine the infinite dimensional counterpart of
this result, let us observe that each n-tuple v=(a;,...,a ) € F" can be
thought of as a function f:{1,...,n}—F, where the value of f(i) is
simply the ith coordinate a; of v. Hence, we may think of F" as
the set FB of all functions from the set B = {1,...,n} to the set F.

Now let us generalize this to include the infinite case. Suppose
that B is any set (finite or infinite), called an index set. Recall that
the vector space of all functions from B to the field F is denoted by
FB, and that the set of all functions in FB that have finite support is
denoted by (FB)O.
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Since any linear comblnatlon of functions w1th finite support also
has finite support, (F )o is a subspace of FB. We leave it to the
reader to show that the functions 6, € (FB )o defined for all b € B, by

1 if x=b

6 (x) =

=0 x#b
form a basis for (FB)O, called the standard basis.  Hence,
dim((FB),) = | B].

Theorem 2.7 If n is a natural number, then any n-dimensional vector
space over F is isomorphic to F". If « is any cardinal number, and
if B is a set of cardinality &, then any ;c-dlmensmnal vector space
over F is isomorphic to the vector space (F )o of all functions from
B to F with finite support. I

The Rank Plus Nullity Theorem
Let 7€ £(V,W). We know that ker(r), being a subspace of V,
has a complement ker(7)¢, that is,

(2.2) V = ker(1) ® ker(1)°

Let 3% be a basis for ker(7), and let C be a basis for ker(7)°. Since
$NC=0 and ¥ UC is a basis for V, we have

dim(V) = dim(ker(r)) + dim(ker(1)°)
Now, the restriction of 7 to ker()¢, which we denote by
7%ker(T)°—im(7)

is easily seen to be an isomorphism. In fact, 7°¢ is injective, since if
v € ker(1)¢ (which is the domain of 7°) and 7%(v) =0, then 7(v) =0,
and so v € ker(t)°N ker(r) = {0}, which implies that v=0.

To see that 7¢ is surjective, suppose that 7(v) € im(r). Then
(2.2) implies that v=u+w, where u€ker(r) and w € ker(7)"
Therefore,

7(v) = 7(u) + 7(w) = 7(W) = 7%(w)
which shows that 7(v) € im(7°). Hence, im(7) C im(7°), and since the
reverse inclusion is obvious, we have im(7%) = im(r). Hence, 7° is
onto im(r).
Thus, 7€ is an isomorphism, and

ker(T)¢ = im(r)
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From this, we deduce several useful facts, which are given in the
following theorem.

Theorem 2.8 Let 7€ L(V,W). Then we have the following:
1) ker(7)¢ = im(1)
2)  (The rank plus nullity theorem)

dim(ker(7)) + dim(im(7)) = dim(V)
or, in other notation,
k(1) 4 null(t) = dim(V)

3) If S is a subspace of V, then all complements of S are
isomorphic.
4) If S is a subspace of V, then

dim(S) + dim(S€) = dim(V)

Proof. Part (1) has been proven. Part (2) follows from the fact that
because % and C are disjoint and |C| = | 7(C)| = dim(im(7)),

dim(V) = |%UC| = |%| + | C| = dim(ker(r)) + dim(im(r))

To prove parts (3) and (4), let S be a subspace of V, and let T be a
particular complement of S. Thus V=S&T. Define a map p:V—T
as follows. Any ve&V has the foom v=u+w, where u€S and
weT. Let p(v)=w. We leave it to the reader to show that
p € L(V), and that ker(p) =S and im(p) =T. Now, part (1), applied
to the map p, says that S°=~T, for any complement S® of 8.
Hence, any two complements of S are isomorphic to T, and therefore
to each other. Part (4) follows from part (2), applied to the map p. §

Theorem 2.8 has an important corollary.

Corollary 2.9 Let 7 € L(V,W), where dim(V) = dim(W) < oco. Then 7
is injective if and only if it is surjective. §

Linear Transformations from F" to F™
For any mxn matrix A over F, we can define the map
“multiplication by A”
TA(V) = Av

where v € F" is written in column form. Note that 7, is a function
from F" to F™. It is easy to see that 7, is a linear transformation.
As it happens, all linear transformations 7€ L(F™F™) have the
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form 7, for some mxn matrix A. To see this, recall that = is
uniquely defined by its values on a basis for F", in particular, by its
values on the standard basis

7(ey)y...,7(e,)
Now, if A is an mXxn matrix, then

Ae; = ith column of A

Hence, if we let A be the mXxn matrix with columns 7(e,),...,7(e,),
then

Ae; = 7(e)
and so 7 and T, agree on the standard basis vectors, which implies
that 7 =17,. Let us summarize.

Theorem 2.10

1) Let A bean mxn matrix over F. The map 7, defined by
TA(V) = Av isin L(F",F™).

2)  Conversely, let 7€ L(F",F™). Then there exists a unique mxn
matrix A over F for which 7 =7,. This matrix is called the
standard matrix for 7. The ith column of A is 7(e). 1§

Example 2.3 Consider the linear transformation 7:F3—F3 defined by
T(x,y,2) = (x — 2y,z,x +y +2z)

Then we have, in column form

X x=2y 1-20 X
Ty |[= z =1001|ly
z X4y +2 111 z
and so T =1T,, where
1-20
A={001 1]
111

Since the image of 7, is the column space of A, we have
dim(ker(7,)) + rk(A) = dim(V)
This gives the following useful result.
Theorem 2.11 Let A be an mXxn matrix over F.

1) 7, isinjective if and only if rk(A) = n.
2) 7, issurjective if and only if k(A) =m. &
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Change of Basis Matrices

Let V be a vector space, and suppose that B = (b;,...,b ) and
€ =(cj...,¢,) are ordered bases for V. It is a natural question to ask
how the coordinate matrices [v]qy and [v]e are related. Figure 2.1

illustrates the situation.
%
%\x M
m

F
Figure 2.1

n

F
-
i ¢e( ¢(B)

Our interest lies in finding an expression for the linear transformation

6= ¢C(¢“3)_1’ since
H[V]G_B = ¢c(¢qB)_l[V]<33 = ¢C(V) = [V]C

is the map that describes the relationship between [v]g and [v]e.
Since 6 € L(F"F™), we know that 6 =r7,, for some mxn
matrix A, and furthermore

ith column of A = Ae; = 7,(¢;) = 0(e;) = 0([b]q) = [b]e

Thus, A is just the matrix whose ith column is the coordinate matrix
[b]e of the ith “old” basis vector with respect to the “new” basis C.
This matrix is called the change of basis matrix from B to C, which
we will denote by MfB,C’

Theorem 2.12 Let B =(b;,...,b,) and C be ordered bases for a
vector space V. Then

[V]c = Mc_g,c["]qg
where the change of basis matrix Mg o is the matrix whose ith column

is (bl 1

It is worth remarking that given any invertible matrix A and
any ordered basis B for V, we can find an ordered basis € for which
A= M% e To see this, we look again at Figure 2.1, which shows that

$e(V) = Tadqy(v) = AlV]g

But ¢C(v) =e¢ if and only if v=c¢; is the ith basis vector of C, and
so we seek to solve the equation
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AlVlg =¢

for v=¢. This is done simply by multiplying both sides by AL to
get
Ve = A~ le, = ith column of A™1

Hence, ¢, is the vector whose coordinate matrix with respect to B is

the ith column of A~

The Matrix of a Linear Transformation

Figure 2.2 shows a linear transformation 7:V—W, along with the
pair of linear transformations ¢“IB and ¢C’ used to represent vectors in
V and W in terms of coordinate matrices.

V—2">w

¢IB ¢C

6=9¢.7 ('ﬁzzs)-1

Figure 2.2

Once the ordered bases B = (b,,...,b,) and C=(c,...,c,) have
been fixed, the linear transformation 0= ¢CT(¢€B)"1 uniquely
determines T, since it determines 7(v) for all v € V, by means of

[r(Mle = de(7(V) = ($eT () " )([Vgp) = O([V]ep)

Moreover, since 6:F"—F™, we know that 6 =r7,, for some mxn
matrix A. In fact,

ith column of A = Ae; = 7,(¢;) = 0(e;) = 0([bj]q) = [r(b))]¢e
This gives the following result.
Theorem 2.13 Let 7€ £(V,W), and let B =(b;,...,b)) and C=
(€45+.+,€y) be ordered bases for V and W, respectively. Then,

referring to Figure 2.2, 7 can be represented by a linear
transformation 7, € L(F™",F™), that is

["'(V)]c = TA([V]%)

where A =|[7] is the matrix whose ith column is [r(b;)]e.
We call ?7"?% ¢ the matrix of 7 with respect to the bases %
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and C. Thus,
[T(V)]c = [T]QB’C [V]gg

When V=W and B =C, we denote the matrix [7] of the linear
operator T € L(V) with respect to the basis B by [r ‘:ZB Thus,

[T(Vley = [rloy [V]ey I

Example 2.4 Let D:P,—%®, be the derivative operator, defined on the

vector space of all polynomials of degree at most 2. Let B=C=
(1,x,x2). Then

0 1
[D(M)]e =[0]e = g , DEe=[le= 8 ,

0

[D(Xz)]c = [QX]C =2

0

and so

010
[D]% =00 2
000

Hence, for example, if p(x) =5+ x + 2x?, then

010 5 1
[DP(X)]CZ[D]G_B [P(X)]cjg: 002 1 =] 4
000 2 0

and so Dp(x)=1+4x. 0

The following result shows that we may work equally well with
linear transformations or with the matrices that represent them (with
respect to fixed ordered bases B and C). This applies not only to
addition and scalar multiplication, but also to multiplication.

Theorem 2.14 Let V and W be vector spaces over F, with ordered
bases B = (b;,...,b,) and C=(c,...,c, ), respectively.
1)  The map

g L(V,W)—Mo (F),  o(r) = [T]G.B,C

is an isomorphism. Thus

L(V,W) & Mo, (F)
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2)  Furthermore, if 0:U—V and 7:V—-W, and if B,C and T are
ordered bases for U, V and W, respectively, then

[rolg o =[7lcglla e
In loose terms, the matrix of the product (composition) 7o is the
product of the matrices of 7 and o.

Proof. To see that ¢ is linear, observe that the ith column of the
matrix [so +t7]e e is

[(so + t7)(by]e = [so(by) + tr(b)]e = s[o(b)le + t{r(by)le
and so

#(so +t1) = [so + tT]‘EB,C = S[U]G.B,C + t[T]‘.B,C =s¢d(o) + té(7)

The map ¢ is surjective, for if A is an mXxn matrix, we simply
define 7:V—W by the condition

TA = ¢CT(¢€B)—1
that is,
7= (de) ' Tadq
Then ¢(r) = A. Finally, ¢ is injective, since
[T]G_g c= 0= [T(bj)]e =0 forall i= T(bi) =0 forall i=7=0

Thus, ¢ is an isomorphism.
To prove part (2), observe that

[U(V)]c = [”]?B,C ["]qB and [T(W)]ﬂ) = [T]c’s_p [W]c
Therefore,
[T]cf_p [‘T]G.B,C [V]GB = [T]c,c_p [U(V)]c

= [r(e(V))]q

= [TU]QB"{D [V]qB
from which part (2) follows. I

Change of Bases for Linear Transformations

Since the matrix '[T]gB e depends on the ordered bases B and C,
it is natural to wonder how'to choose these bases in order to make this
matrix as simple as possible. For instance, can we always choose the
bases so that 7 is represented by a diagonal matrix?

As we will see in Chapter 7, the answer to this question is no. In
that chapter, we will take up the general question of how best to
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represent a linear operator by a matrix. For now, let us take the first
step and describe the relationship between the matrices of 1 with
respect to two different pairs (B,C) and (%®',€') of ordered bases.
Figure 2.3 describes the situation.

T.

F” A D Fm
A A
45 9
¥ ¢
A\ 4 Y

Ta
Figure 2.3

As we can see from this figure, 7 can be written in two ways
T = (¢C)-1TA¢G.B and T = (¢CI)-1TAI¢%I
Equating these two expressions gives
(¢C)_17'A¢¢EB = (¢CI)—1TAI¢%I

or

Tt = () (9e) T T Abey(bey) 7
or, in matrix terms

Moy e =Me e [7lg ¢ Mgy g
This gives the following.

Theorem 2.15 Let 7€ £(V,W), and let (®B,C) and (%B',C') be pairs
of ordered bases of V and W, respectively. Then the matrix of
with respect to the ordered bases (®B',C') can be expressed in terms of
the matrix of 7 with respect to the ordered bases (B,C) as follows

(2.3) [T]%I,C' = MC,C, [T]%,c M‘EBI,% |

When 7€ £(V) is a linear operator on V, it is customary to
represent 7 by matrices of the form [r]e,, where the ordered bases
used to represent vectors in the domain an:]B image are the same. We
leave it to the reader to show that M“.B,‘.B' is invertible and that
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— -1
Mgy qpr = (May o)

Hence, when 9B = C, Theorem 2.15 takes the following important form.

Theorem 2.16 Let 7€ L(V), and let¢ B and B’ be ordered bases
for V. Then the matrix of 7 with respect to B’ can be expressed in
terms of the matrix of 7 with respect to B as follows

(2.4) [roy = Mg a []ey (M )™ '

Equivalence of Matrices
Since change of basis matrices are invertible, (2.3) has the form

[T]%I’CI = P[T]%,CQ—I
where P and Q are invertible matrices. This leads to the following
definition.

Definition Two matrices A and B are equivalent if there exist
invertible matrices P and Q for which

B =PAQ~! 0

We remarked in Chapter 0 that B is equivalent to A if and
only if B can be obtained from A by a series of elementary row and
column operations. Performing the row operations is equivalent to
multiplying the matrix A on the left by P, and performing the
collimn operations is equivalent to multiplying A on the right by
Q.

In terms of (2.3), we see that performing row operations (pre-
multiplying by P) is equivalent to changing the basis used to represent
vectors in the image, and performing column operations (post-
multiplying by Q_l) is equivalent to changing the basis used to
represent vectors in the domain.

According to Theorem 2.15, if A and B are matrices that
represent 7 with respect to possibly different ordered bases, then A
and B are equivalent. The converse of this also holds.

Theorem 2.17 The following statements are equivalent for matrices A

and B.

1) If A represents a linear transformation 7:V—W, with respect to
ordered bases B and C, then B also represents 7, but perhaps
with respect to different ordered bases. That is, if

A= [T]‘:'B,C
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then there exist ordered bases B’ and €' for which

B= [T]%’,C'
2) A and B are equivalent.

Proof. Suppose that (1) holds. The matrix A represents the linear
transformation 7,, with respect to the standard bases. Hence, B
must also represent 7,, but with respect to possibly different ordered
bases, which means that (2.3) holds, and so A and B are equivalent.
Conversely, suppose that A and B are equivalent, and so

B =PAQ™!
where P and Q are invertible. Let 7€ £(V,W), let B and C be
ordered bases for V and W, respectively, and suppose that

A = [T]%,C
We have seen earlier (after Theorem 2.12) that there exist ordered bases
B and € for which P =Mg e and Q= My - Hence,

B=Mce [rlgec My a

But then, according to Theorem 2.15, B =([r]q o Hence (1) holds. §

Similarity of Matrices

As we mentioned earlier, when 7 € L(V) is a linear operator on
V, it is customary to represent r by matrices of the form [T]G.B, where
the ordered bases used to represent vectors in the domain and image are
the same. In this case, (2.4) has the form

[‘r]%, =P [1'],,3 p-1

where P is an invertible matrix. This prompts the following
definition.

Definition Two matrices A and B are similar if there exists an
invertible matrix P for which

B = PAP!

The equivalence classes associated with similarity are called similarity
classes. []

The analog of Theorem 2.17 in this case is the following.

Theorem 2.18 The following statements are equivalent for matrices A
and B.
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1) If A represents a linear operator 7:V—V with respect to an
ordered basis B, then B also represents 7, but perhaps with
respect to a different ordered basis. That is, if

A= ["’]qB
then there exists an ordered basis B’ for which
B = [T] %/

2) A and B aresimilar. I

Theorem 2.18 can be paraphrased by saying that two matrices
represent the same linear operators on V if and only if they are
similar. We will devote much effort in Chapter 7 to finding a canonical
form for similarity.

Invariant Subspaces and Reducing Pairs

Let 7 be a linear operator on V. If S is a subspace of V, there
is no guarantee that, for a given s €S, the vector 7(s) will also be in
S. This prompts us to make the following definition.

Definition Let 7 be a linear operator on V. A subspace S of V is
said to be invariant under 7 if 7(S)CS, that is, if 7(s) €S for all
s€S. Put another way, S is invariant under 7 if the restriction
7|g, which a priori, maps S to V, is actually a linear operator

on S. 0]

If S is a subspace of V and if S® is a complementary subspace
to S, then
V=SgSs°

However, this does not imply that S¢ is also invariant under 7. (The
reader may wish to supply a simple example with V = |R2.) This leads
us to make the following definition.

Definition Let 7 be a linear operator on V. If V=S&T and if
both S and T are invariant under 7, we say that the pair (S,T)
reduces 7. Put another way, (S,T) reduces 7 if the restrictions |g
and 7| are linear operatorson S and T, respectively. [l

Definition Let p be a linear operator on V. Then we write p=
o® T, and call p the direct sum of ¢ and 7, if there exist subspaces
S and T of V for which (S,T) reduces p and

c=plg and T=p|p 0
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The concept of the direct sum of linear operators will play a key

role in the study of the structure of a linear operator. For, in a sense
we will make precise later, if p =0 @ 7, then we have a decomposition
of p into simpler linear operators ¢ and r.

EXERCISES

1. Can you think of any other examples of algebras besides £(V)?

2. Prove Corollary 2.9, and find an example to show that it does not
hold without the finiteness condition.

3. Let 7€XZ(V,W). Prove that if B 1is a basis for V and if
7(B) = {r(b) | b € B} is a basis for W, then 7 is an isomorphism
from V onto W.

4. Let V and W be vector spaces over F. Show that Vx W if
and only if dim(V) = dim(W).

5. Let 7€L(V,W). Prove that 7 is injective if and only if
whenever  v,,...,v,  are linearly independent in V, then
TVy,...,TV, are linearly independent in W.

6. Let 7€ £L(V,W). Prove that 7 is an isomorphism if and only if
it carries a basis for V to a basis for W.

7. If t7e€&(V,,W;) and o€ L(V,,W,), we define the external
direct sum THo € L(V, @&V, ,W;®W,) by

(rBa)((vivg) = (r(vy),0(v,))
Show that 7Bo is a linear transformation.

8.  Prove that the kernel and image of a linear transformation
T:V—>W are subspaces of V and W, respectively.

9. Let V=S@T. Prove that S®T ~SHT, where B stands for
the external direct sum. Thus, up to isomorphism, internal and
external direct sums are the same.

10. Let A bean mxn matrix. Show that #m(r,) is the column
space of A. Show that rk(7,) = rk(A).

11. Let 7€ £(V), where dim(V) <oo. If rk(r?) = rk(r) show that
im(7) N ker(1) = {0}.

12. Let 7€ L(U,V) and o € £(V,W). Show that

rk(ro) < min{rk(r), rk(c)}

13. Let 7€ £(U,V) and o € £(V,W). Show that

null(re) < null(t) + null(o)

14. Let 7,0 € £(V), where 7 is nonsingular. Show that rk(ro) =
rk(or) = rk(o).

15. Let 7,0 € £(V,W). Show that rk(r + o) < rk(7) + rk(0).

16. Let S be a subspace of V. Show that there isa 7€ L(V) for



62

17.

18.

19.

20.

21.

22.

23.

24.

25.
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which ker(7) = W. Show also that there exists a o € £(V) for
which im(e) = W.
Prove that any change of basis matrix Mg, @ is nonsingular and
that . '

Me g = Mg c)
Describe the counterpart of Theorem 2.11 for a linear
transformation 7:V—W.
Let V=S5,@®S5, Define linear operators p; on V by
pi(s; +8,) =s;, for i=1, 2. These are referred to as projection
operators. Show that
1) Pi2 =p;
2) p;+py =1, where I is the identity map on V.
3) pip; =0, for i # j, where 0 is the zero map.
4) V =1im(py) @ im(p,)
Suppose that T € £(V) has the property that T2=ToT=0.
Show that 2rk(T) < dim(V).
Let A be an mxn matrix over F. What is the relationship
between the linear transformation 7,:F"—F™ and the system of
equations AX = B? Use your knowledge of linear transformations
to state and prove various results concerning the system AX = B,
especially when B = 0.
Draw a figure similar in spirit to Figure 2.3 to show the situation
where a single matrix M  represents two different linear
transformations  7{:V—-W and 7,:V-W. What is the
connection between 7, and 7,7
Find an example of a vector space V, and a proper subspace S
of V, for which V = S.
Let dim(V) < oo. If 7, 0 € £(V), prove that or = implies that
7 and o are invertible, and that o = p(r) for some polynomial
p(x) € F[x].
Let 7€ £L(V), where dim(V) <. If 70 =01 for all o € 2(V),
show that 7 =r¢, for some r € F. (¢ is the identity map.)
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Quotient Spaces
Let S be a subspace of a vector space V, and let =g be the
binary relation on V defined by

U=V & u—veES

It is easy to see that =g is an equivalence relation. When u = gv, we
say that u and v are congruent modulo S. The term mod is used as
a colloquialism for modulo, and u = (v is often written

u=vmodS

When the subspace in question is clear, we will simply write u=v.
To see what the equivalence classes look like, observe that

[v]={ueV]u=v}
={u€V|u-veSs}
={u€V|u=v+s for some s€S}
={v+s|s€eS}
=v+S
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The set ¥ =v+S ={v+s|s€S} iscalled a cosetof S in V.
Thus, the equivalence classes for congruence mod S are the cosets
v+S of S in V. The set of all cosets is denoted by

L={vtS|veV}
This is read “V mod S” and is called the quotient space of V modulo
S. Of course, the term space is a hint that we intend to define vector
space operations on V/S.

Before doing so, however, observe that Theorem 0.8 implies

(3.1) u+S=v+S & veutS & uev+S
and
u,v €V =>u+S =v+S or (u+S)N(v+S) =0

Thus, a coset may be written in the form v+S for many different
vectors v. In fact, (3.1) implies that

u+S=v+S & u—-veSs

When a coset ¥ is written v+S, the vector v is called the coset
representative for ¥. Clearly, any vector in the coset can be a coset

representative.
Observe also that

U=V => u-veES
= r(u—v)€S forallreF
= ru—1veES forall reF
= ru=1v
and so
(3.2) =v = ru=rv forall T€F

In addition,

uy=v, and uy=vy, = u —-v; €S and u—v, €S
= (u;—vy)+(uy—vy) €S
= (u+uy) = (v +vy) €S
= (u+uy) = (v +vy)
and so

(3.3) u,=v; and uy=vy, = (u +uy) =(vy+vy)

Properties (3.2) and (3.3) imply that congruence mod S preserves the
vector space operations on V.
A natural choice for vector space operations on V/S is

(u+S) + (v+S) = (u+ v)+S
and
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r(u+S) = ru+S

However, a coset generally has many different coset representatives, and
these definitions seem to depend on which representative is chosen. In
order to show that they are well-defined, it is necessary to show that
they do not depend on the choice of coset representatives, that is,

u+S = uy+S and vi+S = vo+S = (u; 4+ v)+S = (uy + v,)+S

and
u+S =uy+S = r(u;+S) = r(u,+S)

The straightforward details of this are left to the reader. Let us
summarize.
Theorem 3.1 Let S be a subspace of V. The binary relation
U=V & u—veES
is an equivalence relation on V, whose equivalence classes are the cosets
f=v+S={v+s|seS}

of S in V. Theset V/S of all cosets of S in V, called the quotient
space of V modulo S, is a vector space under the well-defined
operations

(u4S) + (v+S) = (u+v)+S and r(u+S) =ru+S

The zero vector in V/S is the coset 04+S=S. &

Let S be a subspace of V, and define a map 75:V—V/S by
Tg(V) = v+5

for all veS. This map is called the canonical projection, or natural
projection, of V onto S, or simply projection module S. It is easily
seen to be linear, for we have (writing 7 for wg)

m(ru+sv) = (ru+sv)+S = r(u+S) + s(v+S) = rr(u) + sw(v)

The canonical projection is surjective, since v+S = m(v) for any coset
v+S. To determine the kernel of , note that

veker(n) & 7(v)=0 & v+S=S & veS
and so
ker(m) =S
Theorem 3.2 The canonical projection 7g:V—V/S defined by
7g(V) = v+5

is a surjective linear transformation, with ker(rg) =S. 8
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The First Isomorphism Theorem

Let S be a subspace of V. Figure 3.1 shows a linear
transformation 1 € L(V,W), along with the canonical projection =g
from V to the quotient space V/S.

T
vV —m——™>W
1
s
L/
ﬂs //
’ 4
ST

Figure 3.1
This figure suggests the existence of a map 7' from the quotient space
V/S to W with the property that
(3.4) T'omg =T

that is,
7(v) = (' o mg)(v) = 7'(v+5)

So let us define a function 7' from V/S to W by
'(v+S) =7(v)
This function is well-defined if and only if
v+S=u+S = 7'(v+S)=1'"(u+9)

or, equivalently,
v+S=u+S = 7(v)=1(u)

But this is equivalent to
V-u€S = 7(v-u)=0
or, replacing v—u by x,
x€ES = 1(x)=0

Thus, 7' is well-defined if and only if S C ker(7).
Let us suppose that S C ker(r), and hence that 7' is well-
defined. Then 7':V/S—W is a linear transformation, with image

im(r") = {r'(v+S) | v+S € V/S} = {r(v) | v € V} = im(7)

and kernel

ker(t') = {v4S | r'(v+S) = 0}
= (v4S] 7(v) = 0)
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= {v+S| v € ker(7)}

Also, 7' is unique in the sense that there is only one map 7':V/S—W
with the property that 7'omg=r1.

Theorem 3.3 Let 7 € L(V,W) and let S C ker(r) be a subspace of V.
Then, as pictured in Figure 3.1, there is a unique linear transformation
7:V/S—W with the property that

Tomg =1

Moreover, ker(r') = {v+S|v € ker(7)} and im(7') = im(r). 1

The situation illustrated in Figure 3.1 is often described by saying
that any linear transformation 7:V—W can be factored through the
projection map g for S C ker(r).

Theorem 3.3 has a very important corollary, which is often called
the first isomorphism theorem, and is obtained by taking S = ker(7).

Theorem 3.4 (The first isomorphism theorem) Let 7:V—W be a
linear transformation. Then the linear transformation 7':V/ker(r)—W
defined by
r'(v+ker(t)) = 7(v)
is injective, and so
—ke:/(‘r) ~ 1m(T) |

According to Theorem 3.4, the image of any linear transformation
with domain V is isomorphic to a quotient space of V. Thus, by
identifying isomorphic spaces as being essentially the same, we can say
that the images of linear transformations on V are just the quotient
spaces of V. Conversely, any quotient space V/S of V is the image
of a linear transformation on V, in particular, V/S is the image of the
surjective canonical projection map  7g:V—V/S.  Thus, up to
isomorphism, images of linear transformations on V are the same as
quotient spaces of V.

The Dimension of a Quotient Space
The first isomorphism theorem gives further insight into quotient
spaces. Recall that any subspace S of V has a complement S¢, for
which
V=S&Ss°

Since every vector v €V has the form v =s+s® for unique vectors
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s€S and s®€ S¢ we can define a linear operator p:V—V by setting

pls+5°) =

Because s and s° are unique, p is well-defined. It is called

projection onto S€. (Note the word onto, rather than modulo.) It is
clear that
im(p) = §°
and
ker(p) = {s+s°€V|s°=0} =S

Hence, the first isomorphism theorem implies that

V e
—S-~S

In other words, we have the following.
Theorem 3.5 Let S be a subspace of V. Then any complement of S
in V is isomorphic to the quotient space V/S. 1
Corollary 3.6 Let S be a subspace of a vector space V. Then
dim(V) = dim(S) + dim(V/S) 0

The dimension of the quotient space V/S is often called the
codimension of S in V.

Additional Isomorphism Theorems
There are several other isomorphism theorems that are
consequences of the first isomorphism theorem.

Theorem 3.7 (The second isomorphism theorem) Let V be a vector
space, and let S and T be subspaces of V. Then

S4+4T,,_S
T ~SNT

Proof. Let 7:(S+T)—S/(SNT) be defined by
T(s+t)=s+(SNT)

We leave it to the reader to show that 7 is a well-defined surjective
linear transformation, with kernel T. An application of the first
isomorphism theorem then completes the proof. 1§

Theorem 3.8 (The third isomorphism theorem) Let V be a vector
space, and suppose that S CT CV are subspaces of V. Then
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<
~

S
/S

Proof. Let 7:V/S—V/T be defined by 7(v+S)=v+T. We leave it
to the reader to show that 7 is a well-defined surjective linear
transformation whose kernel is T/S. The rest follows from the first
isomorphism theorem. 1§

<

~

=

Theorem 3.9 Let V be a vector space, and let S be a subspace of V.
Suppose that V=V, ®V, and S=5,®S5,. Then

STS,®S;, TS, S,

(Recall that B stands for the external direct sum.)
Proof. Let 7:V—(V,/S,)8(V,/S,) be defined by
7(vy +vy) = (V1 +51,V,45,)

This map is well-defined, since the sum V=V, ®V, is direct. We
leave it to the reader to show that 1t is a surjective linear
transformation, whose kernel is S; &S,. The rest follows from the first
isomorphism theorem. 1

Linear Functionals
Linear transformations from V to the base field F (thought of
as a vector space over itself) are extremely important.

Definition Let V Dbe a vector space over F. A linear transformation
fe L(V,F), whose values lie in the base field F is called a linear
functional (or simply functional) on V. The set of all linear functionals
on V is denoted by V* and is called the algebraic dual space of V. 0

The adjective algebraic is needed here, since there is another type
of dual space that is defined on normed vector spaces, where continuity
of linear transformations makes sense. We will discuss the continuous
dual space briefly in Chapter 13.

To help distinguish linear functionals from other types of linear
transformations, we will usually denote linear functionals by lower-case
Roman letters, such as f, g, and h.

Note that, according to Theorem 2.1, the dual space V* isa
vector space.

Example 3.1 The map f:F[x]—F, defined by f(p(x)) = p(0), is a linear
functional, known as evaluation at 0. 0
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Example 3.2 Let Cla,b] denote the vector space of all continuous
functions on [a,b] CR. Let f:C[a,b] >R be defined by

b

fla(x)) = J a(x) dx
Then fe€ C[a,b]*. O

According to Theorem 2.8, for any fe& V*,
dim(ker(f)) + dim(im(f)) = dim(V)

But, since im(f) C F, we have either im(f) = {0}, in which case f is
the zero linear functional, or im(f) = F, in which case f is surjective.
In other words, a nonzero linear functional is surjective. Moreover, if
dim(V) < oo, then

dim(ker(f)) = dim(V) —1
Thus, in loose terms, the kernel of a linear functional is a relatively
“large” subspace of the domain V. Even if V is infinite dimensional,

we can say that ker(f) has codimension 0 or 1.
The following theorem will prove very useful.

Theorem 3.10

1)  For any nonzero vector v €V, there exists a linear functional
fe V* for which f(v) # 0.

2) A vector vEV is zero if and only if f(v) =0 for all fe V*. 1

Dual Bases
Suppose that V is finite dimensional, and let B = {v,,...,v_}
be a basis for V. For each 1 <i<n, we can define a linear functional
v, € V*, by the orthogonality condition
Ui(vj) = 5i,j for j=1,...,n

where 6. ;, known as the Kronecker delta function, is defined by

i,j?
1 if i=j
0 if 1#]
Theorem 3.11 Let B = {v,,...,v_} be a basis for V. Then the linear
functionals vy,...,v, defined by
vi(v;) = 6; for j=1,...,n

form a basis for the dual space V*. This basis B* = {vire. vy} s
called the dual basis for B.
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Proof. If

0= g1 +'”+rnyn
where ( represents the zero linear functional, then we may apply both
sides of this to the basis vector v;, to get

J J

and so r; =0, for all i. Hence, B* is linearly independent.
Any feV* is uniquely determined by its values on the basis
vectors v;, say

f(v)) =3
If we let g be the linear functional

g :alul +'“+a'nl/n
then
g(v;) = a5 =1(v;)
and so f=g¢ span{vy,...,v,}, which proves that B* spans V*.
Hence, B* is a basis for V*. 1

Corollary 3.12 If dim(V) < oo, then dim(V*) = dim(V). 1

The next example shows that Corollary 3.12 does not hold
without the finiteness condition.

Example 3.3 Let V be an infinite dimensional vector space over the
field F =127, ={0,1}, with basis ®B. Since the only coefficients in F
are 0 and 1, a finite linear combination over F is just a finite sum.
Hence, V is the set of all finite sums of vectors in B, and so according
to Theorem 0.11,

VI = [P(B) | = [ B]

(The finite sums in B are in one-to-one correspondence with the finite
subsets of B.)

On the other hand, each linear functional fé& V* is uniquely
defined by specifying its values on the basis . Since these values
must be either 0 or 1, specifying a linear functional is equivalent to
specifying the subset of B on which f takes the value 1. In other
words, there is a one-to-one correspondence between linear functionals
on V and all subsets of B. Hence,

V¥ = |2(B)| > |B] = |V]

This shows that V* cannot be isomorphic to V, nor to any proper
subset of V. Hence, dim(V*)> dim(V). 0O
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Reflexivity

If V is a vector space, then so is the dual space V*. Hence, we
may form the double dual space V** which consists of all linear
functionals X:V*—F. In other words, an element ¥ of V** is a
linear map that assigns a scalar to each linear functionalon V.

With this firmly in mind, there is one rather obvious way to
obtain an element of V**. Namely, if v€&YV, consider the map
V:V*SF defined by

v(f) = f(v)

which sends the linear functional f to the scalar f(v). For obvious
reasons, this map is called evaluation at v. To see that ¥ isin V*¥,
we must show that it is linear. But if f,g € V*, then

V(e +g) = (xf + sg)(v) = ri(v) + sg(v) = r(1) + 5¥(g)

and so V is indeed linear.
Since evaluation at v isin V** for all v eV, we can define a
map T:V—-V** by
r(v)=V¥
This is called the canonical map (or the natural map) from V to V**.

It is injective and, in the finite dimensional case, it is also surjective.

Theorem 3.13 The canonical map 7:V—V** defined by letting 7(v)
be evaluation at v, is a monomorphism. Furthermore, if V is finite
dimensional, then 7 is an isomorphism.

Proof. To see that 7 is linear, we observe that
T(ru+sv) =Tu+sv
is evaluation at ru+sv. But
ru+sv(f) = f(ru + sv) = rf(u) + sf(v) = (ru + sv)(f)
for all fe V* and so
T(ru+sv) =ru+sv =ri + sV = rr(u) + s7(v)

which shows that = is linear.
To determine the kernel of 7, we observe that

T(v)=0 = v=0
= v(f)=0 forall feV*
= f(v)=0 forall feV*
= v=0
by Theorem 3.10, and so ker(r) = {0}, that is, 7 is injective.
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In the finite dimensional case, we have dim(V**)= dim(V*) =
dim(V), and so 7 is also surjective. Thus, 7 is an isomorphism. 1

Note that if dim(V) < oo, then since the dimensions of V and
V** are the same, we deduce immediately that V ~ V**. This is not
the point of Theorem 3.13. The point is that the natural map v—v is
an isomorphism. Because of this, V is said to be algebraically
reflexive. Thus, Theorem 3.13 implies that all finite dimensional vector
spaces are algebraically reflexive.

If V is finite dimensional, it is customary to identify the double
dual space V** with V, and to think of the elements of V** simply
as vectors in V.

Let us consider an example of a vector space that is not
algebraically reflexive.

Example 34 Let V be a vector space over F ={0,1}, with a
countably infinite ordered basis B = (by,b,,...). Then any vector
v €V can be identified with its coordinate sequence

v =(a5,ay...)

where a; € {0,1} and only a finite number of the a; are equal to 1.

On the other hand, any fé& V* is uniquely determined by its
values on the vectors in 9B, and since these values can be arbitrarily
chosen, f can be identified with a binary sequence

f=(0q,0aq,...)

with no restriction on the number of 1s in the sequence.

Now, we define the support of a binary sequence x = (x;,X,,...),
denoted by supp(x), to be the set of coordinate positions where x; = 1.
Thus, a vector in V is a binary sequence with finite support, whereas a
linear functional on V is any binary sequence.

A moments reflection on the representation of f will reveal that

¥(f) = f(v) = | supp(v) N supp(f) |

We can show that the canonical map 7:v—¥V is not surjective by
finding a linear functional ¢ € V** that does not have the form ¥, for
any v € V. To this end, define linear functionals ¢, € V* by

e, = (0,...,0,1,0,...)
where the 1 appears in the kth position. Then supp(e,) = {k}, and so
V(ey) = | supp(v) N supp(ey) | = | supp(v) N {k} |
Hence, for any v €V, the map V has the property that
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(3.5) k > max{supp(V)} = V(e ) =0

Now, since the linear functionals e, are linearly independent, we
may extend the set {e } to abasis B for V*. Let us define a map
¢ € V** by setting ¢(e,) =1 for all k, and then extending ¢ to all
vectors in the basis B arbitrarily. (In other words, we don’t care how
¢ is defined on the other elements of %B.) Then ¢ defines a linear
functional in V**, with the property that

o) =1

for all k. But this shows, in conjunction with (3.5), that ¢ cannot
have the form ¥, for any vé€V. Hence, the canonical map is not
surjective, and V is not algebraically reflexive. 0

Annihilators
If f€V* then f is defined on vectors in V. However, we may
also define f on subsets M of V by letting

f(M) = {f(v) | ve M}

Definition Let M be a nonempty subset of a vector space V. The
annihilator M® of M is

MO = {f e V*| (M) = 0} 0

The term annihilator is quite descriptive, since M consists of all
linear functionals that annihilate (send to 0) every vector in M.

It is not hard to see that M? is a subspace of V*, even when M
is not. Subject to this, we prove the following.

Theorem 3.14 If S is a subspace of a finite dimensional vector space
V, then
dim(S%) = dim(V) — dim(S)

Proof. Let {u;,...,u} be a basis for S, and extend it to a basis

B = {uy,...,w,vy,.. vy )
for V. Let
B* = {ulv---al»‘kvulv---ayn—k}

be the dual basis to B. We show that {v,,...,v,_,} is a basis for
SO Certainly, this set is linearly independent, so we need only show
that it spans SO Butif fe SO, then since f € V*, we have

f=ryp gy s+ s, v

and since f(v) =0 for all veS, we have for i=1,...,k,
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0=1(y) =1
and so
f= L T e o MO O

which shows that {v,...,v,_} spans SR |

Example 3.5 To see what can happen with regard to Theorem 3.14, in
the infinite dimensional case, let us continue Example 3.4. Thus, V is
a vector space over F = {0,1}, with a countably infinite ordered basis
B = (b;,by,...). Let S be the subspace of V with ordered basis € =
(by), and let T be the subspace of V with ordered basis 9P =
(by,bg,...). Since |D| = |B|, we have T V.

Now consider the annihilator §0. Any linear fETi can be
extended to a linear functional f e V* by setting __f(by) =0.
Moreover, any linear functional in S® has the form f, for some
fc T* since feS° implies that f(b;) = 0. Hence, there is a one-to-

one correspondence between S° and T* and so |S°| = |T*|. But
T~V implies that T*~V* and so |T*| = | V*|, which implies
that

|S°) = | V¥

But, we have seen in Example 3.4 that |V*| > |V]|, and so
|S°| > [V, which implies that S® cannot be isomorphic to V, or
any subspace of V. Hence, dim(S%) > dim(V). O

The basic properties of annihilators are contained in the following
theorem.

Theorem 3.15
1)  For any subsets M and N of V,
MCN = N°cM°

2) If dim(V) < oo then, identifying V** with V under the natural
map, we have
M% = span(M)

In particular, if S is a subspace of V, then S% =S.
3) If dim(V)<o and S and T are subspaces of V, then

SNT)°=$"+T° and (S+T)°=8°NT° 1

The annihilator provides a way to describe the dual space of a
direct sum.
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Theorem 3.16 Let V=S&®T. Then
1) S*~T® and T*~S°
2) (SeT)*=5¢T°

Proof. First, let us prove that S* ~T°. Roughly speaking, this says
that any linear functional on V that annihilates the direct summand
T is nothing more than a linear functional on its complement S, which
certainly seems reasonable. The proof consists of making this precise.
(Note that, in the finite dimensional case, a dimension argument
establishes the isomorphism.)

For this purpose, let f&T®C V¥, Thus, f(T)=0. The map

f—f| g

that takes a functional f& V* to its restriction f| g» Which is in S*, is
linear. Moreover, if f|g=0, then f(S)=0, and since f(T) =0, we
have f=0. Hence, 7 is injective. Finally, we must show that = is
surjective. That is, for g € S*, we must find an f€ T® for which

f]s(s) = g(s)

for all s€S. In other words, we want to “extend” g to all of V,in
such a way that the extension is in T But that is easy — we just
define the extension to be 0 on T. In particular, let feV* be
defined by
f(s+t) = g(s)

Then f is well-defined and linear. Moreover, fe& TO, since f(t)=
f(04+t) =g(0) =0, for all t&T. Finally, f|g is indeed g, andso 7
is an isomorphism, which proves that T® ~ S*. By symmetry, we also
have S°=~ T*.

To prove part 2, let f€S°NT® Then f(S)=0=1f(T), which
implies that f=0. Hence, S°NT?={0}. Since S° and T® are
subspaces of V*, we have (S®T)* > S%a TP

On the other hand, if f€(S®T)* then we define g,
he(SaT)* by

g(s+t) =1(t) and h(s+t)=1(s)

It is easy to see that these maps are well-defined and linear. Moreover,
g(S)=0 and W(T)=0
andso g€S° and h €T’ Finally,
f(s+t) = f(t) + f(s) = g(s + t) + h(s +t) = (g + h)(s + t)

and so f=g+heS°@®T%  Hence, (S®T)*CS°®TC which
completes the proof. 1
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Operator Adjoints
If 7€ £(V,W), then we may define a map 7*W*—V* by
() =for=1fr
for &€ W*. This makes sense, since 7:V—W and f:W—F, and so the
composition fr:V—F isin V*. Thus
T (f)(v) = 1(r(v))

for any ve V. The map 7" is called the operator adjoint of 7.
Let us establish the basic properties of the operator adjoint.

Theorem 3.17

) (r+0)=1"+0c" for r,0€L(V,W)

2)  (rr)=rr* forany reF and 7€ L(V,W)

3) (ro)=o*r" for 7€ L(V,W) and o€ L(W,U)
4) (" H*= (97" for any invertible 7€ £(V)

Proof. We prove parts 3 and 4. Part 3 follows from the fact that
(ro)¥(f) = fro = o*(f1) = r*(a*(f)) = (ra)(f)
for all fe U*. Part 4 follows from
(Y = (T_lT)x ==

and, in the same way, (r")* " = §

If rel(V,W) then 7°¢€£&(W*V*), and we may form
™ e L(V* W**). Of course, 7°* is not equal to 7. However, in
the finite dimensional case, if we use the natural maps to identify V**

with V and W** with W, then we can think of 7% as being in
L(V,W). With this in mind, 7% is equal to 7.

Theorem 3.18 Let V be finite dimensional, and let 7€ £(V,W). If
we identify V** with V and W** with W, using the natural maps,
then 7% =r.

Proof. Before making any identifications, we have 7 X V¥ W* and
X (@)(f) = V() = ¥(fr) = fr(v) = 7(V)(f)
for all fe W*, and so

7 X(¥) = 1(v)
Therefore, with the appropriate identifications,
() = 7(v)

forallveV,andso 7**=7. 1
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The next result describes the kernel and image of the operator
adjoint.

Theorem 3.19 Let 7€ £(V,W). Then

1) ker(rX) = im(r)°

2)  im(r)° = ker(rg, under the natural identification

3)  im(7*) C ker(7)

4) if dim(V) < oo and dim(W) < oo then im(r) = ker(r)°

Proof. For reference, note that 7:V—W and 7“W*—=V*. To prove
(1), observe that

feker(t™) & TX({) =0
S fr=0
& f(r(v)) =0 forall veV
& f(im(r)) =0
o feim(r)°
To prove part 2, we have
vEker(r) & r(v) =0
& f(r(v)) =0 forall fe W*
& f)(v) =0 for all fe W*
& V(r*(f)) =0 for all fe W*
o veim(r™)°
Part 3 is proved as follows. For all v € ker(7) and fe W¥,
(O() = () = 0
and so 7*(f)(ker(r)) = 0, that is, 7*(f) € ker(r)°. Since this holds for

all f& W* we have
im(7) C ker(r)°

As for part 4, when the vector spaces are finite dimensional, part 2
gives
im(t™) ~ im(7)%0 x ker(r)°

But, according to part 3, im(r) C ker('r)o, and so these spaces must be
equal. §

Corollary 3.20 Let 7€ £(V,W), where V and W are finite
dimensional. Then rk(r) = rk(r>). 1
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In the finite dimensional case, 7€ £(V,W) and 7°€ L(W*V¥)
can both be represented by matrices. To explore the connection
between these matrices, suppose that

B = (b,...,b,) and C=(c...,c,)
are ordered bases for V and W, respectively, and that
B* = (b},...,b%) and C*=(c},...,c,

are the corresponding dual bases. If we let

[Tl ¢ = (aiy)
then a;; is the coordinate of ¢; in 7(b;).
On the other hand, if

x -
[T }C*,%* - (ai,j)
then «;; is the coordinate of b{ in Tx(c]?‘). But this coordinate is

N
() (by) = ¢(7(by))
which is the coordinate of ¢; in 7(b;), and this in turn is a;; In
Short, a]’J = 4,10 and SO
[Tx]c*’%* = ([T]c_gyc)T
We have established the following.

Theorem 3.21 Let 7€ £(V,W), where V and W are finite
dimensional. If B is an ordered basis for V, C 1is an ordered basis
for W, and B* and C* are the corresponding dual bases, then

[TX]C*’G_B* = ([T]G_B,c)T

In words, the matrix of the adjoint 7 is the transpose of the matrix
of 7. 1§

EXERCISES

1. If S is a subspace of V, show that u=v & u—-veES isan
equivalence relation on V.

2.  Prove that the operations of coset addition and scalar
multiplication are well-defined.

3. Prove that there is only one map U:V/S—W with the property
described in Figure 3.1.

4.  Prove the first isomorphism theorem.

5. Let S be a subspace of a vector space V. Show that



80
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10.

11.

12.

13.

14.

15.

16.

17.
18.

19.
20.

21.
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dim(V) = dim(S) + dim(V/S)

Complete the proof of Theorem 3.9.
Let S be a subspace of V. Can you describe a relationship
between the set of all subspaces S' of V for which SCS' CV
and the set of all subspaces of the quotient space V/S?
Let S be a subspace of V. Starting with a basis {s;,...,s,} for
S, how would you find a basis for V/S?
Use the First Isomorphism Theorem to prove that if 7:V-—W,
then

dim(ker(1)) + dim(im(r)) = dim(V)

Let 7 € L(V), and suppose that S is a subspace of V. Define a
map by
:V/S—=V/S  7'(v+S) = 7(v)+S

When is 7’ well-defined? If 7' is well-defined, is it a linear
transformation? What are im(7') and ker(7')?

Show that, for any nonzero vector v €V, there exists a linear
functional fe€ V* for which f(v) # 0.

Show that a vector v €V is zero if and only if f(v) =0 for all
fev*

Let S be a proper subspace of a finite dimensional vector space
V, and let veV-—S. Show that there is a linear functional
fe V* for which f(v)=1 and f(s)=0 forall s€S.

Let S be an (n-1)-dimensional subspace of an n-dimensional
vector space V. Show that there is a linear functional fe V*
whose kernel is S. If f and g are two such functionals, must
there be any relationship between them?

Let B be a basis for an infinite dimensional vector space V, and
define, for all b€ B, the map b € V* by b(c)=1if c=Db,
and 0 otherwise. Does {b’'|b€ B} form a basis for V*? What
do you conclude about the concept of a dual basis?

Show that MY is a subspace of V¥, for any nonempty subset M
of V.

Prove that (S@T)* =~ S* & T*

Prove that 0% =0, and that =1, where 0 is the zero linear
operator and ¢ is the identity.

Let S be a subspace of V. Prove that (V/S)* ~ S°.

Verify that

(a) (r+o0) =1+0* for 7,0 € L(V,W).

(b) (rr)*=rr™ forany reF and 7€ £L(V,W)

Let 7€ £(V,W), where V and W are finite dimensional.
Prove that rk(t) = rk(7>).
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The Number of Subspaces of a Vector Space over a Finite Field

22.

Let F be a finite field of size ¢, and let V be an n-dimensional
vector space over F. The purpose of this exercise is to show that

there are (n) _ (@ = 1)+(q~1)
a (@ -1 @=-1D@ "= 1) (a-1)

subspaces of V of dimension k. The expressions (i), are called

Gaussian coefficients, and have properties similar to amose of the

binomial coefficients.

a) Let S(n,k) be the number of k-dimensional subspaces of V.
Let N(nk) be the number of k-tuples of linearly independent
vectors (vq,...,v}) in V. Show that

N(n,k) = (" = 1)(q" — g)--(q" — g K+1)

b) Now, each of the k-tuples in (a) can be obtained by first
choosing a subspace of V of dimension k, and then selecting
the vectors from this subspace. Show that, for any k-
dimensional subspace of V, the number of k-tuples of
independent vectors in this subspace is

(@ = 1)(d* = q)-(a" = a*7)
¢) Show that

N(n.k) = S(n,k)(q* - 1)(g* ~q)-+(a* - a*™")
How does this complete the proof?
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Motivation

Let V be a vector space over a field F, and let 7 € £(V). Then
for any polynomial p(x) € F[x], the operator p(7) is well-defined. For
instance, if p(x) =1+ 2x + x>, then

p(r) =142+ 73

where ¢ is the identity operator, and 7° is the threefold composition
ToToOT.

We can now define the product of a polynomial p(x) € F[x] and
a vector v€V by

(4.1) p(x)v = p(7)(v)
This product satisfies the usual properties of scalar multiplication,
namely, for all r(x), s(x) € F[x] and u,veV,
r(x)(u+v) =r(x)utr(x)v
(r(x) +s(x))u = r(x)u +s(x)u
[r(x)s(x)]u = r(x)[s(x)u

lu=nu

Thus, for a fixed 7€ £(V), V is an algebraic structure under the
operations of addition and scalar multiplication by polynomials in F[x].



84 4 Modules I

Note, however, that since the ring F[x] is not a field, these two
operations do not make V into a vector space. Nevertheless, this
important situation, which we will study extensively in the sequel,
motivates the following definition.

Modules

Definition Let R be a commuiative ring with identily, whose elements
are called scalars. An R-module (or a module over R) is a nonempty
set M, together with two operations. The first operation, called
addition and denoted by +, assigns to each pair (u,v) € MxM, an
element u+v € M. The second operation, denoted by juxtaposition,
assigns to each pair (r,u) € RxM, an element rv € M. Furthermore,
the following properties must hold.

1) M is an abelian group under addition.

2) Forall r,s € R we have

r(lu+v)=ru+rv
(r+s)u=ru+su
(rs)u = r(su)
lu=u

for all u,veM. O

The definition of a module requires that the ring R of scalars be
commutative. This requirement is sometimes omitted, but modules
over noncommutative rings can behave quite differently than modules
over commutative rings. For instance, it is possible for a module over a
noncommutative ring to have bases of different sizes. Since such
modules will not be needed for the sequel, we require commutativity.

Even with the requirement of commutativity, modules behave
quite differently than vector spaces. For example, there are modules
that do not have any linearly independent elements. Of course, such a
module cannot have a basis.

The connection between modules and vector spaces is very simple:
a vector space is a module over a field.

Example 4.1

1) If R is a ring, the set R™ of all ordered n-tuples, whose
components lie in R, is an R-module, with addition and scalar
multiplication defined componentwise (just as in F"),

(apye--say) 4+ (byse.yby) = (ag +by,...ya, + b))
and
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r(ag,...,a,) = (raq,...,ra;)

for a;, b;, r € R. For example, Z" is the Z-module of all ordered
n-tuples of integers.

2) If R is a ring, the set Jﬂ’m,n(R) of all matrices of size m Xxn, is
an R-module, under the usual operations of matrix addition and
scalar multiplication over R. Since R is a ring, we can also take
the product of matrices in b, (R). One important example is
when R =F[x], whence M (F[x]) is the F[x]-module of all
mXxn matrices whose entries are polynomials.

3) Any commutative ring R with identity is a module over itself,
that is, R is an R-module. In this case, scalar multiplication is
just multiplication by elements of R, that is, scalar multiplication
is the ring multiplication. The defining properties of a ring imply
that the defining properties of an R-module are satisfied. We
shall use this example many times in the sequel. [

When we turn in a later chapter to the study of the structure of a
linear transformation 7 € £(V), we will think of V as having the
structure of a vector space over F, as well as a module, over F[x]. Put
another way, V 1is an abelian group under addition, with {we scalar
multiplications — one whose scalars are elements of F and one whose
scalars are polynomials over F. This viewpoint will be of tremendous
benefit for the study of 7. For now, we concentrate only on modules.

Many of the basic concepts that we defined for vector spaces can
also be defined for modules, although their properties are often quite
different.

Submodules
The definition of submodule parallels that of subspace.

Definition A submodule of an R-module M is a subset S of M that
is an R-module in its own right, under the operations obtained by
restricting the operations of M to S. [

Theorem 4.1 A nonempty subset S of an R-module M is a
submodule if and only if

rns€ER, U veES = ru+sveSsS 1

Theorem 4.2 If S and T are submodules of M, then SNT and
S+T={u+v|ueS,veT}

are also submodules of M. [
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Recall that a commutative ring R with identity is a module over
itself. Thus, in a sense, R plays two roles — it is a ring and it is an R-
module. Now suppose that S is a submodule of R. According to
Theorem 4.1, if a,b€S and re€R, then a—beS and raes.
Hence, S is an tdeal of the ring R. Conversely, if J is an ideal of the
ring R, then J is also a submodule of the module R. In other words,
the subrings of the R-module R are precisely the ideals of the ring R.

Direct Sums

The definition of direct sum is the same for modules as for vector
spaces. We will confine our attention to the direct sum of a finite
number of modules.

Definition Let M be an R-module. We say that M is the direct sum
of the submodules S,...,S, if every v€&M can be written, in a
unique way (except for order), as a sum of elements from the
submodules S;. More specifically, M is the direct sum of S,...,S,
if, for all v € M, we have

V=gt tuy,
for some u; € S;, and furthermore, if
V=Wt w,

where w; €S;, then w; =vy; forall i=1,...,n.
If M is the direct sum of S,,...,S,, we write

M:Sl@"'@Sn

and refer to each S; as a direct summand of M. If M =S&S° we
refer to S® as a complement of S in M. [

In the case of vector spaces, every subspace has a complement.
However, as the next example shows, this is not true for modules.

Example 4.2 The set Z of integers is a Z-module, that is, Z is a
module over itself. Let us examine the nature of the submodules of Z.
Since the submodules of the Z-module Z are precisely the ideals of the
ring Z, and since Z is a principal ideal domain (see Chapter 0), the
submodules of Z are precisely the sets

(n) =Zn = {zn |z € Z}

Thus, all nonzero submodules of Z are of the form Zu, for some
positive u € Z. As a result, we see that any two nonzero submodules of
Z have nonzero intersection. For if u,v >0, then 0 #uv € ZunZv.
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Hence, none of the submodules Zu, for u#0 or 1, have
complements. [

As with vector spaces, we have the following useful
characterization of direct sums.

Theorem 4.3 A module M is the direct sum of submodules S,,...,S
if and only if

1) M=S,+---+S5,

2) Foreach i=1,...,n

n

sin(Zsj)z{O} )

J#i
Spanning Sets

The concept of spanning set carries over to modules as well.

Definition The submodule spanned (or generated) by a subset S of a
module M is the set of all linear combinations of elements of S

(S) = span(S) = {ryvy +---+r,v |5, €R, v; e M}

A subset SCM issaid to span M, or generate M, if
M = span(S)
that is, if every v € M can be written in the form
V=ryvytee4r v,
for some r,,...,r, €ER,and vy,...,vyEM. 0
Observe that (v) =Rv = {rv|r € R} is just the set of all scalar

multiples of v. Since modules of this type are extremely important,
they have a special name.

Definition Let M be an R-module. A submodule of the form (v)=
Rv={rv|reR}, for veM, is called the cyclic submodule generated
by v. 0

For reasons that will become clear soon, we need the following
definition.

Definition An R-module M is said to be finitely generated if it
contains a finite set that generates M. [
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Of course, a vector space is finitely generated if and only if it has
a finite basis, that is, if and only if it is finite dimensional. However,
for modules, things are not quite as simple. The following is an
example of a finitely generated module that has a submodule that is not
finitely generated.

Example 43 Let R be the ring F[x;,x,,...] of all polynomials in
infinitely many variables over a field F. It will be convenient to use
the boldface letter x to denote x;,x,,..., and write a polynomial in R
in the form p(x). (Each polynomial in R, being a finite sum, involves
only finitely many variables, however.) Then R is an R-module, and
as such, is finitely generated by the identity element p(x) = 1.

Now, consider the submodule S of all polynomials with zero
constant term. This module is generated by the variables themselves,

S = (X4,Xpy...)

However, S is not generated by any finite set of polynomials. For
suppose that {p,...,p,} is a finite generating set for S. Then, for
each k, there exist polynomials ay ;(x),...,a ,,(x) for which

(4.2) X = iak,i(x)pi(x)

i=1

Note that since p;(x) €S, it has zero constant term.

Since there are only a finite number of variables involved in all of
the p;(x)’s, we can choose an index k for which p,(x),...,p,(x) do
not involve x,. For each aj ’j(x), let us collect all terms involving xy,
and all terms not involving x,

(4.3) ay 5(%) = x3q5(x) +15(x)
where q; .(x) is any polynomial in R, and r, (x) does not involve xy.
Now (4. 2) and (4.3) give

Xy = E[xqu 5(0]pi(%)

= x qu (x)p;(x) + Z r;(x)p;(x)

i=1

The last sum does not involve x; and so it must equal 0. Hence, the
first sum must equal 1, but this is not possible, since the p;(x)’s have
no constant terms. Hence, S has no finite generating set. [
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Linear Independence
The concept of linear independence also carries over to modules.

Definition A nonempty subset S of a module M is linearly
independent if for any v,...,v, € M,

r1v1+”'+rnvn=0 = rlz..._—_rnzﬂ

If a set S is not linearly independent, we say that it is linearly
dependent. [

It is clear from the definition that any nonempty subset of a
linearly independent set is linearly independent.

In a vector space, the set S = {v}, consisting of a single nonzero
vector v, is linearly independent. However, in a module, this need not
be the case.

Example 44 The abelian group Z, = {0,1,...,n-1} is a Z-module,
with scalar multiplication defined by za =(z-a) mod n, for all n€Z
and a€Z,. However, since na=0 for all a€Z , we see that no
singleton set {a} is linearly independent. [

Recall that, in a vector space, a set S of vectors is linearly
dependent if and only if some vector in S is a linear combination of
the other vectors in S. For arbitrary modules, this is not true.

Example 4.5 Consider the Z-module 72, consisting of all ordered pairs
of integers. Then the ordered pairs (2,0) and (3,0) are linearly
dependent, since

3(2,0) — 2(3,0) = (0,0)
but neither one of these ordered pairs is a linear combination (i.e.,
scalar multiple) of the other! [
The problem in the previous example is that
vyt +rv, =0
and (say) r; # 0 together imply that
I V] = —TgVg— == =T,V

but, in general, we cannot divide both sides by r,, since it may not
have a multiplicative inverse in the ring R.
We can now define the concept of a basis for a module.
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Definition Let M be an R-module. A subset B of M is a basis if
% is linearly independent and spans M. []

Theorem 4.4 A subset B of a module M is a basis if and only if, for
every v € M, there is a unigue set of scalars r;,...,r, for which

V=ryvy etV 1

In a vector space, a set of vectors is a basis if and only if it is a
minimal spanning set, or equivalently, a maximal linearly independent
set. For modules, the following is the best we can do, in general.

Theorem 4.5 Let B be a basis for an R-module M. Then
1) B is a minimal spanning set.
2) B is a maximal linearly independent set. 1

The Z-module of Example 4.4 is an example of a module that has
no basis, since it has no linearly independent sets. But since the entire
module is a spanning set, we deduce that a minimal spanning set need
not be a basis. In the exercises, the reader is asked to give an example
of a module M that has a finite basis, but with the property that not
every spanning set in M contains a basis, and not every linearly
independent set in M is contained in a basis.

We will continue our discussion of bases for modules in a moment,
but first let us discuss the module counterpart of linear transformations.

Homomorphisms
The term linear transformation is special to vector spaces.
However, the concept applies to most algebraic structures.

Definition Let M and N be R-modules. A function m:M—N is said
to be a homomorphism if

7(ru+sv) = rr(u) +s7(v)

for all scalars r,s€ R and u,v € M. The set of all homomorphisms
from M to N is denoted by Hom(M,N). Moreover, we have the
following definitions.

1)  An endomorphism is a homomorphism from M to M.

2) A monomorphism is an injective homomorphism.

3)  An epimorphism is a surjective homomorphism.

4)  An isomorphism is a bijective homomorphism. [
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Theorem 4.6 Let 7 € Hom(M,N). The kernel and image of 7, defined
as for linear transformations, by

; ker(t) ={veM|r(v) =0}
im(t) = {r(v)|v e M}

are submodules of M and N, respectively. 1

Free Modules

The fact that not all modules have a basis leads us to make the
following definition.

Definition An R-module M is said to be free if it has a basis. If B
is a basis for M, we say that M is free on B. [

The next example shows that even free modules are not very much
like vector spaces. It is an example of a free module that has a
submodule that is not free!

Example 4.6 The set ZxZ 1is a free module over itself, with basis
{(1,1)}. To see this, observe that (1,1) is linearly independent, since

(n,m)(1,1) = (0,0) = (n,m) = (0,0)

Also, (1,1) spans ZxZ, since (n,m)= (n,m)(1,1).

But the submodule S=2Zx{0} 1is not free, since it has no
linearly independent elements, and hence no basis. This follows from
the fact that, if (n,0) # (0,0), then, for instance (0,1)(n,0) = (0,0), and
so {(n,0)} is not linearly independent. 0

Since all bases for a vector space V have the same cardinality,
the concept of vector space dimension is well-defined. We now turn to
the same issue for modules. The next example shows what can happen
if the ring R is not commutative — it is an example of a module over a
noncommutative ring that has a basis of size n for any natural
number n!

Example 47 Let V be a vector space over F, with a countably
infinite basis B = {b;,b,,...}. Let R =4L(V) be the ring of linear
operators on V. Observe that R is not commutative, since
composition of functions is not commutative.

The ring R is an R-module, and as such, the identity map
forms a basis for R. However, we can also construct a basis for R of
any desired finite size n. We begin by partitioning % into n blocks.
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For each s=0,...,n-1, let
B, = {b;|i =s modn} = {b;|i =kn+s for some k}

Now we define elements [, € R =L(V) by their action on the basis
vectors in B as follows. The intention is that B, is zero on all basis
vectors notin B, and B, takes by, , € B, to by.

Since any nonnegative integer i has the form kn+t for unique
k and t satisfying 0 <t <n, we can define B, by

b, if t=s

Pulbing) = 0 if t#s

Now €, ={Bg...,B,_1} is linearly independent. For if o, € L(V),
and
0=0apBy+-+ay 10,4

then, applying this to by, ., gives

0= atﬂt(h(n+t) = at(bk)

for all k. Hence, a, =0.
Also, €, spans R=4~(V). For if 7e€L(V), we define

o, € L(V) by "
ay(by) = 7(byyys)
Then
(g +---+ an—lﬂn-l)(blm+t) = atﬁt(bkn+t) =ay(by) = T(bkn+t)
and so

T=apfo+ +ay1fpg
which shows that 7 € span{B,,...,B8,_1}. Thus, C, ={B,...,0,_1}
is a basis for £(V), and we have shown that £(V) has a basis of any
finite size n. [

Example 4.7 shows that modules over noncommutative rings can
behave very poorly when it comes to bases. Fortunately, when the ring
of scalars is commutative, things are much nicer. We will postpone the
proof of the following theorem to the next chapter.

Theorem 4.7 Let M be a free R-module. (By our definition, R is a
commutative ring with identity.) Then any two bases of M have the
same cardinality. §

Theorem 4.7 allows us to define the rank of a free module. (In the
case of modules, it is customary to use the term rank, rather than
dimension.)
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Definition Let M be a free R-module. We define the rank rk(M) of
M to be the cardinality of any basis for M. [

Recall that if B is a basis for a vector space V over F, then V
is isomorphic to the vector space (FB)O of all functions from B to F
that have finite support. A similar result holds for free R-modules. We
begin by establishing that (RB)O is a free R-module.

Theorem 4.8 Let B be any set, and let R be a ring. The set (RB)0
of all functions from B to R that have finite support is a free R-
module, with basis B = {6,} defined by

1 if x=b

LA x#b

an% rank |B|. This basis is referred to as the standard basis for
(R%)o- 1

Theorem 4.9 Let M be an R-module. If B is a basis for M, then
M is isomorphic to (RB)O.

Proof. Since B is a basis for M, any v€&€M has a unique
representation (up to order) as a linear combination of elements of B.
If

v=rb;+--41.b

n"n

then we let v € (RB)0 be the function defined by

I if b=D>b; for some i
v(b) =
0 if b#b, forany i

In words, v is the function that assigns to each basis element b € B,
the coefficient of b in the expression of v as a linear combination of
basis elements. This defines a map T:M—>(RB)O, by 7(v)=W.

It is easy to see that 7 is a module homomorphism from M to
(RB)O. Furthermore, 7 is injective, since 7(v) =V =0 implies that
the coordinates of v with respect to all basis elements are 0, and so v
must be 0. Also, 7 1is surjective, since if f¢€& (RB)O, then we may
define veM by

v="> f(b)b
beB

Since f has finite support, this is a finite linear combination of basis
elements. Moreover, 7(v) =V has the property that v(b) =1f(b) for
all beB, and so 7(v) =V =1{. Thus, 7 is an isomorphism from M
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to (RB)Q’ 1

Corollary 4.10 Two free R-modules are isomorphic if and only if they
have the same rank.

Proof. If M ~ N, then any isomorphism 7 from M to N maps a
basis for M to a basis for N. Since 7 is a bijection, we have
k(M) = rk(N). Conversely, suppose that k(M) = rk(N). Let B be a
basis for M and let C be a basis for N. Since |B| = |C|, there is
a bijective map 7:B—C. This map can be extended by linearity to an
isomorphism of M onto N,andso M=N. 1

Summary
Here is a list of some of the properties of modules that emphasize

the differences between modules and vector spaces.

1) A submodule of a module need not have a complement.

2) A submodule of a finitely generated module need not be finitely
generated.

3)  There exist modules with no linearly independent elements, and
hence with no basis.

4) In a module, there may exist a set S of linearly dependent
elements for which no element in S is a linear combination of the
other elements in S.

5) In a module, a minimal spanning set is not necessarily a basis.

6) In a module, a maximal linearly independent set is not necessarily
a basis. In fact, maximal linearly independent sets need not even
exist.

7) A module over a noncommutalive ring may have bases of different
sizes. However, all bases for a free module over a commutative
ring with identity have the same size.

8)  There exist free modules with linearly independent sets that are
not contained in a basis, and spanning sets that do not contain a
basis.

EXERCISES
1.  Give the details to show that any commutative ring with identity
is a module over itself.
2. Let M be an R-module, and let I be an ideal in R. Let IM
be the set of all finite sums of the form
vyt trvy

where r; €1 and v;€M. Is IM asubmodule of M?
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10.

11.

12.

13.

14.

Show that if S and T are submodules of M, then (with respect
to set inclusion)

SNT =glb{S,T} and S+T = lub{S,T}

Let S; CS, C--+ be an ascending sequence of submodules of an
R-module M. Prove that the union (JS; is a submodule of M.
Is it true that a subset S of a module M is linearly independent
if and only if every element of span(S) can be expressed as a
unique linear combination of elements of S? Explain.
Consider the Z-module Z, ={0,...,n-1}, with scalar
multiplication defined by

zu = (z-u) mod n

for z€Z and u€Z,. Which subsets of Z_ (if any) are linearly

independent?

Give an example of a module M that has a finite basis, but with

the property that not every spanning set in M contains a basis,

and not every linearly independent set in M is contained in a

basis.

Let 7€ Hom(M,N) be an isomorphism. If B is a basis for M,

prove that 7(®B) = {r(b) |b € B} is a basis for N.

Consider the ring R =F[x,y] of polynomials in two variables.

Show that the set M consisting of all polynomials in R that

have zero constant term, is an R-module. Show that M is not a

free R-module.

Referring to Example 4.7, where R = £(V), show that R™ is

isomorphic to R™ for all n and m. (By R™, we mean the set

of all ordered n-tuples of elements of R.)

How does the proof of Corollary 4.10 use the fact that R is a

commutative ring?

Prove that if a ring R has the property that every finitely

generated R-module is free, then either R is the zero ring or R

is a field.

Let I be an ideal in R. Prove that I is a free R-module if and

only if I is a principle ideal, generated by an element in R that

is not a zero divisor.

Let M Dbe an R-module. An element v €M is called a torsion

element if there exists a nonzero r € R for which rv =0.

a) Prove that if R is an integral domain, then the set Tor(M)
of torsion elements in M forms a submodule of M.

b) Find an example of a ring R with the property that,
thinking of R as an R-module, the set Tor(R) is not a
submodule of R.



CHAPTER 5
Modules II

Conlents: Quolient Modules. Quotient Rings and Mazimal Ideals.
Noetherian Modules. The Hilbert Basis Theorem. Ezercises.

Quotient Modules
The procedure for defining quotient modules is the same as that
for defining quotient spaces. We summarize in the following theorem.

Theorem 5.1 Let S be a submodule of an R-module M. The binary
relation
U=V & u—-vesS

is an equivalence relation on M, whose equivalence classes are the
cosets
f=v+S={v+s|seS}

of S in M. The set M/S of all cosets of S in M, called the
quotient module of M modulo S, is an R-module under the well-
defined operations

(u+S) + (v+S) = (u+v)+S and r(u+S) =ru+S
The zero element in M/S is the coset 0+S =S. 1

It is left to the reader to formulate and prove precise statements of
the three isomorphism theorems for modules that correspond to the
isomorphism theorems of Chapter 3.

One question that immediately comes to mind is whether or not a
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quotient space of a free module need be free. As the next example
shows, the answer is no.

Example 5.1 As a module over itself, the Z-module Z is free on the
set {1}. The set Zn = {zn|z € Z} is a (cyclic) submodule of Z, but
the quotient Z-module Z/Zn is isomorphic to Z , via the map

7(u+Zn) = u mod n

and since Z, is not free as a Z-module, neither is Z/Zn. 0

Quotient Rings and Maximal Ideals

In order to prove Theorem 4.7, we need a few more facts about
rings. The construction of quotient spaces and quotient modules works
equally well for other algebraic structures. For rings, it proceeds as
follows. Let S be a subring of a commutative ring R with identity.
Then the set of all cosets

R/S = {r+S|r € R}
is easily seen to be an abelian group under coset addition
(a+S) + (b+S) = (a+b)+S
In order for the product
(a+S)(b+S) = ab+S
to be well-defined, we must have

b+S =b'+S = ab4S =ab’+S
or, equivalently,

b—b'€S = a(b-b)€S

But b—b’ may be any element of S, and a may be any element of
R, and so this condition implies that S must be an ideal. Conversely,
if S is an ideal, then coset multiplication is well-defined.

Theorem 5.2 Let R be a commutative ring with identity. If 3 is any
ideal of R, then the set R/3 of all cosets of 3 in R is a ring, called
the quotient ring of R modulo 3, where addition and multiplication
are defined by

(a+S) + (b+S) = (a+b)+S

(a+S)(b+S) = ab+S 1
Definition An ideal J in a ring R is a maximal ideal if 3 # R, and if

whenever } is an ideal satisfying 3C } C R, then either }=13 or
J=R. 0
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Here is one reason why maximal ideals are important.

Theorem 5.3 Let R be a commutative ring with identity. Then the
quotient ring R/3 is a field if and only if 3 is a maximal ideal.

Proof. Suppose first that R/3 is a field. Assume that J is not
maximal, and so there exists an ideal } with the property that
IJGISR. Let j€ 3—3, and consider the ideal

¥=3,9)ci

generated by j and J. Since j ¢ 3, we have j+3# 0 and since R/
is a field, j+3 must have an inverse, say j'+3, for which

(+9G'+3) =ji'+3=143

Therefore, 1-jj'€3IC% and since jj' € 3%, we have 1¢& %, which
implies that % =R. But % C3 and } is a proper subset of R.
This contradiction implies that J is maximal.

Conversely, suppose that 3 is maximal. We want to show that
any nonzero r+3¢€ R/J has an inverse. But if 0 #r+3, then r¢3,
and so the ideal §={(rJ) is strictly larger than 3. Since 3 is
maximal, we must then have } = R. This implies that 1 € }, and so
there exists s € R for which 1 =sr+i, for some i€ 3. Hence,

(s+9)(r+9) =sr+I= (1 —i)+3I =143
and so (r+3)7! =s+3. Hence, R/J is a field. I

We need one more fact in order to prove Theorem 4.7.

Theorem 5.4 Any commutative ring R with identity contains a
maximal ideal.

Proof. Since R is not the zero ring, it has a proper ideal, namely,
{0}. (By a proper ideal, we mean an ideal different from R itself.)
Let ¥ Dbe the collection of all proper ideals of R. Then ¥ is
nonempty. If

cyc.-

is a chain of proper ideals in R, then the union }= Uﬂj is also an
ideal. Furthermore, if § =R, then 1€}, and so 1€ J,, for some k,
which implies that 3, =R, and this contradicts the fact that J_ is
proper. Hence, } € . Thus, any chain in ¥ has an upper bound, and
so Zorn’s lemma implies that ¥ has a maximal element. This shows
that R has a maximal ideal. 8

We are now ready for the proof of Theorem 4.7.
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Theorem 5.5 Let M be a free R-module. Then any two bases of M
have the same cardinality.

Proof. Our plan is quite straightforward. We seek to find a vector
space V with the property that, for any basis for M, there is a basis
of the same cardinality for V. Then we can appeal to the
corresponding result for vector spaces, which we proved in Chapter 1.

Now, according to Theorem 5.4, R has a maximal ideal 9, and
according to Theorem 5.3, R/ is a field. Let

M={a,v;+--+a,v, |a € v,eM}

Then IM is a submodule of M, and so we may form the quotient
module M/IM.

We want to show that M/IM is a vector space over R/J, with
scalar multiplication defined by

(r+9)(u+3M) = ru+IM
To see that this is well-defined, suppose that
r+3=r'+3 and u+IM =u'+IM

We must show that
ru+IM =r'v'+IM

Equivalently, we must show that
r—r'€ed, u—veM = ru—r'veIM
But
r-red, u—v'eM = (r—r)u’eIM and r(u-vu') €M
= (r-rJu'’+r(u-v)=ru-rv' e M

Hence, scalar multiplication is well-defined. We leave it to the reader
to show that the necessary properties of scalar multiplication are
satisfied, and so M/IM is indeed a vector space over R/J.

Let B be a basis for M over R. If b; and bj arein B then
b;+IM and bj+3M are distinct, for if

bi+3M = bj+3M
then b; —b; € IM, and so
bi_bj =ayvy+-tayvy

for a; €9, v;€M. But each v; is a linear combination of the basis
vectors in B. Let us suppose that the coefficient of b; in v, is r,
for k =1,...,n. Equating coefficients of b; on both sides gives

1=a’1r1+"'+a’nrn



5 Modules 11 101

But the sum on the right side of this equation is in the ideal I, and so
1 €3, which is a contradiction to the fact that J is maximal (and
hence proper). Thus, the set

B’ ={b+IM |b € B}
has the same cardinality as the basis B of M. We need only show
that B’ is a basis for the vector space IM over R/3.

It is clear that B’ generates M/IM over R/Y, since B
generates M. To see that 9B’ is linearly independent, observe that

DN (b+IM) =0 = Y (r;b+IM) =0

JEU jeu
= erbj€5M = erbj: Zaibi’ for a; €3
JEU jeu 1€V

Equating coefficients of bj on both sides shows that I € 3, and so
r;+#3 = 0. This shows that B’ is linearly independent. Hence B’ is a
basis for M/IM. Thus, |®B| = dim(M/IM) is independent of the
choice of basis . 1

Noetherian Modules

One of the most desirable properties of a finitely generated R-
module M is that all of its submodules be finitely generated. Example
4.3 shows that this is not always the case, and leads us to search for
conditions on the ring R that will guarantee that any finitely
generated R-module has only finitely generated submodules.

Definition An R-module M is said to satisfy the ascending chain
condition on submodules if, for any ascending sequence of submodules

S CS,CS3C -
of M, there exists an index k for which S = Sk41 =Sk = 0

Put less formally, an R-module satisfies the ascending chain
condition (abbreviated a.c.c.) on submodules if any ascending chain of
submodules eventually becomes constant.

Theorem 5.6 The following are equivalent for an R-module M.

1)  Every submodule of M is finitely generated.

2) M satisfies the a.c.c. on submodules.

Any module that satisfies either of these conditions is called a
noctherian module (after Emmy Noether, one of the pioneers of module
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theory).

Proof. Suppose that all submodules of M are finitely generated, and
that M contains an infinite ascending sequence

(5.1) SIC52CS3C°°'

of submodules. Then the union
s= s
j

is easily seen to be a submodule of M. Hence, S is finitely generated,
and S=(u,...,u,), for some u;€M. Since u; €S, there exists an
index k; such that u; €Sy . Therefore, if k =max{k,,...,k }, we
have !
w, €5, forall k=1,...,n
and so
S = (upy..yu,) €S C Sy €Sy C-0CS

which shows that the submodules in the chain (5.1), from S, on, are
equal.

For the converse, we must show that if M satisfies the a.c.c on
submodules, then every submodule of M is finitely generated. To this
end, let S be a submodule of M. Pick wu; €S, and consider the
submodule S; =(u;) CS generated by u,. If S; =S, then S is
finitely generated. If S, #S, then there is a u, €S—S;. Now let
Sy = (ujuy). If Sy =S, then S is finitely generated. If S, # S, then
pick uj € S—S,, and consider the submodule S5 = (u;,uy,u,).

Continuing in this way, we get an ascending chain of submodules

(ug) C (uy,uy) C (ug,ugug) C---CS

If none of these submodules is equal to S, we would have an infinite
ascending chain of submodules, each properly contained in the next,
which contradicts the fact that M satisfies the a.c.c. on submodules.
Hence, S = (uy,...,u,), for some n, and so S is finitely generated. B

Since a ring R is a module over itself, and since the submodules
of the module R are precisely the ideals of the ring R, the preceding
may be formulated for rings as follows.

Definition A ring R is said to satisfy the ascending chain condition on
ideals if, for any ascending sequence of ideals

cyclc
of R, there exists an index k for which 3, =3 =%, ,=--- 0
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Theorem 5.7 The following are equivalent for a ring R.

1)  Every ideal of R is finitely generated (as an R-module).

2) R satisfies the a.c.c. on ideals.

Any ring that satisfies either of the conditions is called a noetherian
ring. 1

Now we are ready for the main result of this section.

Theorem 5.8 If R is noetherian, then so is any finitely generated R-
module.

Proof. Let M be a finitely generated R-module, say M = (uy,...,u,).
Consider the epimorphism 7:R"—M defined by

T(FgyeesIy) =TyUy oo+ 0,
Let S Dbe a submodule of M. Then
r71(S) = {u e R*| r(u) € S}

is a submodule of R®, and 7(r71(S)) =S. Now suppose that R™ has
only finitely generated submodules, and so T—I(S) is finitely
generated, say, 771(S) = (v,...,v,). Thenif w €S, we have w = 7(v)
for some v € 771(S), and since

V=1,V +---+rkvk
we get
w="7(v)=1,7(v{) + -+ 17(v))

which implies that S is finitely generated, by {r(v,),...,7(v})}.
Therefore, the proof will be complete if we can show that every
submodule of R" is finitely generated.

We do this by induction on n. If n =1, the result is clear.
Suppose that RX  has only finitely generated submodules, for all
1<k<n. Let S beasubmodule of R", and consider the sets

Sy ={(s15.-»5,_1,0) | (845+ .58, _1,5,) €S for some s }
and
S, = {(0,---,0asn) | (51,---,811_1,511) € S for some sn}

It is easy to see that S; and S, are submodules of R". Moreover,
S; is isomorphic to a submodule of R™!, obtained by simply
dropping the last coordinate,

Sy & {(515--++85_1) | (S35+-+»8,1,0) € S;} CR*!
and similarly, S, is isomorphic to a submodule of R,

Sy~ {s, 1(0,...,0,s,) €ES;} CR
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Therefore, the induction hypothesis (and the isomorphisms) imply that
S; and S, are finitely generated, say

Sl - (ul,...,us> and S2 = (Vl,.-.,vt)
Hence,

is finitely generated, by {uy,...,ug,vy,...,v.}. 1

The Hilbert Basis Theorem

Theorem 5.8 naturally leads us to ask which familiar rings are
noetherian. We leave it to the reader to show that a commutative ring
R with identity is a field if and only if its only ideals are {0} and R.
Hence, a field is a noetherian ring. Also, any principal ideal domain is
noetherian. The following theorem describes some additional
noetherian rings.

Theorem 5.9 (Hilbert basis theorem) If a ring R is noetherian,
then so is the polynomial ring R[x].

Proof. We wish to show that any ideal 3 in R[x] is finitely
generated. Let L  denote the set of all leading coefficients of
polynomials in J, together with the 0 element of R. Then L is an
ideal of R.

To see this, observe that if « €L is the leading coefficient of
f(x) €9, and if r€R, then either ra =0 or else ra is the leading
coefficient of rf(x) € 3. In either case, ra € L. Similarly, suppose that
BeL is the leading coefficient of g(x) €3 We may assume that
deg f(x) =i and deg g(x) =j, with i<j. Then h(x)=x'"'(x) is in
J, has leading coefficient o, and has the same degree as g(x). Hence,
a—f3 iseither 0 or it is the leading coefficient of h(x)—g(x) €9. In
either case a— 8 €L.

Since L is an ideal of the noetherian ring R, it must be finitely
generated, say L =(aj,...,a;). Since a; €L, there exist polynomials
fi(x) with leading coefficients a;. By multiplying each fi(x) by a
suitable power of x, we may assume that deg fi(x)=d for all i=
L..,k

Now, let

g(x) =go+gix + -+ gx"

be any polynomial in § with deg g(x) >d. Since g, € L, we have

8y = Iyay +or+rpay
and so

(5.2) h(x) = g(x) — Y1)



5 Modules I1 105

has coefficient of x™ equal to 0. In other words, deg h(x) < deg g(x).
We now have the basis for an induction argument. Any
polynomial in 3 of degree less than d is certainly generated by the set

S = {l,x,...,xd—l,fl(x),...,fk(x)}

Assume, for the purposes of induction, that any polynomial of degree at
most n—1 is generated by S. Let g(x) have degree n. Referring to
(5.2), we see that deg h(x) <n—1, and so h(x) €3 is generated by S.

But then
g(x) =h(x)+ Y 5fi(x)
is also generated by S. 1 '

EXERCISES

1.  State and prove the first isomorphism theorem for modules.

2 State and prove the second isomorphism theorem for modules.

3.  State and prove the third isomorphism theorem for modules.

4 If M is a free R-module, and 7:M—N is an epimorphism, must
N also be free?

5. Let I be an ideal of R. Prove that if R/I is a free R-module,
then I is the zero ideal.

6. Show that the submodules of the R-module R are the same as the
ideals of the ring R.

7. Let R be a commutative ring with identity. An ideal J in R
is called a prime ideal if rs€R and rs€3 implies that re
or s€J. Show that R/3 is an integral domain if and only if 3
is a prime ideal and 3 # R.

8.  Prove that the union of an ascending chain of submodules is a
submodule.
9.  Prove that a commutative ring R with identity is a field if and

only if it has no ideals other than {0} and R.

10. Let S be a submodule of an R-module M. Show that if M is
finitely generated, so is the quotient module M/S.

11. Let S be a submodule of an R-module. Show that if both S
and M/S are finitely generated, sois M.

12. Referring to the proof of Theorem 5.5, show that the necessary
properties of scalar multiplication are satisfied and so M/IM is
indeed a vector space over R/9.

13. Show that an R-module M satisfies the a.c.c. for submodules if
and only if the following condition holds. Every nonempty
collection ¥ of submodules of M has a maximal element. That
is, for every nonempty collection ¥ of submodules of M, there is
an S €9 with the property that Te¥ = T CS.
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14. Let 7:M—N be a homomorphism of R-modules.
a) Show that if M is finitely generated, then so is im(7).
b) Show that if ker(r) and im(r) are finitely generated, then

M = ker(7) + im(7) is finitely generated.

15. If R is a noetherian ring, show that any proper ideal of R is
contained in a maximal ideal.

16. If R is noetherian, and J is an ideal of R, show that R/3 is
also noetherian.

17. Prove that if R is noetherian, then sois R[xy,...,x].



CHAPTER 6
Modules over Principal Ideal Domains

Contenls: Free Modules over a Principal Ideal Domain. Torsion
Modules. The Primary Decomposition Theorem. The Cyclic
Decomposition Theorem for Primary Modules.  Uniqueness. The
Cyclic Decomposition Theorem. FEzercises.

Free Modules over a Principal Ideal Domain

When a ring R has nice properties (such as being noetherian),
then its R-modules tend to have nice properties (such as being
noetherian, at least in the finitely generated case). Since principal ideal
domains (abbreviated p.i.d.s) have very nice properties, we expect the
same for modules over p.i.d.s.

For instance, Example 4.6 showed that a submodule of a free
module need not be free. However, if the ring of scalars is a principal
ideal domain, this cannot happen.

Theorem 6.1 Let M be a free module over a principal ideal domain
R. Then any submodule S of M is also free. Moreover,
Th(S) < rk(M).

Proof. We will give the proof only for modules of finite rank, although
the theorem is true for all free modules. Thus, since M ~ R", we may
in fact assume that M =R™ Our plan is to proceed by induction
on n.

For n=1, we have M =R, and any submodule S of R is just
an ideal of R. Hence, S =(a) is principal. But since R is an
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integral domain, we have ra #0 for all r # 0, and so the map
T R-S, 7(r)=ra

is an isomorphism from R to S. Hence, S is free.
Now assume that any submodule of Rk is free, for 1<k <n-1,
and let S be a submodule of R™. Consider the sets

S1={(s15+-+r8,1,0) | (51,-.-»8,_1,5,) €S for some s}
and
Sy ={(0,...,0,8,) [ (815-++,8y—18,) €S for some s}

It is easy to see that S; and S, are submodules of R™, and that
S=§,85,

Moreover, S; is isomorphic to a submodule of R™1, obtained by
simply dropping the last coordinate,

Sy~ {(s15+-+8p_1) | (55-++18,_1,0) € S;} C R*!
and S, is isomorphic to a submodule of R,
Sy = {s, 1(0,...,0,s) €S,} CR

Therefore, the induction hypothesis (and the isomorphisms) imply that
S; and S, are free. If S; isfree on {uy,...,u}, where s <n-1,
and S, is free on {v,}, then S s free on {uy,...,u,v;}, where
s+1<n. 1

Torsion Modules

In a vector space V over a field F, if réF and veV are
nonzero, then rv is nonzero. In a module, this need not be the case
and leads to the following definition.

Definition Let M be an R-module. If v€M has the property that
rv =0 for some nonzero r € R, then v is called a torsion element of
M. A module that has no nonzero torsion elements is said to be torsion
free. If all elements of M are torsion elements, then M is a torsion
module. [

If M is a module, it is not hard to see that the set M,  of all
torsion elements is a submodule of M, and that M/M, . is torsion
free. Moreover, any free module over a principal ideal domain is torsion
free. The following is a partial converse.

Theorem 6.2 Let M be a torsion free, finitely generated module over a
principal ideal domain R. Then M is free.
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Proof. Since M is finitely generated, we have M = (vy,...,v) for
some v; € M. Now let us take a maximal linearly independent subset

of these generators, say S = {u;,...,u,}, and renumber to get
M= (up,..up, vy, Vo)

Thus, for each v;, the set {u,,...,uy,v;} is linearly dependent, and so
there exists a; and ry,...,r, for which

avi+ru -4 =0

Now, if we let a =a,---a,_j be the product of the coefficients of the
various v;’s, then av; € span(S), for all i=1,...,n-k.

Hence, the module aM ={av|veM} is a submodule of
span(S). But span(S) is a free module, with basis S, and so by
Theorem 6.1, aM is also free. Finally, M = aM, since the map

T(v) = av

is an epimorphism, that happens to be injective, because M is torsion
free. Thus M, being isomorphic to aM, is also free. 1

Our goal in this section is to show that any module M over a
principal ideal domain is the direct sum

M=M, & Mfree

tor

where Mg, is a free module. This is the first step in the
decomposition of a module over a principal ideal domain.

Since the quotient module M/M, = is torsion free and since
M/M,,, is finitely generated when M is finitely generated, we deduce
from Theorem 6.2 that M/M is a free module. Consider the natural
projection

tor

mM—M/M 7(v) = v+M

tor? tor

It is tempting to infer (as we would for vector spaces) that M is
isomorphic to the direct sum of ker(w) and im(x), and since
ker(w) = M,,,, and im(w) = M/M, . is free, the desired result would
follow. Happily, this is the case for modules as well.

Theorem 6.3 Let M be a finitely generated module over a principal
ideal domain R. Then
M= Mtor ® Mfree

where Mg, . is a free R-module.

Proof. Consider the epimorphism m:M—M/M,  from M onto the
free module M/M, . Let B be a basis for M/M,,,. For each b€ B,
choose a b’ € M with the property that «(b’) =b. Let B’ be the set
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of all such elements of M. We leave it to the reader to show that B’
is linearly independent. Hence, S = span(B') is a free submodule of
M. Moreover,

vEM,, NS=ker(m)NS = n(v) =0 and v=ITrb
= 0=Xr7(b;) = Xr;b;
= 1r;=0 forall i
= v=0
and so M, NS ={0}. Furthermore, if v €M, then =(v) = Zs;b;, for

some s; € R. Nowlet u= Ys;b, € S. Then

and so x =v—u€ ker(m). Hence, v=x+u € ker(w)+S. This shows
that M = ker(m) ®S =M, ®S. 1

tor

In view of Theorem 6.3, we can turn our attention to the
decomposition of finitely generated torsion modules over a principal
ideal domain.

The Primary Decomposition Theorem

To show that every finitely generated torsion module over a
principal ideal domain is the direct sum of cyclic submodules, we need
some definitions.

Definition Let M be an R-module. The annihilator of ve M is
ann(v) ={r€R|rv=10}
and the annihilator of M is
ann(M) = {r e R |tM = {0}}
where t™M = {rv|veM}. O

It is easy to see that ann(v) and ann(M) are ideals of R.
Clearly, v €M is a torsion element if and only if ann(v) # {0}.

If M is a finitely generated torsion module over a principal ideal
domain, say M = (uy,...,u,), then there exists nonzero a; € ann(y,),
for i=1,...,n. Hence, the nonzero product a=a;---a  satisfies
av=0 for all ve&M, and so ac€ann(M). This shows that

ann(M) # {0}.

Definition Let M be a finitely generated torsion module over a
principal ideal domain. Any generator of the principal ideal ann(v) is
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called an order of v. Any generator of the nonzero principal ideal
ann(M) is called an order of M. 0

Annihilators are also referred to as order ideals. Note that any
two orders pu and v of M (or of v €M) are associates, that is,

ann(M) = (p) = (v) = p=uv for some unit u€R

Hence, an order of M is uniquely determined up to multiplicative unit,
and so g and v have the same factorization into a product of prime
elements in R, up to multiplication by a unit.

Definition A module M is said to be primary if its annihilator has the
form ann(M) = (p°®), where p is a prime and e is a positive integer.
In other words, M is primary if it has order a positive power of a
prime. [

Note that a finitely generated torsion module M over a principal
ideal domain is primary if and only if every element of M has order a
power of a fixed prime p.

Our plan for the decomposition of a torsion module M is to first
decompose M as a direct sum of primary submodules.

Theorem 6.4 (The primary decomposition theorem) Let M be a
nonzero finitely generated torsion module over a principal ideal domain,
with order

ﬂ = p:l. . .pfll'l
where the p;’s are distinct primes. Then M is the direct sum
M =Mp1€})---€BMpn
where
M, ={veM]|pjiv=0}
1

is a primary submodule, with order piei.
Proof. Let p = pq, where gcd(p,q) = 1, and consider the sets

M,={veM|pv=0} and M, ={veM|qv=0}

We wish to show that M = M, oM, and that M, and M, have
annihilators (p) and (q), respectively.

Since p and q are relatively prime, there exist a,b € R such
that
(6.1) ap+bg=1

(This follows from the fact that the ideal (p,q) is generated by
ged(p,q) =1, and so 1 €(p,q).) Now, if veEM, NM,, then pv=
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qv =0 and so
v=1v=(ap+bq)v=10

Thus M, NM, = {0}. From (6.1), we also get, for any v €M,
v =1v =apv+bqv

Moreover, q(apv) =a(pq)v=apv =0 implies that apve Mg, and
similarly, bqv € M. Hence, v € M, + M,

Now suppose that ™™, = 0. Then, for any v=v,+v,€
Mp &3] Mq = M, we have

rqv =rq(v; +vy) = qrv; +r1qvy =0

and so rq€ ann(M), which implies that p=pq|rq. Hence p]r,
which shows that ann(M,) = (p). Similarly, ann(My) =(q).
Finally, since p can be written as a product of primes, say

€
p, e pll. . pfln
we can use the preceding argument to write
M= Mp1 &N

where N is a submodule with annihilator (u/pjl). Repeating the
process gives the desired decomposition. R

The Cyclic Decomposition Theorem for Primary Modules
The next step is to decompose primary modules.

Theorem 6.5 (The cyclic decomposition theorem) Let M be a
nonzero primary finitely generated torsion module over a principal ideal
domain R, with order p®. Then M is the direct sum

(6.2) M=C;&---0C,

of cyclic submodules, with orders pel,. ..,pen satisfying

(6.3) e=e e 2" 2e,

or, equivalently,

(6.4) p®|pm-1]...|p7

Proof. Once (6.2) is established, (6.4) will follow easily, since
p€ € ana(M) C ann(C;)

and so if ana(C;) =(q;), then o;|p° Hence, o =i, for some
e; < e. Then we may rearrange the order of the summands to get (6.4).
To prove (6.2), we begin by observing that there is an element
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vy €M with ann(v,) = ann(M) = (p€). For if not, then for all veM,
we would have ann(v) = (p¥) with k <e, andso p*le€ ann(M). But
this implies that p®|p®~!, which is impossible.

Our goal now is to show that the cyclic submodule (v;) is a
direct summand of M, that is,

(6.5) M=(v;)®S

for some submodule S of M. Then since S 1is also a finitely
generated primary torsion module over R, we can repeat the process, to
get

M=(v))®(vy) ®S,

where ann(vy) = (p°2) with e, <e;. Continuing in this way, we get
an ascending sequence of submodules

(Vi) C{v) B (vy) C -+

which must terminate, since M satisfies the ascending chain condition
on submodules.

Thus, we need only establish (6.5). Since this is the most involved
part of the proof, we will approach it slowly. Since M is finitely
generated, we may write M = (v ,u;,...,u). Our argument will be by
induction on k. If k=0, then let S = {0}, and we are done. Assume
that the result is true for k, and suppose that

M = (vy,uy,...,uy,u)
By the induction hypothesis,
{(vpugs.. ) = {vy) @S,

for some submodule S.
Notice that we may replace u by any element of the form
u—av,, for o €R, without effecting the span, that is,

(viug,.. o upu-avy) = (vy,uy,..u,u) = M
and so we seek an a € R for which
(6.6) (vy) N {u—avy,Sy) = {0}
since then we would have
M = (v) @ (u—avy,Sp) = (v;) &S

Since any element of (u—avy,S5) has the form r(u—av,)+s,
equation (6.6) is equivalent to

r(u—avy)+s5€(vy) = ru—avy)+s,=0

for any r € R and sy € S, or equivalently
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rlu—avy) €E(v1)®S; = r(u—avy) €Sy
or, finally,
(6.7) ru €(v)®S, = r(u—avy) €S,
Now, we observe that the set
J={reR|rme€(v)® S}

is an ideal of R, and so it is principal, say 3= (a). Note, however,
that

peu = 0 E (V])@SO
and so p° € (a), which implies that a|p® or that a= pl, for some
f <e. Thus, we have

ru€(vy)®S, = red = r:qpf for some q €R
= r(u—avy) = api(u —av,)
and so if we can find an o € R for which
(6.8) plu—av,) €S,

then (6.7) will be satisfied.
But pfed and so plue (vq) ® Sy, say

(6.9) plu = tvy +5g
for some t € R and sy €S, Equation (6.8) then becomes

tvy +s5— arpfv1 €S,
or
(t—apfv; €5,

and this happens if and only if t— arpf =0, that is, if and only if pf| t,
which is what we must show.
Equation (6.9) implies that
0= pe--fpf‘_1 - pe-—ftv1 + pe—fso
and since (v;)NSy= {0}, we deduce that pe“ftv1 =0. Therefore,
since v; has order p°, it follows that pe|pe_ft, that is, pflt, as
desired. This completes the proof. 1

Uniqueness

Although the decomposition (6.2) is not unique, we will see that
the orders p ! are unique up to multiplication by a unit. The prime p
is certainly unique, since it must divide the order p® of M. Before
proceeding further, we need a few preliminary results, whose proofs are
left as exercises.
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Lemma 6.6 Let R be a principal ideal domain.
1) If (v) is a cyclic R-module, with ann(v) = (a), then the map

T R—(v) 7(r)=1v
is an epimorphism between R-modules, with kernel (a), and so
R
V)R
(V=755

Moreover, if a is a prime, then (a) is a maximal ideal in R,
and so R/(a) is a field.

2) Let peR beaprime. If M is an R-module for which pM =
{0}, then M is a vector space over R/(p), where scalar
multiplication is defined by

(r+{p))v = v

for all v e M.
3) Let peR be a prime. For any submodule S of an R-module
M, the set
s = {ves|pv=0}

is a submodule of M. Moreover, if M=S@®T, then M® =
s g7 g

Now we are ready for the uniqueness result.

Theorem 6.7 Let M be a nonzero primary finitely generated torsion
module over a principal ideal domain R, with order p®. Suppose that

M=C,&---&C,

. . €:
where C; are nonzero cyclic submodules with orders p*, and

e; >--->e,. Thenif

n
M:DIGB...@DIH
. . f.
where D. are nonzero cyclic submodules with orders p!, and

1
f, >--->f,, wemust have n=m and

f

e, ="f,....,e, =1f
Proof. Let us begin by showing that n =m. According to part (3) of
Lemma 6.6,

M®P) =cP) ... cP)
and

M®P) — DgP) @@ Dl(rli')

where each summand in both decompositions is nonzero. (Why?)
Since pM(p) = {0} by definition, Lemma 6.6 implies that MP) s a
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vector space over R/(p), and so each of the preceding decompositions
expresses M'P) as a direct sum of one-dimensional subspaces. Hence,
m =n.

Next, we show that the exponents e; and f, are equal by using
induction on e;. Assume first that e, =1, in which case e;=1 for
all i. Then pM = {0}, andso f;=1 for all i, since if f; >1, and if
D, = (w), then pw # 0, which is not the case.

Now suppose the result is true whenever e; <k—1, and let e, =
k. To isolate the exponents that equal 1, suppose that

(€1s-vrey) = (egy..nreg L0000 1), e, >1

and
(fy. 0 fy) = (Fy.- 01000 1), fi>1
Then
pM =pC, &---®pC,
and

pM =pD; &--- & pD;

But pC; is a cyclic submodule of M, and ann(pC;) = (pei_l). To see
this, suppose that C; = (v;). Then

pC; = {pc|c € C;} = {prv;|r € R} = {x(pv}) |r € R} = (pv;)
and pv; has order pei—l. Similarly, pD; is a cyclic submodules of

M, with ann(pD;) = (p i—l). In particular, ann(pC,) = (pei‘l), and so,
by the induction hypothesis, we have

s=t and e =fj,...,e, =1,

which concludes the proof. 1

The Cyclic Decomposition Theorem
Let us pause to see where we stand. If M is a finitely generated
module over a principal ideal domain then, according to Theorem 6.3,

M=M ® Mfree

tor

where M, . is the submodule of all torsion elements and Mg, is a
free submodule of M. If M has order

tor
€ €
” frna} pll. . .pnll
where the p;’s are distinct primes, the primary decomposition theorem

implies that
Mior = Mpl EB"'GBMP1

11
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where Mpi is a primary module, with order piei. Hence,
M= MP1®“'®MPH@Mfree

Finally, the cyclic decomposition theorem for primary modules allows
us to write each primary module M_  as a direct sum of cyclic
submodules. Let us put the pieces togethér in one theorem.

Theorem 6.8 (The cyclic decomposition theorem for finitely generated
modules over a principal ideal domain — elementary divisor version)

Let M be a nonzero finitely generated module over a principal ideal
domain R. Then

M= Mtor & Mfree

where M, . is the set of all torsion elements in M, and Mg, isa
free module, whose rank is uniquely determined by the module M. If
M, . has order

e €
/J fond pll. . .pnn
where the p;’s are distinct primes, then M

M

tor 18 the direct sum

tor

— MPIQB...@MPH
where

M, = {veM|pfiv=0)
1

is a primary submodule, with order pfi.
Moreover, each M_ can be further decomposed into a direct sum
of cyclic submodules
Mpi - Ci,l SZRRRES?) Ci,ki

. e. -
with orders p.'J, and where
pl ’
6= €1 282 2 6

The orders pfi’j, called the elementary divisors of M, are uniquely
determined, up to multiplication by a unit, by the module M.

This yields the decomposition of M into a direct sum of cyclic
submodules (and a free summand)

(610) M= (Cl,l EB”'@Cl,kl) Breeeen 69(Cn,l 69”'eacl,kn) GBMfree 1

The decomposition of M can be formulated in a slightly different
way by observing that if S and T are cyclic submodules of M, and if
ann(S) = (a) and ann(T)=(b) where gcd(a,b)=1, then SNT =
{0} and S&®T is a cyclic submodule with ann(S & T) = (ab).

With this in mind, the summands in (6.10) can be collected as
follows. Let D, be the direct sum of the first summands in each group
of summands in (6.10) (by a group of summands, we mean the



118 6 Modules over P.I.D.’s

summands associated with a given prime p;). Thus,
D; =G 8- 8Cy,

This cyclic submodule has order
e.
q = Hpil,l
i

Similarly, let D, be the direct sum of the second summands in each
group in (6.10). (If a group does not have a second summand, we
simply skip that group.) This gives us the following decomposition.

Theorem 6.9 (The cyclic decomposition theorem for finitely generated
modules over a principal ideal domain — invariant factor version) Let
M be a finitely generated module over a principal ideal domain R.
Then
M=D1@"'®Dm®Mfree
where Mg .. is a free submodule, and D; is a cyclic submodule of M,
with order q;, where
Un | Gm-19 Gm-1 | Gmezo--2 92 [
Moreover, the scalars g;, called the invariant factors of M, are

uniquely determined, up to multiplication by a unit, by the module M.
Also, the rank of My, is uniquely determined by M. 1

EXERCISES

1.  Referring to the proof of Theorem 6.1, why may we assume that
M = R"™?

2.  Provide an example of an R-module M in which, for some

0#reR and 0#ué€M, we have ru=0.

3. Show that, for any module M, the set M, = of all torsion
elements in M is a submodule of M.

4,  Show that, for any module M the quotient module M/M
torsion free.

5.  Show that any free module over a principal ideal domain is torsion

tor 18

free.

6. Referring to the proof of Theorem 6.3, show that B’ is linearly
independent.

7. Let M be an R-module. Show that ann(v) and ann(M) are ideals
of R.

8. Let M be a module over a pid. R. If g4 and v are both
orders of M, show that g and v are associates.

9. What is the order of the zero element in a module? What is the
order of 1€ M?
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10.

11.

12.

13.

14.
15.

Let R be a principal ideal domain. Show that the ideal (p,q)
generated by p and q is also the ideal generated by ged{p,q}.
Let M be an R-module. Prove that ann(M) C ann(v), for any
v € M. Furthermore, when R 1is a principal ideal domain, and
ann(v) = (v) and ann(M) = (u), then v|p.

Prove Lemma 6.6.

Show that if S and T are cyclic submodules of M, and if
ann(S) =(a) and ann(T)=(b) with ged(a,b) =1, then
SNT={0} and S&T is a cyclic submodule with ann(S® T) =
(ab). Hint: use the fact that there exists p,q€ R such that
pa+qgb=1.

Show that ann(M) C ann(v), for any v € M.

Show that, when R is a principal ideal domain, and ann(v) =
(v) and ann(M) = (u), then v|p. In words, an order of veEM
divides an order of M.
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In this chapter, we study the structure of a linear operator on a finite
dimensional vector space, using the powerful module decomposition
theorems of the previous chapter. Unless otherwise noted, all vector
spaces will be assumed to be finite dimensional.

A Brief Review

We have seen that any linear operator on a finite dimensional
vector space can be represented by matrix multiplication. Let us
restate Theorem 2.13 for linear operators.

Theorem 7.1 Let 7€ £(V), and let B = (b,...,b ) be an ordered
basis for V. Then 7 can be represented by a linear operator
75 € L(F"), that is,

[r(V)lgy = Ta([Vlgp)

where A =[] is the matrix whose ith column is [r(b;)]q. Thus,
[r(Wq = [r]ep [Vl ]



122 7 Structure of a Linear Operator

Since the matrix [r]e, depends on the ordered basis B, it is
natural to wonder how to choose this basis in order to make the matrix
[T]“J?» as simple as possible, and that is the subject of this chapter.

Let us also restate the relationship between the matrices of T
with respect to different ordered bases.

Theorem 7.2 Let 7€ £(V), and let B and B’ be ordered bases
for V. Then the matrix of 7 with respect to B’ can be expressed in
terms of the matrix of 7 with respect to B as follows

[rloy = Mgy g [7] (M%’qu)'l

where Mg, o is the change of basis matrix, whose ith column is

(b, whereé B = (by,...,b,). §

Finally, we recall the definition of similarity, and its relevance to
the current discussion.

Definition Two matrices A and B are similar if there exists an
invertible matrix P for which

B = PAP™!

The equivalence classes associated with similarity are called similarity
classes. []

Theorem 7.3 The following statements are equivalent for matrices A

and B.

1) If A represents a linear operator 7:V—V with respect to an
ordered basis B, then B also represents 7, but perhaps with
respect to a different ordered basis. That is, if

A= [T]gg
then there exists an ordered basis %’ for which
B == [T]G.Bl

2) A and B are similar. I

According to Theorem 7.3, the matrices that represent a given
linear operator 7€ L(V) are precisely the matrices that lie in a
particular similarity class. Hence, in order to best represent 7, we seek
a simple representative of that similarity class. More generally, in order
to represent all linear operators on V, we would like to find a simple
representative of each similarity class, that is, a set of simple canonical
forms for similarity.
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Let us recall the definition of canonical form.

Definition Let ~ be an equivalence relation on S. A subset CCS is
said to be a set of canonical forms for ~ if for every s €S, there is
ezactly one ¢ € C such that c~s. 0

Now, the simplest type of matrices are probably the diagonal
matrices. However, not all linear operators can be represented by
diagonal matrices. In other words, the set of diagonal matrices does not
form a set of canonical forms for similarity.

This gives rise to two different directions for further study. First,
we can search for a characterization of those linear operators that can
be represented by diagonal matrices.  Such operators are called
diagonalizable. Second, we can search for a different type of “simple”
matrix that does provide a set of canonical forms for similarity. We
will pursue both of these directions at the same time.

The Module Associated with a Linear Operator

Throughout this chapter, we fix a nonzero linear operator
T € £(V), and think of V not only as a vector space over a field F,
but also as a module over F[x] (as described in Chapter 4), with scalar
multiplication defined by

p(x)v = p(7)(v)

Our plan is to translate the language of the previous chapter into the
language of V, by relating module concepts and vector spaces concepts.
First, since V is a finite dimensional vector space, the module V
is a torsion module. To see this, observe that the vector space L(V),
being isomorphic to M (F), has dimension n?. Hence, the n%+1
vectors 2
o™
are linearly dependent, which implies that p(r)=0 for some
polynomial p(x) € F[x]. Hence, p(x)V = {0}, and so all elements of
V are torsion elements.

Also, V is finitely generated as a module. For if B=
{vy,...,v,} is a basis for the vector space V, then every vector veV
is a linear combination

V:I‘1Vl+"-+l‘nvn

where r; € F C F[x], and so B generates the module V.

Hence, V is a finitely generated torsion module over a principal
ideal domain F[x], and so we may apply the decomposition theorems of
the previous chapter.
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Submodules and Invariant Subspaces

There is a simple connection between the submodules of the
module V and the subspaces of the vector space V. Recall that a
subspace S of V is invariant under 7 if 7(S) CS.

Theorem 7.4 A subset S of V is a submodule of the F[x]-module V
if and only if it is an ¢nvariant subspace of the vector space V. 1

Theorem 7.4 raises an issue that we should address. Namely, a
submodule S of V can be made into an F[x]-module in two ways — as
a submodule of V, and as a module using the restriction 7|g:S—S of

T to S. However, since
p(7)(8) = p(7 | )(8)

for all s €S, scalar multiplication is the same in both cases, and so
these two modules are identical.

Orders and the Minimal Polynomial
Next, consider the annihilator of V

ann(V) = {p(x) € F[x] | p(x)V = {0}}

which is a nonzero principal ideal of F[x]. Since all orders of V (that
is, generators of ann(V)) are associates, and since the units of F[x] are
precisely the nonzero elements of F, there is a unique monic order
of V. This leads to the following definition.

Definition = The unique monic order of the module V, that is, the
unique monic polynomial that generates ann(V), is called the minimal
polynomial for 7. We denote this polynomial by m_(x), or min(7).
Thus,
ann(V) = (m(x)
and
p(x)V = {0} if and only if m_(x)|p(x)

or, equivalently

p(r) =0 if and only if m,(x)|p(x) 0

In treatments of linear algebra that do not emphasize the role of
the module V, the minimal polynomial of a linear operator 7 is
simply defined as the unique monic polynomial m_(x) of smallest
degree for which m_(7)=0. It is not hard to see that this is
equivalent to our definition.

The connection between order and minimal polynomial carries
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over to submodules as well.

Theorem 7.5 Let S be a submodule of the module V. Then the
monic order of S is the minimal polynomial of the restriction 7|g.

Proof. This follows from the fact that, if q(x) is the monic order of
S, then

{a(x)) = ann(S) = {p(x) | p(x)S = {0}} = {p(x) | p(7 | 5)(S) = {0}}

and so q(x) is the minimal polynomial of the restriction 7|g. 1

The concept of minimal polynomial is also defined for matrices.
In particular, if A is a square matrix over F, the minimal polynomial
my(x) of A is the unique monic polynomial p(x) € F[x] of smallest
degree for which p(A) = 0. We leave it to the reader to verify that this
concept is well-defined, and that the following holds.

Theorem 7.6

1) If A and B are similar matrices, then my(x) = mg(x). Thus,
the minimal polynomial is an invariant under similarity.

2)  The minimal polynomial of 7 € £(V) is the same as the minimal
polynomial of any matrix that represents =. 1l

Cyclic Submodules and Cyclic Subspaces

Consider the cyclic submodule

(v) = {p(x)v|p(x) € F[x]}

and suppose that it has monic order m(x). Thus, m(x) is the
minimal polynomial of the restriction o =7 | (v)* If

m(x) =ag+a;x+---+ an_lxn—l +x"
then
B = (v,xv,...,x"lv) = (Vo (V),...,a" (V)

is an ordered basis for the vector space (v). To see that B is linearly
independent, suppose there exist nonzero scalars for which

IgV+TXv 4.+ rn__lxn_lv =0
that is,
(to+rx+- 1, X Hv=0
Then
(t+1yx + oo+ 1, X H(v) = {0}

and so m(x)|ry+ryx+---+1,_;x*"!, which implies that r; =0 for
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all i=0,...,n-1.
To see that B spans (v), observe that all elements of (v) have
the form p(x)v, for some polynomial p(x) € F[x]. However, dividing
p(x) by the minimal polynomial m(x) gives
p(x) = q(x)m(x) + r(x)

where deg r(x) < deg m(x). Since m(x)v =0, we have

P(X)¥ = gIm(X) + 1)V = K()v
which shows that all elements of (v) have the form r(x)v, where
deg r(x) < deg q(x) = n. In symbols,

(v) = {x(x)v | deg 1(x) < deg m(x)}

Hence, if
r(x) =rg+rx+--+ l'n_lx“‘1
we have

1(X)V =TV + 1%V + -+ +1,_ X" 1v € span(B)

Thus, B is an ordered basis for (v).
To determine the matrix [0']% of o with respect to B, observe
that ) )
o(d'(v)) = '*(v)

for 1=0,...,n-2, and so ¢ simply “shifts” each basis vector in B,
except the last one, to the next basis vector in B. Also, m(c) =0
implies that

a(a™1(v)) = a™(v)
= —(ag+ a0+ +a,_ 10" )(v)

= —agv—a,;0(v) —---—a,_,0"1(v)

Hence, the matrix of o, with respect to B, is

0 0 0 -a
10 0 —a
Clm(x)]=| 0 1
0 -a,_,
0 0 1 —a,_,

This matrix is known as the companion matrix for the polynomial

m(x) = ag+ax+---+a, X" 4x"
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Note that companion matrices are defined only for monic polynomials.
Let us summarize, beginning with a definition.

Definition Let 7€ £(V). A subspace S of V is 7-cyclic if there
exists a vector v €S for which the set

{v,7(v),..., Tm_l(v)}

is a basis for S, where m = dim(S). 0

Theorem 7.7

1) A subset SCV is a cyclic submodule of V if and only if it is a
T-cyclic subspace of V.

2)  Suppose that (v) is a cyclic submodule of V. If the monic order
of (v) (that is, the minimal polynomial of ¢ = 7| (v)) is

ma(x) =agtax+---+ a‘n—lxn_1 +x*
Then
B = (v,xv,...,x“—IV) = (V,O’(V),---,Un—l("))

is an ordered basis for (v), and the matrix [o]q is the
companion matrix C(m,(x)) of m_(x). &

Summary
The following table summarizes the connection between the
module concepts and the vector space concepts that we have discussed.

Module V Vector Space V
Scalar multiplication: p(x)v Action of : p(7)(v)
Submodule Invariant subspace
Annihilator: Annihilator:
ann(v) = {p(x) [ p(x)V = {0}}  ann(V) = {p(x) | p(7)(V) = {0}
Monic order m(x) of V: Minimal polynomial of 7:
ann(V) = (m(x)) m(x) is poly. of smallest degree

for which m(r) =0

Cyclic submodule: 7-cyclic subspace:
(v) = {p(x)v | p(x) € F[x]} (v) = span{v,r(v),..., 7" (v)}
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The Decomposition of V
We are now ready to translate the cyclic decomposition theorem
(Theorem 6.8) into the language of V.

Theorem 7.8  (The cyclic decomposition theorem for V) Let
T € L(V), where dim(V) < . If the minimal polynomial of 7 is

(4 €
m(x) = py}(x)- - p(x)
where the monic polynomials p;(x) are distinct and irreducible, then
V is the direct sum
V=Vpl€l§---6}9Vpn
where

Vpi ={veV|pi(r)(v) = 0}
is an invariant subspace (submodule) of V, and
min(t |y ) = p;i(x)
P

Moreover, each V_ can be further decomposed into a direct sum
of T-cyclic subspaces (cyclic submodules)

Vi, = (Vi) @ @ (vip)

where ..
min(r | ., ) = p;"¥(x)
and i)

€ =€, 26322 €
b b b 1
The elementary divisors pfi’j(x) of V, also known as the elementary
divisors of 7, are uniquely determined by the operator 7.
This yields the decomposition of V into the direct sum of
T-cyclic subspaces

V()@ @iy )@ o () ooy ) 8

The Rational Canonical Form

The cyclic decomposition theorem can be used to determine a set
of canonical forms for similarity.

Recall that if V=S@®T and if both S and T are invariant
under 7, the pair (5,T) is said to reduce 7. Put another way, (S,T)
reduces 7 if the restrictions

7|g8—S and T|pT-T
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are linear operators on S and T, respectively. Recall also that we
write 7 = p® o if there exist subspaces S and T of V for which
(S,T) reduces 7 and

p=1|g and o=7|p

If 7=0®p, then any matrix representations of ¢ and p can be
used to construct a matrix representation of 7. This is especially
relevant to our situation, since according to Theorem 7.8,

(7-1) T:T|(vll)®“‘®7’|(vnk)

Before discussing this further, it will be convenient to introduce
the notational device of a block matriz. If A is an nXxn matrix, and
B is an m xm matrix, then by the block matrix

M=
0 B
block

we mean the (n4+m) x (n+m) matrix whose upper left nxn submatriz
is A, and whose lower left mxm submatrizis B. (Thus, A and B
are submatrices of M, and not entries.) All other entries in M are 0.
Because of the particular block form of M, we also refer to it as a block
diagonal matrix. Clearly, this concept can be extended to more than
two matrices A and B.

Theorem 7.9 Suppose that T =17, @7, € £(V), with corresponding
reducing pair (S,T). Let C=(c,...,c;) be an ordered basis for S,

let D =(d;,...,d;) be an ordered basis for T, and let
B = (cq,...,¢5dy,...,dy)

be the corresponding ordered basis for V. Then the matrix [r]q has
the block diagonal form

e 0
[T]qB = v i
0 [T2]°])
block

Of course, this theorem may be extended to apply to multiple
direct summands. In particular, referring to (7.1), if B, j isan ordered
basis for the cyclic submodule (v, ;), and if

% = (G‘Bl,l’ “eey %n’kn)
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denotes the ordered basis for V, obtained (as in Theorem 7.9) from
these ordered bases, then

[7'1,1]631 )

[T]*EB =

T

[ n’kn]G.ankn
—- = block
where T-J:T]( At

Now, the cychc submodule (v;;) has monic order pl"-‘(x), that

is, the restriction 7; i has minimal polynomlal p]’*-'(x) Thus, if

deg p;¥(x) = d;
then

B = (e ermig ()

is an ordered basis for (v;:). Hence, we arrive at the matrix
representation of 7 described in the following theorem.

Theorem 7.10 Let dim(V) < o0, and suppose that 7€ £L(V) has
minimal polynomial
[~ €
m?‘(x) = pl1 (X) : 'pnn(x)
where the monic polynomials p;(x) are distinct and irreducible. Then
we can write

V= () @ (v )@ 0 (9,10 8 (v )

where (v ,j) is a 7-cyclic subspace of V. The minimal polynomials for
;=TI (v; ;) 3re the elementary divisors
1
i e. .
mzn(ri’j) =p;(x)
of V, where

ei=e1>e12 >ekl

These elementary divisors are uniquely determined by 7. Furthermore,
if deg p,’*’(x) then

( ,J’Tl,]( ,J)v T i'j-.l(vi,j))

is an ordered basis for (v;.), and the matrix of 7 with respect to the

1,3’
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ordered basis

% = (%1’1, cevy G‘ankn)

is the block diagonal matrix

Clp ()]

. °1k
Clp, "1(x)]
(7.2) [T]GB =

Clp,™1(x)]

' “nk
Clp, ()
— — block

The matrix on the right is called the rational canonical form of 7. §

Let us denote the matrix on the right of (7.2) by

diag (Clp; (9., o ()

Theorem 7.10 implies that, for any 7 € £(V), we can find an ordered
basis B for which the matrix [r]e, has the rational canonical form
(7.2). On the other hand, 7 has only one rational canonical form (up
to reordering of the blocks on the diagonal). To see this, suppose that,
for some ordered basis € for V, the matrix [T]C has the form

f
[T]C - diag(C[qil'l(x)], [REX) C[q;:],km(x)])

Then V can be written as a direct sum of cyclic submodules, with
elementary divisors qii’j(x). Hence, the uniqueness of the rational
canonical form (up to reordering of the blocks on the diagonal) follows
from the uniqueness of the cyclic decomposition of V.

Theorem 7.10 can be reformulated in terms of matrices as follows.

Theorem 7.11 Any square matrix A is similar to a unique (except for
the order of the blocks on the diagonal) matrix that is in rational
canonical form. I
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Corollary 7.12 Two matrices over the same field F are similar if and
only if they have the same elementary divisors. 1

We will not go into the details of how best to find the rational
canonical form of a matrix, since our main interest in this form is as a
theoretical tool. However, for concreteness, here are some examples of
rational canonical forms.

Example 7.1 Let 7 be a linear operator on the vector space R7, and
suppose that 7 has minimal polynomial
m(x) = (x - 1)(x2 + 1)2

Noting that x—1 and (x?+41)? are elementary divisors, we have the
following possibilities for the list of elementary divisors.

1) x-1,(x2+1)?% x2+1
2) x—1l,x—1,x-1, (x2+1)?

These correspond to the following rational canonical forms

) [-100o0000 2) [(1000000
0000-100 0-100000
0100000 00-1000°0
0010-200 00000 O0-1 0
0001000 0001000
00000O0-1 00001 0-2
0000010 (0000010

EXERCISES

1. Show that a subset S of V is a submodule of the F[x]-module
V if and only if it is an invariant subspace of the vector space V.

2. Show that the units in F[x] are precisely the nonzero scalars in
F.

3. Verify that the concept of the minimal polynomial of a matrix is
well-defined. Prove Theorem 7.6.

4.  We have seen that any 7€ £(V) can be used to make V into
an F[x]-module. Does every F[x]-module V come from some
T € L(V)? Explain.

5.  Formulate an invariant factor version of Theorem 7.10.

6.  Referring to the discussion immediately following Theorem 7.10,
show that the rational canonical form of 7 is unique, up to the
order of the block diagonal matrices.
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10.

11.

12.

Prove that the minimal polynomial of 7€ £(V) is the least

common multiple of its elementary divisors.

Let Q be the field of rational numbers. Consider the linear

operator 7 € £(Q?) defined by 7(e;) = e,, 7(e,) = —e,.

a) Find the minimal polynomial for 7, and show that the
rational canonical form for 7 is

ot

What are the elementary divisors of 7

b) Now consider the map o € £(C?) defined by the same rules
as 7, namely, o(e;) =e,, o(e;) =—-e;. Find the minimal
polynomial for o, and the rational canonical form for o.
What are the elementary divisors of o7

¢) The invariant factors of 7 are defined, using the elementary
divisors of 7, in the same way as we did at the end of
Chapter 6, for a module M. Describe the invariant factors for
the operators in parts (a) and (b).

Find all rational canonical forms (up to the order of the blocks on

the diagonal) for a linear operator on R® having minimal

polynomial (x —1)%(x + 1)

How many possible rational canonical forms (up to order of

blocks) are there for linear operators on R®, with minimal

polynomial (x — 1)(x +1)??

Prove that if C is the companion matrix of p(x), then p(C)=

0, and C has minimal polynomial p(x).

Let 7 be a linear operator on F?% with minimal polynomial

m_(x) = (x® 4+ 1)(x* —2). Find the rational canonical form for 7

if (a) F=Q, (b) F=R, (¢) F=C.



CHAPTER 8
Eigenvalues and Eigenvectors

Contents: The Characteristic Polynomial of an Operalor. FEigenvalues
and Figenvectors. The Cayley-Hamilton Theorem.  The Jordan
Canonical  Form. Geometric  and  Algebraic  Multiplicities.
Diagonalizable Operators. Projections. The Algebra of Projections.
Resolutions of the Identity. Projections and Diagonalizability.
Projections and Invariance. Erercises.

Unless otherwise noted, we will assume throughout this chapter that all
vector spaces are finite dimensional.

The Characteristic Polynomial of an Operator

Let us compute the determinant of the matrix xI— R, where R
is the rational canonical form of 7. To do this, we need the following
result, whose proof is left to the reader.

Lemma 8.1 If a square matrix M has the block diagonal form

M=
0 B
block

where A and B are square, then det(M) = det(A)det(B). 1

Now, let C[p(x)] be the companion matrix of the polynomial
p(x) =ag+a;x+---+ a, X" 14+ x", and let
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F x. 0 0 a i
-1 x 0 a
A=xI-C]p(x)]=| 0 -1 :
: X a9
0 0 -1 x+a,_ |

To compute the determinant of this matrix, we indicate its dependence

on the coefficients a; by writing A = A(x;aq,...,a, ;), and then look
at some simple cases

X a
det(A(x;ag,a;)) = o= x(x +ay) +ay = ag +a;x +x° = p(x)
-1 x+a,
x 0 a,
X a -1 x
det(A(x;ag,a1,a,)) =[ -1 x a; |=x +a,
-1 x+a, 0 -1
0 -1x+a,

= x[x(x +a5) +a1] +ag = ag +a;x +ax” +x° = p(x)
In general, expanding along the first row gives
det(A(x,ag,...,a,_1)) = x det(A(x,ay,...,a,_4)) + (-1)* 1 (-1)""1a,
=x det(A(x,ay,...,a,_1)) +ag

An induction argument thus leads to the following.
Lemma 8.2 If C[p(x)] is the companion matrix of a polynomial p(x),
then

det(xI — C[p(x)]) = p(x)

Combining Lemmas 8.1 and 8.2 gives the following.

Theorem 83 If R is the rational canonical form for 7 € £(V), then
C,(x) =det(xI —R) = H p:i,j(x)
1

This determinant is called the characteristic polynomial of 7. 1
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The characteristic polynomial is often defined first for matrices
and then for linear operators. The characteristic polynomial of a square

matrix A is defined to be C,(x) = det(xI — A).

Theorem 8.4

1) If A is similar to B, then Cj(x)=Cg(x). Thus, the
characteristic polynomial is an invariant under similarity.

2)  The characteristic polynomial of an operator 7 1is equal to the
characteristic polynomial of any matrix that represents 7.

3)  The characteristic polynomial of an operator 7 is the product of
the elementary divisors of 7. 1

Even though the characteristic polynomial is an invariant under
similarity (as is the minimal polynomial), the matrices

50 50
A—|:0 6} and B_{l 6]

which have the same characteristic polynomial but are not similar,
show that the characteristic polynomial is not a complele invariant.

Eigenvalues and Eigenvectors
Notice that A €F is a root of the characteristic polynomial
C,(x) of a linear operator 7 € £(V) if and only if

(8.1) det(AI-R) = 0

that is, if and only if the matrix Al —R is singular. In particular, if
dim(V) = d, then the rational canonical form R for 7 has size dxd,
and so (8.1) holds if and only if there exists a nonzero vector x € F9
for which

(M-R)x=0
or
Tr(X) = Ax
If veV is the nonzero vector for which [v]e, = x, where B is the
ordered basis used to represent 7 by R, then this is equivalent to
T(v) = Av

This prompts the following definition, which applies to vector spaces of
arbitrary dimension.

Definition Let 7€ L(V) be a linear operator. A scalar A€F is an
eigenvalue (or characteristic value) of 7 if there exists a nonzero vector
v €V for which
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(V) = Av

In this case, v is an eigenvector (or characteristic vector) of 7,
associated with A.

If A is a matrix over F, then A €F is an eigenvalue for A if
there exists a nonzero column vector x for which

Ax=Xx

In this case, x is an eigenvector (or characteristic vector) for A,
associated with A. 0

The set of all eigenvectors associated to a given eigenvalue A,
together with the zero vector, forms a subspace of V, called the
eigenspace of A. We will denote the eigenspace of an eigenvalue A by
8,. This applies to both linear operators and matrices.

The following theorems summarize the key facts about eigenvalues
and eigenvectors.

Theorem 8.5

1) A scalar A€F is an eigenvalue of 7€ L(V) if and only ifitis a
root of the characteristic polynomial C_(x) of .

2) A scalar A€F is an eigenvalue of 7€ £(V) if and only if it is a
root of the minimal polynomial m_(x) of 7.

3) A scalar Ae€F is an eigenvalue of 7 if and only if it is an
eigenvalue of any matrix that represents 7.

4)  The eigenvalues of a matrix are invariants under similarity.

5) If X is an eigenvalue for a matrix A, then the eigenspace 8, is
the solution space to the homogeneous system of equations

(M—A)(x) =0

Proof. The first part of this theorem has already been established.
Part (2) follows from the fact that the prime factors of the
characteristic polynomial C_(x) and the minimal polynomial m_(x)
are the same.

As for part (3), A is an eigenvalue of 7 if and only if

(8.2) T(v) = Av

for some nonzero v € V. Now, suppose that dim(V)=d, let B be an

ordered basis for V, and let ¢q:V—Fd be the isomorphism defined by

¢ay(u) = [u]qy. Then, if A =([r]q, we have (cf. Figure 3.2)
T=(¢q) "' Tadq

and so (8.2) is equivalent to

() "' Tadq(V) = Av = (dp) " Ady(v)
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TA¢§B(V) = ’\‘f’qg(v)

which says that A is an eigenvalue for A. Hence, A is an eigenvalue
for 7 if and only if it is an eigenvalue for A. This proves part (3).
Part (4) follows from part (3), and part (5) is evident. §

Theorem 8.6 Suppose that A,...,A  are the distinct eigenvalues of a
linear operator T € L(V). Then 8, N&, ={0}. Moreover,
eigenvectors associated with distinct eigenvalues are linearly
independent. That is, if v;€8, for i=1,...,k, then the vectors
{vy,-.., vy} are linearly independerit.

Proof. We leave it to the reader to show that &, N8, ={0}. Let
v, €8, ,for i=1,...,k, where A;,...,\  are distinct eigehvalues of 7.
We want to show that the v;’s are linearly independent. Assuming
that the v’s are linearly dependent, we may also assume (after
renumbering if necessary) that, among all nontrivial linear
combinations of these vectors that equal 0, the equation

(8.3) vty =0

is the shortest such equation (that is, has the fewest terms). Applying
T gives
rr(v) ++7(v) =0
or
(8.4) A vty =0

Now we multiply (8.3) by A, and subtract from (8.4), to get
1‘2(/\2 - )\1)V2 44 I‘J(Aj - Al)v‘] =0

But this is a shorter equation than (8.3), and so all of the coefficients
must equal 0, and since the A;’s are distinct, we deduce that ;=0
for i=2,...,j, and so r; =0 as well. This contradiction implies that
the v;’s are linearly independent. 1

One way to compute the eigenvalues of a linear operator 7 is to
first represent 7 by a matrix A, and then solve the characteristic
equation

Ca(x)=0

Unfortunately, however, it is quite likely that we cannot solve this
polynomial equation when deg Cp(x) = dim(V) > 3. As a result, the
art of approzimating the eigenvalues of a matrix is a very important
area of applied linear algebra.
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The Cayley-Hamilton Theorem

Since the characteristic polynomial C_(x) of a linear operator T
is the product of its elementary divisors, and since the minimal
polynomial of 7 is the. product

m(x) = pj!(x)-- pyR(x)

we deduce that m_(x)|C,(x). This important result is referred to as
the Cayley- Hamilton theorem.

Theorem 8.7 Let 7€ L(V).

1) The minimal polynomial m_(x) and the -characteristic
polynomial C_(x) have the same prime factors.

2) (The Cayley-Hamilton theorem) m_(x)|C,(x), or equivalently,
7 satisfies its own characteristic polynomial. 1

The Jordan Canonical Form

One of the virtues of the rational canonical form is that every
linear operator 7 on a finite dimensional vector space has a rational
canonical form. That is, the set of all matrices in rational canonical
form constitutes a set of canonical forms (at least up to the order of the
blocks on the diagonal). Unfortunately, however, the rational canonical
form of a matrix may be far from the ideal of simplicity that we had in
mind for a set of simple canonical forms.

Fortunately, in certain important cases, we can do better than the
rational canonical form. In particular, let us consider the case of a
linear operator 7€ L(V) whose minimal polynomial factors into a
product of linear factors

(8.5) m_(x) = (x=A) e (x =2 )"

When a polynomial factors into a product of linear factors over a field
F, we say that the polynomial splits over F.

To put this in perspective, we note that a field F is said to be
algebraically closed if every nonconstant polynomial over F has a root
in F. Thus, the only irreducible polynomials over an algebraically
closed field are the linear polynomials, and so any nonconstant
polynomial over F splits over F. For example, the complex numbers
C form an algebraically closed field, and so any linear operator over a
complez vector space has minimal polynomial that splits over C.

In some sense, the “weakness” in the rational canonical form
comes in choosing the basis for the cyclic submodules (v, ;), whose
monic order is the elementary divisor p;'J(x), of which we know very
little in general. Recall that, since (v; ,j> is a T-cyclic subspace of V,
we have chosen the ordered basis
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d..~1
G'Bl,] = (vi’j,TiJ(vi,j),...,Ti’j 1 (v.l,J))

However, when the minimal polynomial has the form (8.5), then
the elementary divisors have the form

piH(x) = (x = X))

In this case, we can make a more judicious choice of ordered basis.
Observe that dim({v; ;)) = deg p;"J(x), and so it is easy to see that the

set
e .—1
C;= ("i,ja(Ti,j = A)(Vi5)se - (5= 2) (vi,j))

is an ordered basis for (v;;). Furthermore, denoting the kth basis
vector in C;; by by, we have for k=0,...,¢,-2,

7)) = 735l(75 5 — Ai)k(vi,j)] = (= XM+ )5 — ’\i)k(vi,j)]
=(r;— )‘i)k+l(vi,j) + (5 = A% 5) = by + Ay
For k = €= 1, a similar computation, using the fact that

k € .
) (Ti,j -A) +1("in) = (Ti,j =) l’J("i,j) =0
gives

Ti,j(bei’j—l) = bei,j_'l

Hence, the matrix of 7;; =7 (v 3) is the e, :xe; ; matrix
l!.]

W W
IS 0 |
DY
e =] 0 1
R 0
0 0 1 A

This matrix is referred to as a Jordan block associated to the scalar A;.
Note that a Jordan block has )s on the main diagonal, 1s on the
subdiagonal, and 0s elsewhere.

Now we can state the analog of Theorem 7.10 for this new choice
of ordered basis.

Theorem 8.8 Suppose that the minimal polynomial of an operator
T € L(V) splits over the base field F, that is,

m,r(x) = (x — )‘l)el. -(x— ,\“)en
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Then we can write
V= (1) @ (e ) @ B (v 1) & g )

where (v;:) is a 7-cyclic subspace of V. The minimal polynomials for

=T | (v ) are the elementary divisors
e. .
min(7; ;) = (x=X)™

of V, where

These elementary divisors are uniquely determined by 7. Furthermore,
the set

(8.6) C;= (vi,j’(Ti,j =2)(Vig)s oo (35— )‘i)Ei’j—l(vi,j))

is an ordered basis for (v; ,j>’ and the matrix of 7 with respect to the
ordered basis

C= (Cl,l"“’cn,kn)
is the block matrix

3(’\1"’1,1)

J(Alael,kl)

3 ( )‘n’en,kn)

2(’\n’en,k )
D1 block

The matrix on the right is called the Jordan canonical form of 7. §

We leave it to the reader to show that, for an algebraically closed
field F, the set of matrices that are in Jordan canonical form is indeed
a set of canonical forms for similarity (at least up to the order of the
Jordan blocks). In other words, every matrix over F is similar to
exactly one matrix that is in Jordan canonical form (again up to order
of the Jordan blocks).

Note that if 7 has Jordan canonical form 3, then the diagonal
elements of } are precisely the roots of the characteristic polynomial
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C,.(x), including multiplicities. In other words, the number of times
each diagonal element appears in } is the multiplicity of that element
as a root of the characteristic polynomial.

Geometric and Algebraic Multiplicities

If AeF is an eigenvalue of a linear operator 7, then the
multiplicity of ), as a root of the characteristic polynomial C_(x), is
called the algebraic multiplicity of A. On the other hand, the
dimension of the eigenspace 8, is called the geometric multiplicity
of A

Theorem 8.9 The geometric multiplicity of an eigenvalue A of
T € £(V) is less than or equal to its algebraic multiplicity.

Proof. Suppose that A is an eigenvalue of 7. Thus,
m,(x) = (x = A)°p(x)

where x— A does not divide p(x). Consider the rational canonical
form for 7. In the primary decomposition of V, we have

AY :Vpl@“-éBVpn
where we may assume that

VPI:{VEV|(x—/\)ev:0}

The cyclic decomposition of this primary submodule is

Vp, = ()@@ (v

with elementary divisors
e.

min(7;) = (x—A) !

where 7, =7 | (v) and

e=e; >ey > - 2>e

According to Theorem 8.4, the algebraic multiplicity of A is
k k

alg. mult. = E € = E dim((v;)) = dim(V,, )
=1 i=1 1
Now,
VEE = T(V)=Av= (T-A)(v) =0
2> (r=-)(v)=0=> vEVpl

and so &, C Vp , that is, all eigenvectors associated to A lie in Vpl.
In fact, we can say more. Recall that the set
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e.—1
= (vj,(rj — (%), e, (1= W) (vj))
for all j=1,...,k, and that

(r;=A) j("j) =0

G
is a basis for (v;),

If
ej—l
u= Zri(f - /\)I(Vj)
i=0
is an eigenvector in VP1’ then (7 — A)(u) = 0, that is,
ej—-l ej—2
0= ZO n(r=A)t(v) = 2; r(r = 2)t(v)
1= 1=

andso ;=0 for i=0,...,¢;—2, which implies that

e.~1
u=r (1= ()
Hence, the only eigenvectors in (v.) are the scalar multiples of the

i
vector S
(r=27 (v)

This shows that the geometric multiplicity of A is the number k of
r-cyclic subspaces (vj) that form Vpl. Since the algebraic multiplicity
is the sum of the dimensions of these T-cyclic subspaces, the theorem
follows. 1§

Diagonalizable Operators

We are now in a position to give several different characterizations
of diagonalizable linear operators, that is, operators that can be
represented by a diagonal matrix. The first characterization amounts
to little more than the definitions of the concepts involved.

Theorem 8.10 An operator 7€ £(V) is diagonalizable if and only if
there is a basis for V that consists entirely of eigenvectors of T, that
is, if and only if

dim(SAl DD 8’\k) = dim(V)

where Ay,..., A are the distinct eigenvalues of 7. 1
The Jordan canonical form gives us another characterization of

diagonalizable operators. For, suppose that 7 is diagonalizable, and
that
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A 0 - 0

0 A

[l = :
B=| . 0

where the diagonal elements are not necessarily distinct. Suppose
further that

are the distinct diagonal elements. Then the minimal polynomial of 7,
which is the same as the minimal polynomial of [r]%, is

mr(x) = H (X - ’\1])
J

Thus, m_(x) is the product of distinct linear factors.
Conversely, suppose that 7 € £(V) has the property that m_(x)
is the product of distinct linear factors, say

m(x) = (x =X (x =)

where the )\’s are distinct. Then 7 has a Jordan canonical form.
Moreover, referring to Theorem 8.8, all of the elementary divisors have
the form x— ), and so

min(T; ;) = X=X

In other words, all vectors in ("i,j) are eigenvectors, and so the basis
for V, constructed in Theorem 8.8, consists only of eigenvectors for V.
Hence, 7 is diagonalizable. We have established the following result.

Theorem 8.11 A linear operator 7 € £(V) on a finite dimensional
vector space is diagonalizable if and only if its minimal polynomial is
the product of distinct linear factors. 1§

Projections
In order to obtain another characterization of diagonalizable
operators, we turn to a discussion of a special type of operator.

Definition Let V=S®S° The map p:V—-V defined by
pls+5) =s

where s€S and s €S is a linear operator on V, called projection
on S along S° [

Figure 8.1 illustrates the concept of a projection.
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Sc
2 V=s4s°

p(V)=s

Figure 8.1

The following theorem describes projection operators.
Theorem 8.12
1) Let p be projection on S along S¢ Then
im(p) =S, ker(p) =S°
V = im(p) @ ker(p)
vem(p) & p(v) =V
Note that the last condition says that a vector is in the image of

p if and only if it is fized by p.
2)  Conversely, if o € £(V) has the property that

V = im(o) ® ker(s) and o] im(0) = id
then o is projection on im(o) along ker(c). §
Projection operators (or projections, for short) play a major role in

the spectral theory of linear operators, which we will discuss in Chapter
10. Now we turn to some of the basic properties of these operators.

Theorem 8.13 A linear operator p € £(V) is a projection if and only if
it is idempotent, that is, if and only if p? = p.

Proof. To see that the projection operator p on S along S°¢ is
idempotent, observe that, for any s€S and s°€ S,

pP(3+8°) = p(p(s+5%) = p(s) =8 = p(s +5°)
and so p? = p. Conversely, if p is idempotent, let
S={veV|p) =v}

be the set of all vectors that are fixed by p. Then S Cim(p). Also, if
v € im(p), then v = p(w) for some weV, and so

p(v) = P(W) = p(w) = v
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Hence, im(p) CS, and so S = im(p). In other words,
Plin(p) = id
Now, if v € im(p) N ker(p), we have
p(v)=v and p(v)=0

and so v=0. Hence, im(p)Nker(p) = {0}.
Finally, observe that for veV,

v = p(v) + (v = p(v)) € im(p) + ker(p)
and so

V = im(p) & ker(p)
An appeal to Theorem 8.12 completes the proof. 1

The Algebra of Projections
If p 1is a projection, then so is ¢— p, where ¢ is the identity
operator on V, for we have

(t=p) =2 —p—prtp’=1-p

It is not hard to see that ker(¢—p) =1im(p) and im(c—p) = ker(p).
Hence, if p is projection on S along S¢ then ¢—p is projection on

S¢ along S.

Definition Two projections p,0 € L(V) are orthogonal, written p L o,
if po=0cp=0.10
Note that p 1 o if and only if
im(p) C ker(c) and im(o) C ker(p)

The following example shows that it is not enough to have poc =10 in
the definition of orthogonality, since it is possible for po =0 and yet
op may not even be a projection.

Example 8.1 Let V =F?, and let
D={(xx)|xe€F}, X={(x,0)[x€F}, Y={(0,y)|y €F}

Thus, D is the diagonal, X 1is the x-axis and Y is the y-axis in F2,
(The reader may wish to draw pictures in R2.) Using the notation
pap for the projection on A along B, we have

PDXPDY = PDY # PDX = PD,YPDX

From this we deduce that if p and o are projections, it may happen
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that both products po- and op are projections, but that they are not
equal.

We leave it to the reader to show that pyxpxp =0 (whichisa
projection), but that PX.DPY X is not a projection. Thus, it may also
happen that po isa pIOJectlon (even the zero projection) but that op
is not a projection. [

If p and o are projections, it does not necessarily follow that
p+0o, p—c or po is a projection. The sum p-+ o is a projection if
and only if

(p+o)=p+o

or
(8.7) po+ap=0
Multiplying this on the left by p and on the right by p, gives
po+pop=0
and
pop+op=0
Hence,
po=oap

which, together with (8.7), gives 2po = 0. Therefore, if char(F) # 2
(so that 2 # 0) then pc =0 and op=0. This shows that if p+o is
a projection, then plo. Conversely, if po=0p =0, then
(p+0) =p+0,andso p+oc isa projection.

Now suppose that po=o0p =0, and so p+o is a projection.
To determine the kernel of p + o, note that

(p+0)(¥) = 0= p(v) +0(v) =0 =p*(V) + po(v) =0 = p(v) =0
and so ker(p+ o) C ker(p). In a similar way, ker(p+ o) C ker(c), and

50

ker(p + o) C ker(p) N ker(o)
But the reverse inclusion is obvious, and so

ker(p + o) = ker(p) N ker(o)

As to the image of p+ 0, we know that #m(p+ o) is the set of
vectors in V that are fixed by the projection p+ o. Hence,

veim(p+o) = v=_p+0)(v) = p(v)+0o(v) € im(p) + im(0)
and so im(p+ o) C im(p) + 1m(s). But notice that
x € im(p) Nim(0) = p(x) =x = (x) = x = p(x) = p*(x) = po(x) = 0
which implies that m(p) N im(c) = {0}. Therefore,
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im(p + ) C im(p) @ im(c)

To establish the reverse inequality, observe that if v € im(p) @ im(o),
then v=r+s, for r€ im(p) and s € im(o), and so

(p+0)¥) = (p+0)B) + (p+0)(s) =1+5=v
This implies that v € im(p + o), and so
im(p + o) = im(p) ® im(o)

Let us summarize.

Theorem 8.14 Let p,0 € £(V) be projections, where V is a vector
space over a field of characteristic # 2. Then p+o is a projection if
and only if p L o, in which case p+ o is projection on im(p) ® im(c)
along ker(p) Nker(c). 1

Let us next consider the difference p—o. We know that p—o
is a projection if and only if f=:1:—(p—0)=(—p)+0o is a
projection. Hence, we may apply the previous theorem to this case as
well, to deduce that p — o is a projection if and only if

(=)o = o(t—p) =0
or, equivalently,

pr=op=o0

Moreover, in this case, p—0c =1—0 is projection on ker(§) along
im(6). Again using Theorem 8.14, since 6 = (v — p) + o, we have

im(8) = im(¢v — p) ® im(o) = ker(p) @ im(o)

ker(0) = ker(v — p) N ker(c) = im(p) N ker(o)
We have proved the following.

and

Theorem 8.15 Let p,0 € £(V) be projections, where V is a vector
space over a field of characteristic # 2. Then p—o is a projection if
and only if

por=ocp=o

in which case p—o is projection on  im(p)Nker(s)  along

ker(p) ® im(c). 1
Finally, let us consider the product po of two projections.

Theorem 8.16 Let p,0 € L(V) be projections. If po =op then po
is a projection. In this case, po is projection on im(p) Nim(c) along
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ker(p) + ker(o).
Proof. If po =op, then
(p0)? = popo = p*c® = po
and so po is a projection. To find the image of po, we observe that if
v = po(v), then
p(v) = p(pa(v)) = po(v) = v
and so v € im(p). Similarly, v € im(s) and so
im(po) C im(p) Nim(o)
The reverse inclusion is clear, and so
im(po) = im(p) N im(o’)

Next, we observe: that if v € ker(ps), then po(v) =0 and so
o(v) € ker(p). Hence,

v=0(v)+ (¢ —a(v)) € ker(p) + ker(o)
Moreover, if v=r+s8 € ker(p) + ker(c), then
po(v) = po(r+s) = op(r) + po(s) =0+0=10
and so v € ker(po). Thus,
(8.8) ker(po) = ker(p) + ker(o) 1

We should remark that if p = o, then ker(p) = ker{(c), and so the
sum in (8.8) need not be direct.

Resolutions of the Identity
If p is a projection, then
pL(t—p) and p+(t—p) =1

Let us generalize this to more than two projections.

Definition If p,,...,p, are projections for which

1) pLp for i#]

2) p1+...+pk=L

then we refer to the sum in (2) as a resolution of the identity. 0

The next theorem displays a correspondence between direct sum
decompositions of V and resolutions of the identity.
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Theorem 8.17
1) If py+---+p, =1 is aresolution of the identity, then

V = im(py) &+ ® im(py)

2) Conversely, if V=S5,®---®Sy, and p; is projection on S;
along S, ®:--®S;®:--®Sy, where the hat ~ means that the
corresponding term is missing from the direct sum. Then

pl + cee + pk =1
is a resolution of the identity.

Proof. To prove (1) suppose that p; +---+ p =t is a resolution of
the identity. Then for any v € V, we have

v:vapl(v)+---+pk(v)

which shows that V = im(p;) +---+1im(p,). Now, since the projections
p; are orthogonal, for each i, we have im(p;) C ker(p;) for all j#i.

Hence,
S im(p)) C ker(py)
i#i
which shows that
im(p;) N Z im(p;) = {0}
J#i
and so
V=1im(p)) ®--- & im(py)

To prove part (2), observe that for i # j,
im(p;) = S; C ker(p;)
and so p; L p;. Also,
W=t ks = (V)4 Al = D pu()

and so ¢ = p; +---+ p, is a resolution of the identity. 1

Projections and Diagonalizability
Now let us consider a linear combination

T=Mp e A

where p; +::- 4 p, =t is a resolution of the identity. Since any vector
v €YV has the form
V= sl + see + Sk

where s; € imn(p;), we have
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T(v) = Z/\ipi(v) = Z)‘isi
1 1

Thus, the action of 7 has the particularly simple form
(8.9) v=s+- o+ > 7(V) = A5+ + A8
Moreover, we have the following.
Theorem 8.18 A linear operator 7 € £(V) is diagonalizable if and only if
it has the form
(8.10) T=XApy+ -+ APy

for some resolution of the identity p; +---+ p, =t Moreover, if 7
has the form (8.10), where the )’s are distinct and the p;’s are
nonzero, then the \’s are the eigenvalues of 7, and im(p;) is the
eigenspace of 7 associated with A;.

Proof. Suppose that 7 is diagonalizable, and that A,,..., A, are the
distinct eigenvalues of 7. Then we have

V=8’\1®“‘@8'\k
According to Theorem 8.17, the projections p; on &, along
1
g DB D DE
NIRRT
form a resolution of the identity. Moreover, if v € 8, , then
1
(V) = Av=(A1py + -+ Aepi) (V)

from which we deduce that 7= XA;p; +---+ A p.
Conversely, suppose that 7 has the form (8.10). Then, using
Theorem 8.14, we may assume that the X;’s are distinct. Also,

V =im(p;) ®--- ® im(py)
In view of (8.9), we have, for any s; € im(p;)
T(Si) = /\]Sl
which shows that ), is an eigenvalue of 7, and that im(p;) C 8, .
To see the reverse inclusion, let v=s +:--+5 €8,, 'where
s; € im(p;). Then !
)\i(sl +..+sk) = Aiv fo T(V) = )‘lsl +...+,\ksk

which implies that (};—J;)s; =0 for all j, and since the A’s are
distinct, we have s, =0 for j#i. Thus, v=s5 €im(p;), and so
im(p;) = 8, . This shows that

1

=g @8
V=8, & 08
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and so T is diagonalizable.
Finally, we observe that if A is an eigenvalue of 7, with
eigenvector v=8, +---+8,. Then

A+ t8) =Av=T1(v) = A8 + -+ A8y
and so (A—X\)s; =0 for all i. Therefore, if A# A; for all i, we have

s =0 for all i, that is, v =0, which is not possible. Hence, all
eigenvalues are among the coefficients A;. I

Definition The set of eigenvalues of a linear operator on a finite
dimensional vector space V is called the spectrum of 7. If 7 is
diagonalizable, and

(8.11) T=Ap e A

where p; +:--4+p, =¢ is a resolution of the identity, the \’s are
distinct, and the p;’s are nonzero, then (8.11) is called the spectral
resolution of the operator 7. [

Projections and Invariance
There is a connection between projections and the notions of
invariant subspace and reducing pair for a linear operator 7.

Theorem 8.19 Let 7€ £L(V).

1) If S is an invariant subspace under 7, then prp=7p for all
projections p on S.

2) If S is asubspace of V, and if prp=r7p for any projection p
on S, then S isinvariant under 7.

Proof. To prove part (1), let S be invariant under 7, and let p be
projection on S along T, whence V=S&®T. Now,let v=s8+t€V,
where s€S and t € T. Then, since p fixes S,

pTp(¥) = pr(s) = 7(8) = 7p(v)
and so prp = Tp. As to part (2), suppose that pTp = Tp, where p is
projection on S along T. Let s€S. Then, since p fixes S,

p7(8) = prp(s) = 7p(s) = 7(s)

and so p fixes 7(s), which implies that r(s)€S. Thus, S is
invariant under 7. |

Theorem 820 Let V=S&®T. Then a linear operator 7€ L(V) is
reduced by the pair (S,T) if and only if 7p=pr, where p is
projection on S along T.
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Proof. Suppose first that 7p = pr, where p is projection on S
along T. Since v €S if and only if p(v) =v, we have for s€S,

pr(s) = Tp(s) = 7(s)
and so p fixes 7(s), which implies that 7(s)€S. Hence, S is
invariant under 7. Also, v€T if and only if p(v) =0, and so, for
teT,
pr(t) = pr(t) =0

implies that 7(t) € T. Hence, T is invariant under 7.

Conversely, suppose that (S,T) reduces 7. Then the projection
operator p fixes vectors in S, and sends vectors in T to 0. Hence,
for s€S and t €T, since 7(s) €S, we have

) pr(s) = (s) = Tp(s)
pr(t) = 0 = 7p(t)

which imply that pr =7p. 1

EXERCISES

1. A linear operator 7€ L(V) is said to be nonderogatory if its
minimal polynomial is equal to its characteristic polynomial.
Prove that 7 is nonderogatory if and only if V is a cyclic
module.

2.  Show that the eigenspace of an eigenvalue A is a subspace of V.

3.  Prove directly that the eigenvalues of a matrix are invariants
under similarity.

4.  Prove that the eigenvalues of a matrix do not form a complete set
of invariants under similarity.

5. Show that not all matrices (hence linear operators) have
eigenvalues in the base field.

6.  Show that the set C;; in (8.6) is an ordered basis for (v, ;).

7. Show that T€ L(Vg is invertible if and only if 0 is not an
eigenvalue of 7.

8. Let A be an nxn matrix over an algebraically closed field F,
such as the complex field C. Thus, all of the roots of the
characteristic polynomial lie in F. Prove that det(A) is the
product of the eigenvalues of A. Formulate a statement in this
regard about linear operators.

9. Show that is A is an eigenvalue of 7, then p()) is an eigenvalue
of p(r), for any polynomial p(x). Also, if A#0, then A™! is
an eigenvalue for 77,

10. An operator 7 € L(V) is nilpotent if 7" =0 for some n €N.
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11.

12.

13.

14.
15.

16.

17.

a) Show that if 7 is nilpotent, then 0 1is an eigenvalue of T,
and it is the only eigenvalue of .

b) Find an operator 7 that has 0, and only 0 as an eigenvalue,
but is not nilpotent.

Show that if 7,0 € £(V), then 76 and o7 have the same

eigenvalues.

Suppose that 7, 0 € (V). Show that if 70 = o7, then 7 and

o have a common eigenvector.

Let p be a projection. Show that ker(t—p)=1im(p) and

im(s— p) = ker(p).

Complete the details of Example 8.1.

Find projections p and o for which po is a nonzero projection,

but op is not a projection.

(Halmos)

a) Find a linear operator 7 that is not idempotent, but for which
T2(L —71)=0.

b) Find a linear operator = that is not idempotent, but for which
(e — 7')2 =0.

c¢) Prove that if 72(t—7) = 7(t —7)2 = 0, then 7 is idempotent.

An involution is a linear operator 6 for which 62=. If 7 is

an idempotent, what can you say about 27 —:? Construct a one-

to-one correspondence between the set of idempotents on V and

the set of involutions.

The Trace of a Matrix

18.

19.

20.

Let A be an nxn matrix over an algebraically closed field F,
such as the complex field C. Thus, all of the roots of the
characteristic polynomial lie in F. The trace of A, denoted
tr(A), is the sum of the elements on the main diagonal of A.
Verify the following statements.

a) Ur(rA)=rtr(A),for reF

b) tr(A+B)=1tr(A)+ ir(B)

¢) in(AB) =1tr(BA)

d) the trace is an invariant under similarity

e) the trace of A is the sum of the eigenvalues of A.

Formulate a definition of the trace of a linear operator, show that
it is well-defined, and relate this concept to the eigenvalues of the
operator.

Use the concept of the trace of a matrix, as defined in the previous
exercise, to prove that there are no matrices A, B € M (C) for
which AB—BA =1

Let T:M (F)—F be a function with the following properties.
For all matrices A, B € A (F), and r€F,

1) T(rA) =rT(A)
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2) T(A+B)=T(A)+T(B)

3) T(AB) = T(BA)

Show that there exists an s € F for which T(A) =s ¢(A), for all
Ae M (F).

Simultaneous Diagonalizability

A pair of linear operators o,7 € L(V) are simultaneously
diagonalizable if there is an ordered basis B for V for which ['r]%
and [o]q are both diagonal.

21. The purpose of this exercise is to prove that two diagonalizable
operators ¢ and 7 are simultaneously diagonalizable if and only
if they commute, that is, o7 = r0.

a) To prove necessity, suppose that B is a basis of eigenvectors
for both o and 7. Show that 70 and or agree on the
vectors in B.

b) To prove sufficiency, suppose that o7 =70. Show that the
eigenspaces of 7 are invariant under o.

c) If o; is the restriction of o to the ith eigenspace of 7, show
that o; is diagonalizable. Hint: consider the minimal
polynomials of ¢ and o;.

d) Use the results of part (b) and (c) to complete the proof.



CHAPTER 9
Real and Complex
Inner Product Spaces

Contents: Introduction. Norm and Distance. Isometries.
Orthogonality.  Orthogonal and Orthonormal Sets. The Projection
Theorem. The Gram-Schmidt Orthogonalization Process. The Riesz
Representation Theorem. Ezercises.

Introduction

We now turn to a discussion of real or complex vector spaces that
have an additional function defined on them, called an inner product, as
described in the upcoming definition. Thus, in this chapter, F will
denote either the real or complez field. If r is a complex number, then
T denotes the complex conjugate of r.

Definition Let V be a vector space over F, where F=R or F =C.
An inner product on V is a function (,):V xV—F with the following
properties.

1)  (Positive definiteness) For all veV,
(v,v) >0 and (v,v)=0 ifand only if v=10
2) For F=C: (Conjugate symmetry, or Hermitian symmetry)
(wv) = {v,u)

For F =R: (Symmetry)
(w,v) = (v,u)

3)  (Linearity in the first coordinate) For all u,v€V and rs€F

(ru+ sv,w) = r{u,w) + s(v,w)
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A real (or complex) vector space V, together with an inner product
defined on V, is called a real (or complex) inner product space. [

We will study bilinear forms (“inner products”) on vector spaces
over fields other than R or C in Chapter 13. Note that property (1)
implies that the quantity (v,v) is always real, even if V is a complex
vector space.

Combining properties (2) and (3), we get, in the complex case

(w,ru + sv) = (ru+sv,w) = F(u,w) +5(v,w) = F(w,u) + 5(w,v)

This is referred to as conjugate linearity. Thus, a complex inner
product is linear in its first coordinate and conjugate linear in its second
coordinate. This is often described by saying that the inner product is
sesquilinear. (Sesqui means one and a half times.)

In the real case (F =R), the inner product is linear in both
coordinates — a property referred to as bilinearity.

Example 9.1
1) The vector space R"™ is an inner product space under the
standard inner product, or dot product, defined by

((rgseeerTp)s(Spyeeessy)) =198y + oo 18,

The inner product space R™ is often called n-dimensional
Euclidean space.

2)  The vector space C" is an inner product space under the
standard inner product, defined by

((rgseeesTp)s(Sqyeessy)) =145 + -+ +1,5,
This inner product space is often called n-dimensional unitary
space.
3)  The vector space V(n,2) of all binary n-tuples is an inner product
space, under the inner product

((r1yeeesT)s(Syye-vr8p)) = (ry8; ++++ +1,5,) mod 2

4) The vector space Cl[a,b] of all continuous complex-valued
functions on the closed interval [a,b] is an inner product space
under the inner product

b —
(te) = [ 10980 ax i

a
Example 9.2 One of the most important inner product spaces is the
vector space € of all complex sequences (s,) with the property that
¥ |5, |2 < oo, under the inner product
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o0

(s ):(t)) = D sty

n=0
Of course, for this inner product to make sense, the sum on the right
must converge. To see this, observe that since (s,), (t,) € 2,

0 o0
s:Z]sn|2<oo and t=2|tn|2<oo
n=0 n=0

Now,
2
0<(Isal = It )2 = Isul?=2Is,| [ta] + 18,12
and so
2] sutn | < syl 2+ [ty |2
which gives

2[ Y sntn‘ <2) Isutal <) 15124 Y It 12 =s+t<oo
n=0

n=0 n=0 n=0

We leave it to the reader to verify that €2 is an inner product space. 0
The following simple result is quite useful and easy to prove.

Lemma 9.1 If V is an inner product space, and (u,x) = (v,x) for all
x€V, then u=v. 1

Note that a vector subspace S of an inner product space V is
also an inner product space under the restriction of the inner product of
V to S.

Norm and Distance
If V is an inner product space, then we can define the norm, or
length, of each veV by

(9.1) vl = v{vv)

A vector v€V is a unit vectorif ||v|| =1.
Here are the basic properties of the norm.

Theorem 9.2

1) Jlv]| >0 and ||v]|| =0 if and only if v=0.
2)  ||lrv|| =ir1||v]|,forall reF,veV

3)  (The Cauchy-Schwarz inequality) For all u,v €V,

{uv) | < flull [Iv]]
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with equality if and only if uw =rv for some r €F.
4)  (The triangle inequality) For all u,veV,

fut+vil < flull + |Ivil

with equality if and only if u =rv for some r €F.
5) Forall uvxeV,

[u—vil < flu—x|| + ||x—vll
6) Forall uvev,
| lull = fivll | < fu=vl]
7)  (The parallelogram law) For all u,v€V,
lutvi®+ [lu=v|?=2]u®+2]v]||?

Proof. We prove only (3) and (4). To prove (3), we proceed as follows.
If either u or v is zero, the result follows. Assume that wu,v#0.
Then, for any real number r € R,

0< [lutrv]?
= (u+rv,u+rv)
= (u,u) + r{u,v) + r(v,u) + r¥(v,v)
= (u,u) + r(v,u) + r{v,u) + r2(v,v)
< (uwu) +2r [ (v,u) | +r%(v,v) =1(r)

This implies that the quadratic polynomial f(r) must have nonpositive

discriminant, that is,
4| (vu) |2 —4(v,v){u,u) <0

from which the Cauchy-Schwarz inequality follows. Furthermore, if
equality holds, then there exists an r € F for which f(r) =0, that is,
0= |[u+rv]|? and so u+rv=0, which implies that u is a scalar
multiple of v. (If u is a scalar multiple of v, then equality is easily
seen to hold.)

To prove the triangle inequality, we use the Cauchy-Schwarz
inequality to get

la+v|?=(u+vu+v)
= (uu) + (u,v) + (v,u) + (v,v)
< lafl2+2[(uv) |+ || v]| 2
< flufi®+2flall vl + Qv
=(llull + |Iv])?
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from which the triangle inequality follows. The proof of the statement
concerning equality is left to the reader. Il

Any vector space V, together with a function || ||:V—R that
satisfies properties (1), (2) and (4) of Theorem 9.2, is called a normed
linear space. (And the function || || is called a norm.) Thus, any
inner product space is a normed linear space, under the norm given by
(9.1).

It is interesting to observe that the inner product on V can be
recovered from the norm.

Theorem 9.3
1) If V is a real inner product space, then

(wv) =J([lu+v||®= lu=v]|?)
2) If V is a complex inner product space, then

(wv) =+ vl = fla=v[ ) +g(lu+iv]]® ~ Ju=iv]]?)

The formulas in Theorem 9.3 are known as the polarization
identities. The norm can be used to define the distance between any
two vectors in an inner product space.

Definition Let V be an inner product space. We define the distance
d(u,v) between any two vectors u and v in V by

(9.2) d(u,v) = ||lu=v]| O
Here are the basic properties of distance.

Theorem 9.4

1)  d(wv)>0 and d(u,v) =0 ifand only if u=v
2)  (Symmetry) d(u,v) = d(v,u)

3)  (Triangle inequality)

d(u,v) < d(u,w) + d(w,v) 0

Any nonempty set V, together with a function 4&:VxV—R that
satisfies the properties of Theorem 9.4, is called a metric space, and the
function d is called a metric on V. Thus, any inner product space is
a metric space under the metric (9.2).

Before continuing, we should make a few remarks about our goals
in this and the next chapter. The presence of an inner product, and
hence a metric, raises a host of topological issues, related to the notion
of convergence. We say that a sequence (v,) of vectors in an inner
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product space converges to veEV if

. Jim - d(v,,v) =0
or, equivalently, if
lim |lv,—v| =0
n—oo

Some of the more important concepts related to convergence are
closedness and closures, completeness, and the continuity of linear
operators and linear functionals.

In the finite dimensional case, the situation is very
straightforward — all subspaces are closed, all inner product spaces are
complete, and all linear operators and functionals are continuous.
However, in the infinite dimensional case, things are not as simple.

Our goals in this chapter and the next are to describe some of the
basic properties of inner product spaces—both finite and infinite
dimensional, and then to discuss certain special types of operators
(normal, unitary and self-adjoint), in the finite dimensional case only.
To achieve the latter goal as rapidly as possible, we will postpone a
discussion of topological properties until Chapter 13. This means that
we must describe some results for the finite dimensional case only in
this chapter, deferring the infinite dimensional case to Chapter 13.

Isometries

An isomorphism of vector spaces preserves the vector space
operations. The corresponding concept for inner product spaces is the
following.

Definition Let V and W  Dbe inner product spaces, and let
T € L(V,W).
1) 7 is an isometry if it preserves the inner product, that is, if

(r(w),7(v)) = (u,v)

for all u,veV.

2) A bijective isometry is called an isometric isomorphism. When
7:V->W is an isomorphism, we say that V and W are
isometrically isomorphic. [

It is not hard to show that an isometry is injective, and so it is an
isometric isomorphism provided it is also surjective. Moreover, if
dim(V) = dim(W) < o, injectivity implies surjectivity, and so the
concepts of isometry and isometric isomorphism are equivalent. On the
other hand, the following example shows that this is not the case for
infinite dimensional inner product spaces.
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Example 9.3 Let 7:£2—? be defined by

T(Xq,Xg, Xg...) = (0,%,X,,...)

(This is the right shift operator.) Then 7 is an isometry, but it is
clearly not surjective.

Theorem 9.5 A linear transformation 7€ £(V,W) is an isometry if
and only if it preserves the norm, that is, if and only if

[l = livl
forall veV.

Proof. Clearly, an isometry preserves the norm. The converse follows
from Theorem 9.3. In the real case, if 7 preserves the norm, then

(r(w),r(v)) =l 7(@) + (W) | 2= || 7(w) = 7(v) || )
=3I+ v) 2= =) [|?)
=Hu+v|® = [lu=v|?
= (v,w)

and so 7 is an isometry. The complex case is similar. 1

The next result points out one of the main differences between real
and complex inner product spaces.

Theorem 9.6 Let V be an inner product space, and let 7 € L(V).

1) If (r(v),w)=0 forall v, weV, then 7=0.

2) If V is a complez inner product space, and (7(v),v} =0 for all
ve YV, then 7=0.

3)  Part (2) does not hold in general for real inner product spaces.

Proof. Part (1) follows directly from Lemma 9.1. As for part (2), let
v=rx+y, for xy€V and r€F. Then

0 =(r(rx+y)rx+y)
= |1 Xr(x),%) + (r(y),y) + r{r(x),y) + F{r(y),x)
= 1(1(x),y) + (7(y),x)
Setting r =1 gives
(r(x),y) +{r(y),x) =0
and setting r =i gives

(r(x),y) = (r(y)x) =0
These two equations imply that (7(x),y)=0 for all x,y €V, and so
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7=0 by part (1). As for part (3), consider the real inner product
space R?, and let 7€ £(V) be defined by 7(e;) =e, and 7(e;) =
—e;. Thus, 7 is rotation by 90°, and (7(v),v)=0 for all v, but
T#£0. 1

Orthogonality
The presence of an inner product allows us to define the concept of
orthogonality, or perpendicularity.

Definition Let V be an inner product space.

1) Two vectors u,v€V are said to be orthogonal if (u,v)=0. In
this case, we write u L v.

2) If S and T are subsets of V,and s Lt forall s€S and
t €T, we say that S is orthogonal to T, and write S L T.

3)  The orthogonal complement of a subset S CV is the set

St={veV]|vLlS} ]
The following result is easily proved.

Theorem 9.7 Let V be an inner product space.
1) For any subset S C V, the orthogonal complement S* of S isa

subspace of V.
2)  For any subspace S of V, SNS" = {0}. 1

Orthogonal and Orthonormal Sets

Definition A nonempty collection O = {u;|i€ K} of vectors in an
inner product space is said to be an orthogonal set if u L u; for all
i#j€K. If, in addition, each vector w; is a unit vector, the set O is
an orthonormal set. Thus, a set is orthonormal if

(uu) =6, ;

for all i,j € K, where §; i is the Kronecker delta function. [

Note that given any nonzero vector v € V, we may obtain a unit

vector u by simply multiplying v by the reciprocal of the norm of v
1
0=-—0v
vl

Thus, it is a simple matter to construct an orthonormal set from an
orthogonal set of nonzero vectors.
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Theorem 9.8 Any orthogonal set of nonzero vectors in V is linearly
independent.

Proof. Let O = {u;|i€ K} be an orthogonal set of nonzero vectors,
and suppose that
ryuy e T, =0

Then, for any k = 1,...,n,

0= (rlul +eet I'nun’“k> = I‘k(uk’uk)

and so r, =0, for all k. Hence, O is linearly independent. &

Definition A maximal orthonormal set in an inner product space V is
called a Hilbert basis for V. [

Zorn’s lemma can be used to show that any nontrivial inner
product space has a Hilbert basis. We leave the details to the reader.

Extreme care must be taken here not to confuse the concepts of a
basis for a vector space and a Hilbert basis for an inner product space.
To avoid confusion, a vector space basis, that is, a maximal linearly
independent set of vectors, is referred to as a Hamel basis. The
following example shows that, in general, the two concepts of basis are
not the same.

Example 9.4 Let V =1¢2 and let M be the set of all vectors of the
form

e, =(0,...,0,1,0...)

where € has a 1 in the ith coordinate, and Os elsewhere. Clearly, M
is an orthonormal set. Moreover, it is maximal. For if x = (x,) € €2
has the property that x L M, then

xl = (X,ei) = 0

for all i, and so x = 0. Hence, no nonzero vector x ¢ M is orthogonal
to M. This shows that M is a Hilbert basis for the inner product
space 02,

On the other hand, the vector space span of M is the subspace S
of all sequences in €% that have finite support, that is, have only a
finite number of nonzero terms, and since span(M) =S # €2, we see
that M is not a Hamel basis for the vector space 2. [

We will show in Chapter 13 that all Hilbert bases for an inner
product space have the same cardinality, and so we can define the
Hilbert dimension of an inner product space to be that cardinality.
Once again, to avoid confusion, the cardinality of any Hamel basis for
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V is referred to as the. Hamel dimension of V. The Hamel dimension
is, in general, not the same as the Hilbert dimension. However, as we
will now show, they are equal when the Hamel dimension is finite.

Definition Let V be an inner product space with finite Hamel
dimension. A Hamel basis for V that is also an orthogonal set is
called an orthogonal Hamel basis for V, and a Hamel basis for V that
is also an orthonormal set is called an orthonormal Hamel basis for V.
(These concepts are defined only for finite dimensional vector spaces.) [

Theorem 9.9 Let V be an inner product space with finite Hamel
dimension. Then any Hilbert basis is a Hamel basis. Hence, the
Hilbert dimension of V is the same as the Hamel dimension.

Proof. Let V have Hamel dimension n. Since orthonormal sets of
vectors in V are linearly independent, their size cannot exceed n. In
particular, a maximal orthonormal set has size at most n.

If O={u,...,u} isa maximal orthogonal set with k < n, then
there exists a vector v€ V for which OU{v} is linearly independent.
If

W=vV+ru +- -+
then (w,u) =0 if and only if
0-= (wu;) = (v,u;) + r;{w;,u;)
or, equivalently

r. = <v’ui>
()

Thus, by defining r; in this way, we obtain a vector w that is
orthogonal to all vectors in O. Hence, OU{w/|w]|} is an
orthonormal set that properly contains the maximal orthonormal
set 0. This contradiction implies that k =n, and so O is a Hamel
basis. I

It is also true that if an inner product space has finite Hilbert
dimension, then this is also equal to its Hamel dimension. (This will
follow from our upcoming discussion of Gram-Schmidt
orthogonalization.) ~ Therefore, the term finite dimensional can be
applied unambiguously to an inner product space. We will use the term
orthonormal basis to refer to an orthonormal Hamel basis.

Orthonormal bases have a great advantage over arbitrary bases.
To see this, suppose that B = {vy,...,v, } is a basis for V. Then each
v EYV has the form

v=rnv, +eee +rnv11
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In general, however, determining the coordinates r; requires solving a
system of linear equations of size nxn.

On the other hand, suppose that O ={u,...,u;} is an
orthonormal basis for V. As before, any vector v € V has the form

V=T ety
But now we have
(vou) = (ryuy + - Frpupu) = ry,g) =1

Thus, in the case of an orthonormal basis, we have a very simple
procedure for finding the coordinates of any vector ve€ V.

Theorem 9.10 Let O = {u,,...,u;} be an orthonormal basis for V.
1) Forany vev,
v =(v,u)uy + -+ (vu hu,
The coordinates (v,u;) are called the Fourier coefficients of v
with respect to O, and the expression for v on the right is called
the Fourier expansion of v with respect to O.
2)  (Bessel’s identity) For any veV,

IvI2= [ (vou) |24 [ (vug) |2
3) (Parseval’s identity) For v,we€V,

(vyw) = (viu{wouy) + -+ (v, )(wouy,) I

Theorem 9.10 shows clearly that orthonormal bases are a pleasure
to work with. The following result is included primarily to establish an
analogy with the infinite dimensional case, which we will discuss in

Chapter 13.

Theorem 9.11 Let V be a finite dimensional inner product space. Let
O ={uy,...,u} be an orthonormal set of vectors in V. For any
v € V, the vector

V= (vu)uy 4 (v

is called the Fourier expansion of v with respect to O.
1)  (Bessel’s inequality) For all veV,
IV < vl

2) The set O is an (orthonormal) Hamel basis for V if and only if
v=v,forall veV.

3) The set O is an (orthonormal) Hamel basis for V if and only if
Bessel’s identity holds for all v € V, that is, if and only if

el = vl
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for all veV.
4) The set O is an (orthonormal) Hamel basis for V if and only if
Parseval’s identity holds for all v,w € V, that is, if and only if

(v, w) = (vug }(wyuy) + -+ (v (W, )
forall vywe V. 1

The Projection Theorem

We have seen that if S is a subspace of an inner product space
V, then SNS* = {0}. This raises the question of whether or not the
orthogonal complement of a subspace S is a (vector space)
complement of S, that is, whether or not V=S s*.

If S is a finile dimensional subspace of V, the answer is yes, but
for infinite dimensional subspaces, S must have the topological
property of being complete. Hence, in accordance with our goals in this
chapter, we will postpone a discussion of the general case to Chapter 13,
contenting ourselves here with an example to show that, in general,

V#SaSh.

Example 9.5 As in Example 9.4, let V=1¢% and let S be the
subspace spanned by the vectors

¢ =(0,...,0,1,0...)

where ¢ has a 1 in the ith coordinate, and 0s elsewhere. Thus, S is
the subspace of all sequences in €2 that have finite support, that is,
have only a finite number of nonzero terms.

Now, if x=(x,) €S", then x;=(xe)=0 for all i, and so
x =0. Therefore, S* = {0}, and

S@St =5 # ¢ 0

As the next theorem shows, in the finite dimensional case,
orthogonal complements are also vector space complements. This
theorem is often called the projection theorem, for reasons that will
become apparent when we discuss projection operators. (We will
discuss the projection theorem in the infinite dimensional case in

Chapter 13.)

Theorem 9.12  (The projection theorem) Let S be a finile
dimensional subspace of an inner product space. Then V =SS
That is, for any v €V, there are unique vectors s€S and s"€S*
for which

V=8+ st
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Proof. Let O = {u;,...,u} be an orthonormal basis for S. For each
v €V, consider the Fourier expansion

V= (vu)uy +-o + (vu
with respect to 0. We may write
v=V+4(v-V)
where ¥ € S. Moreover, v—v €S, since
(v—Vu) = (vyu) = (V,uy) = 0
Hence V=S+S*. We have already observed that SNS* = {0}, and
so V=S®S". 1

According to the proof of the projection theorem, the component
of v that liesin S is just the Fourier expansion of v with respect to
any orthonormal basis O for S. This is pictured in Figure 9.1.

v

Figure 9.1

Definition Let V be an inner product space, and let S,,...,S, be
subspaces of V. If

1) V=5,6---85,

2) S;LS; for i#]

then we say that V is the orthogonal direct sum of Si,...,S,, and
write S=5,0---©S,. 0

Theorem 9.12 states that V =Sa@S*, for any finite dimensional
subspace S of V. The following simple result is very useful.

Theorem 9.13 Let V be an inner product space. The following are

equivalent.
1) v=SoT
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2) V=S&T and T=S"
3) V=S$&T and TCS*

Proof. Suppose (1) holds. Then V=S&T and S 1 T, which implies
that TCS*. Butif weS*, then w=s+t for s€S, teT, and so

0 = (s,w) = (s,8) + (s,t) = (s,8)
showing that s =0, which implies that w & T. Thus, S*CT and so

S* =T. Hence, (2) holds. Of course, (2) implies (3). Finally, if (3)
holds, then T C S*, which implies that S L T, and so (1) holds. &

Theorem 9.14 Let V be an inner product space.
1) If dim(V) <o and S is a subspace of V, then

dim(S*) = dim(V) — dim(S)
2) If S is a finite dimensional subspace of V, then S** =S§.
3) If S isa subset of V and dim(span(S)) < oo, then S**=
span(S).
Proof. Since V =S@&S", we have dim(V) = dim(S) + dim(S*), which

proves part (1). As for part (2), it is clear that S C S$**. On the other
hand, if v € S**, then by the projection theorem

v=s-+5s

where s€S and ¢ €S'. But veS™ implies that 0= (v,s')=
('), and so &' =0, showing that v€S. Therefore, S'* CS, and
S** =S. We leave the proof of part (3) as an exercise. 1

The Gram-Schmidt Orthogonalization Process

Given a linearly independent sequence % = (v,,v,,...) in an inner
product space V, we can easily construct an orthogonal sequence O =
(uy,uy,...) in V, with the property that

span{uy,...,u } = span{vy,..., v }

for all k. The following construction is known as the Gram-Schmidt
orthogonalization process.

The first step is to let w; =v,. Next, we search for a vector u,
of the form uy, = vy +rju; for which (u,,u;) =0, that is, for which

0 = (ugyuy) = (v +ryuy,uy) = (vy,u) + 1y (uy,uy)

or, equivalently,
(vyuy)
Ty = — < -
! (uy,u)
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Hence, defining r, by this formula, we see that the set {uju,} is
orthogonal, and that span{u;,u,} = span{v;,v,}.

More generally, suppose that {u;,...,u_;} is orthogonal, and
that span{uy,...,w_q} = span{vy,...,v,_;}. We want a vector uy of
the form

W = Vi F Iy F e g e

for which (u,u;) =0 forall i=1,...,k-1, that is,
0 = () = (Vi + Uy oo+ 13, 05) = (Vi) + 1w, ;)

or, equivalently,

~

(View;
I‘i = -
(u;,u;)
for all i=1,...,j. Defining the r;s by this formula gives us the
desired vector uy. Let us summarize.

Theorem 9.15 (The Gram-Schmidt orthogonalization process) Suppose
that B = (vy,vy,...) is a sequence of linearly independent vectors in an
inner product space V. If we define
k=1
Vi,
u = vy — <( ko 1)
i=1

then the sequence O = (uy,u,,...) is an orthogonal sequence of linearly
independent vectors, with the property that

span{uy,...,u} = span{vy,..., v }
forall k=1,2,.... 1

Example 9.6 Consider the inner product space F[x] of all polynomials
over F, with inner product defined by
1

(POl = | pboatax

-1
Applying the Gram-Schmidt process to the sequence B = (1,x,x2,x3,...)
gives

u,(x) =1
u2(x):x———1_—lx—ilf~1:x
fl_ldx
) [t dx s & 41
3 fl_ldx 3
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1 1 1
5 f_lx3 dx f_1x4 dx f_1x3(x2—%) x
uy(x) =x° ——= 1-— X—— g -(x*—3)
f_ldx f_lx dx f_l(x -3)%dx
TN

and so on. The polynomials in this sequence are (at least up to
multiplicative constants) the Legendre polynomials. [

The Riesz Representation Theorem
If x is a vector in an inner product space V, then the function
¢:V—F defined by
$x(V) = (V,x)

is easily seen to be a linear functional on V. The following theorem
shows that all linear functionals on a finite dimensional inner product
space V have this form. (We will see in Chapter 13 that, in the infinite
dimensional case, all continuous linear functionals on V have this form.)

Theorem 9.16 (The Riesz representation theorem) Let V be a finite
dimensional inner product space, and let f€ V* be a linear functional
on V. Then there exists a unique vector x € V for which

(9.3) f(v) = (v,x)
forall veV.

Proof. If f is the zero functional, we may take x = 0, so let us assume
that f# 0. By way of motivation, observe that if x has the desired
property, then (v,x) =0 for all v € ker(f). Hence, we should look for
an x in ker(f)".

Note that, if dim(V) =n, then dim(ker(f)) =n—1. Hence, we
can choose a unit vector u € ker(f)*, and write

V = (w0 ker()
Our goal is to find an r € F for which
f(v) = (v,ru)
for all ve€ V. In particular, for v =u, we want
f(u) = (u,ru) =F(u,u) =7
Therefore, let us take r = f(u), and so
x = T

Any vector vE€V has the form v =au+bw, with w € ker(f), and so
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(v,x) = (v,f(u)u) = f(u)(v,u) = f(u)a = f(au) = f(au + bw) = f(v)
Proof of uniqueness is left as an exercise. 1
Using the Riesz representation theorem, we can define a map

¢:V*—V by ¢(f) =x, where x is the unique vector in V for which
(9.3) holds, that is, ¢(f) is defined by

f(v) = (v,¢(1))
for all v € V. Since

(v,6(ef +sg)) = (rf + sg)(v)
= rf(v) +sg(v)
= (v,Té(f)) + (v,56(g))
= (v,To(f) +35¢(g))

¢(rf + sg) = T4(f) +35¢(g)
and so ¢ is conjugate linear. In addition, ¢ is clearly surjective, and
it is injective, since ¢(f) =0 implies that f=0. Thus, the map
$:V*=V is a “conjugate isomorphism.”

we have

EXERCISES

1. Verify the statement concerning equality in the triangle inequality.
2. Prove the parallelogram law.

3.  Prove Appolonius’ identity

lw—ull?+ lw=v]?=3lu-v|I>+2||w=ju+v)]*

4. Let V be an inner product space with basis 2. Show that the
inner product is uniquely defined by the values (u,v), for all
u,v € B.

5.  Prove that two vectors u and v in a real inner product space V
are orthogonal if and only if

lutv]®=[lull®+ lIv]?

6. Show that an isometry is injective.

7.  Use Zorn’s lemma to show that any nontrivial inner product space
has a Hilbert basis.

8.  Prove Bessel’s inequality.

9. Prove that an orthonormal set O is a basis for V if and only if
v=v,forall veV.

10. Prove that an orthonormal set O is a basis for V if and only if
Bessel’s identity holds for all v € V, that is, if and only if
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11.

12.

13.

14.

15.

9 Inner Product Spaces

vl = 1Ivll
for all veV.
Prove that an orthonormal set O is a basis for V if and only if
Parseval’s identity holds for all v,w € V, that is, if and only if

(v,w) = (vyu; (wyuy) +--- + (voy N w,uy)

for all v,weV.

Let V be an inner product space. Prove that S C S** for any
subspace SCV.

Let V be a finite dimensional inner product space. Prove that
for any subset S of V, we have S** = span(S).

Let %P3 be the inner product of all polynomials of degree at
most 3, under the inner product

(P00 = | pateax

Apply the Gram-Schmidt process to the basis {1,x,x2,x3}, thereby
computing the first four Hermite polynomials (at least up to
multiplicative constant).

Verify uniqueness in the Riesz representation theorem.
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The Adjoint of a Linear Operator

The purpose of this chapter is to study the structure of certain
special types of linear operators on an inner product space. In order to
define these operators, we introduce another type of adjoint (different
from the operator adjoint of Chapter 3). We will define this adjoint in
the finite dimensional case only, deferring the infinite dimensional case
to Chapter 13.

Theorem 10.1 Let V and W be finite dimensional inner product
spaces over F, and let 7€ £(V,W). Then there is a unique function
r*:W—V, defined by the condition

(r(v),w) = (v,7*(w))
forall veV and we€ W. This function is in £(W,V), and is called
the adjoint of 7.

Proof. For a fixed w € W, consider the function 6_:V—F defined by
04 (v) = (r(v),w)
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It is easy to verify that @ is a linear functional on V, and so, by the
Riesz representation theorem, there exists a unique vector x€V for

which
O(v) = (7(v),w) = (v,x)
for all v e V. Hence, if we set 7%(w) = x, then

(r(v),w) = (v,7*(w))

for all v € V. This establishes the existence and uniqueness of 7*. To
show that * is linear, observe that

(v, T*(rw + sw')) = (7(v),rw + sw’)
=Kr(v),w) +5(r(v),w’)
= F(v,7*(w)) +5{v,7*(W"))
= (v (v)) + (v (W)
= (v,r7*(w) + s7(w"))

for all veV, and so
*(rw + sw') = r7¥(w) + s7¥(W')
Hence 7* € L(V,W). 1

We should make some remarks about the differences between the

operator adjoint 7* of 7, as defined in Chapter 3, and the adjoint
* that we have just defined, which is sometimes called the Hilbert

space adjoint. In the first place, if 7:V—W, then
X W*Vv*
but
M W—V

These maps are shown in Figure 10.1, where ¢, and ¢, are the
conjugate linear maps that we discussed in Chapter 9, following our
discussion of the Riesz representation theorem.

V* ‘r w*
b
<
o m—

Figure 10.1
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We can define a function o:W*—V* by
(10.1) o= (¢,) %0,

Because o involves {wo conjugate linear maps (and one linear map),
it is linear. Moreover, for all f€ W* and veV

[r(D)(v) = [(#1) 7' 762 (DI(V) = (81) T [T*85(B)](¥)
= (v,77,(f)) = (r(v),65(0)) = f(r(v)) = 7 (D)(v)

X X

and so o = 7*. Hence, the relationship between 7* and 7* is given

by
7.X — (¢1)_1T*¢2
In Chapter 3, we showed that the matrix of the operator adjoint
7% is the transpose of the matrix of the map 7. For Hilbert space
adjoints, the situation is slightly different. Suppose that B =
(by,...,b,) is an ordered orthonormal basis for V, and C=(c,,...,c,)
is an ordered orthonormal basis for W. If we let

[T]quc = (a;3)

then a;; is the coordinate of ¢; in 7(b;), that is
aid- = (T(bj),cl>

On the other hand, if
[T*]c’o:g = (aid)

then o;. is the coordinate of b; in T*(Cj), that is

a5 = (T¥().by) = (b, 7(ey)) = (r(by),c5) = 3y

If A=(a j) is a matrix over F, then the conjugate transpose of A is
the matrix
* _ (= T

With this terminology, we have proved the following.

Theorem 10.2 Let 7€ £(V,W), where V and W are finite
dimensional inner product spaces. Let B and C be ordered
orthonormal bases for V and W, respectively. Then

[T*]cygp, = (["']c‘gyc)*

In words, the matrix of the adjoint 7* is the conjugate transpose of
the matrix of 7. 1
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Here are some of the basic properties of the adjoint.

Theorem 10.3 Let o,7 € £(V,W), where V and W are finite
dimensional.

1) (r*(v)u) = (v,7(u))

2) (o+7)*=c*+7*

3) (n)*= fr*

4) *=r*

5) (01’)*_1'*0' , if V=W

6) If 7 isinvertible, then (r~1)* = (r*)7!

Proof. We prove (3) only:
(vy(rr)*u) = (r7(v);u) = r{r(v),u) = 1{v,7*(w)) = (v,r*(w))

and so (rr)* =7r*. 1

Orthogonal Diagonalizability
Recall that a linear operator 7 € £(V) on a finite dimensional
vector space V is diagonalizable if and only if V has a basis
consisting entirely of eigenvectors of 7, or equivalently, if and only if =
has a spectral resolution
=Mpr e+ e

where p; +---+ p = is a resolution of the identity, the M;’s are the
distinct elgenvalues of 7, and p; is projection onto the eigenspace & e
Since in this case

A% =8,\1®---€B8Ak

the action of 7 can be described in the simple form
v=vittv = 7(V) = A vy v

where v, 68,\ for all i.

Whlle this description of 7 is simple, it does require ﬁndmg the
components of v that belong to each eigenspace 8,\ which, in general,
requires solving a system of equations.

However, suppose that V is a finite dimensional inner product
space, and that O is an ordered orthonormal basis consisting entirely
of eigenvalues of 7. If

0; = (“i,l’"-’“i,ki)
is the subset of O consisting of the eigenvalues associated to ), then
it is not hard to see that O; is an ordered orthonormal basis for &, ,
and the component v; of v in 8/\ is the easily computed Fourier
expansion
Vi= (v g+t (Vo g 0
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of v with respect to ;. Hence, the action of 7 has the truly simple
form
V=V 44V = (V) = AV e AV

Definition Let V be a finite dimensional inner product space, and let
7 € L(V). If there is an orthonormal basis O for V for which [r]
is a diagonal matrix, we say that 7 is orthogonally diagonalizable. [

It is clear from this discussion that 7 is orthogonally
diagonalizable if and only if there is an orthonormal basis for V
consisting entirely of eigenvectors of r, that is, if and only if

V=8, 008,

Thus, orthogonally diagonalizable operators are very well behaved
indeed, and this leads us to seek a simple criterion for determining
whether or not a given operator is orthogonally diagonalizable.
Remarkably, there is a simple criterion.

Motivation

By way of motivation, suppose that V is a finite dimensional
inner product space over F, and that all of the roots of the
characteristic polynomial of 7€ £(V) lie in F, that is, that the
minimal polynomial of 7 splits into a product of linear factors over F,

say,

m (x) = (x = &)L o(x = ) K
where the \’s are the distinct eigenvalues of 7. (This happens for all
operators on a complezr inner product space, for instance.) Then,
according to the primary decomposition theorem, we may write V as
the direct sum

V = Vl DD Vk

where

Vi={veV|(r-x%)iv) =0}

If v is an eigenvector of 7 associated with J;, then
(r=X)(v) =0, and so v€EV, In other words, 8, CV;. Thus, 7
will be orthogonally diagonalizable if and only if !

1) 8, =V, forall i, and
1
i i

Let us consider property (2) first. This property is equivalent to
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r(v)=XAv and 7(w) =XAw = (v,w)=0

for i#]j. Now, let us observe that

Xi(v,w) = (r(v),w) = (v,7*(w))
and further, if it were true that 7%(w) = _):jw, then we could continue

= (V,ij) = A(v,w)
which implies that (v,w)=0 (since X #J;). Thus, if 7 has the
property that _
T(w) = Aw = ™(w) = AW

for all j, then property (2) will hold. This is equivalent to

(r— /\j)(w) =0 = (T* —Xj)(w) =0
or, since Ar= Xj (that is (/\jz)* = —)\-jL, where ¢ is the identity
operator),

— * —

(r— /\j)(w) =0 = (r- ’\j) (w)y=0

If weset o =71— Aj, then this is equivalent to
o(w)=0 = o*(w)=0
which in turn is equivalent to
(o(w),o(w)) =0 = (o*(w),0*(w))=0
This will hold if 6% = oo™, for in this case,
(o(w),0(w)) = (o*o(w),w) = (g0 (w),w) = (o*(w),0¥(w))

But o*c = oo™ if and only if 7*r = 77*, and so we conclude that

*r = rr* = property (2) holds

As we will see, if 7*r = 7%, then property (1) holds as well! In any
case, we have motivated one of the following definitions.

Definition Let V be an inner product space, and let 7 € L(V). Then
1) 7 is self-adjoint, or Hermitian, if =

2) 7 is unitary if it is bijective and ¥ = L

3) 7 isnormalif 77%=7%r. [

It is clear that self-adjoint and unitary operators are normal.

There are also matrix versions of these definitions, but the
terminology differs for real and complex matrices. Recall that if A =
(a;;) is a matrix over F, then A* = (Ei’j).r is the conjugate transpose

of A. (If F=R, then A*=A"))
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Definition Let A be a compler matrix. Then

1) A is Hermitian if A* = A.

2) A is skew-Hermitian, if A* = -A.

3) A is unitary if it is invertible and A* = A~1.

4) A isnormal if AA® = A*A.

Let A be a real matrix. Then A* = A7, and we say that
5) A is symmetric if AT = A.

6) A is skew-symmetric if AT = -A.

7) A is orthogonal if A is invertible and AT = A7L. [

In the finite dimensional case, we have seen that
™o =1
for any ordered orthonormal basis O of V, and so if 7 is normal,

then
[T](j[‘r]*o = [T]o[T*]o = [TT*]O

= [T*T]O = [T*]Q[T]() = [T]B[T]O
which implies that the matrix [r]~ of 7 is normal. The converse
holds as well. In fact, we can say that r is normal (resp. self-adjoint,
unitary) if and only if any matrix that represents 7, with respect to an
ordered orthonormal basis O, is normal (resp. Hermitian, unitary).
Let us now turn to a discussion of the three types of operators
that we have just defined.

Self-Adjoint Operators

By definition, an operator 7 is self-adjoint if and only if

(r(v),w) = (v,7(W))

for all v,weV. Here are some of the basic properties of these
extremely important operators.

Theorem 10.4 Let V be an inner product space, and let o,7 € L(V).

1) If o and 7 are self-adjoint, sois o+ 7.

2) If 7 isself-adjoint and r is real, then r7 is self-adjoint.

3) If ¢ and 7 are self-adjoint, then o7 is self-adjoint if and only
if o7 =r710.

4) If 7 is self-adjoint and invertible, then so is L

Proof. We prove only (3). To this end, observe that (o7)* =70,

and so

*

(e =01 & tMc* =01 & 1O =0T |
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Theorem 10.5 Let V be an inner product space.

1) If 7 is self-adjoint, then (7(v),v) isreal, forall veV.

2) If V is complez and (r(v),v) is real for all veV, then 7 is
self-adjoint.

3) If 7 is self-adjoint and (7(v),v)=0 forall veV, then 7=0
(¢f. Theorem 9.6).

4) If 7 is self-adjoint then 7%(v) =0 for any k>0 implies that
T(v) = 0.

5) If 7 is self-adjoint, then all complex roots of the characteristic
polynomial (and lience minimal polynomial) of 7 are real.

6) If ) p are distinct eigenvalues of a self-adjoint operator 7, then

8\ L6,

Proof.
1)  For part (1), we have

(r()v) = (v (V) = (7(v),v)

and so (r(v),v) must be real.
2)  To prove part (2), we have

{(r=7)(v),¥) = (r(v),v) = (T*(v),v)

= (r(v),v) = (v,7(v))
= (r(v),v) = (r(V),v)

=0 (since (7r(v),v) is real)

Hence, according to Theorem 9.6, 7 — 7% =0, which shows that
7 is self-adjoint.

3) As for part (3), Theorem 9.6 implies that this is true for the
complex case, so we need only consider the real case, for which we
have

r(x+y),x+y)

= (r(

= (7(x);x) + (7(y).y)
= (r(x),y) + ((y),x)
= (r(x),y) + (x7(y))
= (1(x),y) + (r(x)y)

= 2(r(x),y)

+{r(x),y) + (r(y):%)

and so 7=0. -
4) If 7%(v)=0 forall veV,then 72 (v) =0 for some m. Thus,

= (W =(r W= V) (V)

2m -1 2m -1 2111—1 2m—l



10 The Spectral Theorem for Normal Operators 183

5)

6)

2m—l
and so T

r=0.
Suppose first that V is a complex vector space, and that A isa
root of C_(x). Then 7(v) = Av, for some v # 0 and we have

(r(v),v) = (Av,v) = A(v,V)

=0. Repeating this process, we eventually get

and _
(r(v),v) = (v,7(v)) = (v,Av) = Xv,v)

and so A =\, which shows that A is real.

If V is a real vector space, we must be careful, since if A
is a complex root of C_(x), it does not follow that 7(v) = Av for
some 0 # veE V. However, we can proceed as follows. Let 7 be
represented by the matrix A, with respect to some ordered basis
for V. Then C_(x)=Cp(x). Now, A is a real symmetric
matrix, but can be thought of as a complex Hermitian matrix,
that happens to have real entries. As such, it represents a self-
adjoint linear operator on the complez space C", and so, by what
we have just shown, all (complex) roots of its characteristic
polynomial are real. But the characteristic polynomial of A is
the same, whether we think of A as a real or a complex matrix,
and so the result follows.

Suppose that 7(v) = Av and 7(w) = pw, where v,w # 0. Then

Mv,w) = (1(v),w) = (v,7(W)) = (v,pw) = p(V,w)
and so A # p implies that (v,w)=0. 1

Of course, the fact that all complex eigenvalues of a self-adjoint

operator are real implies that the minimal polynomial of 7 factors into
a product of linear factors.

Unitary Operators

We now turn to the basic properties of unitary operators. Note

that 7 is unitary if and only if

(r(v),w) = (v,7~(w))

for all vvwe'V.

Theorem 10.6 Let V be an inner product space, and let o,7 € L(V).

1)
2)
3)
4)

If 7 is unitary, sois 7%

If 0,7 are unitary,sois oT.

T is unitary if and only it is a surjective isometry

If dim(V) < oo, then 7 is unitary if and only if 7 takes an
orthonormal basis to an orthonormal basis.
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5) If 7 is unitary, then the eigenvalues of 7 have absolute value 1.

Proof. We leave the proofs of (1) and (2) to the reader.
3) For a bijective linear map 7, we have

T is an isometry < (7(v),7(w)) = (v,w) for all v,weV
& (v,7*1(w)) = (v,w) for all vweV
™ r(w)=w forall weV

<=
e TT=1
=
=

T is unitary

4) Suppose that 7 is unitary, and that O ={w,,...,u } is an
orthonormal basis for V. Then

(r(w),7(w)) = (uyu5) = §;

and so 7(0) is an orthonormal basis for V. Conversely, suppose
that O and 7(0) are orthonormal bases for V. Then

(T(“i)vT(uj)) =6;= (“i,llj)

and so, if v=2Xru; and w= Esjuj, we have

(r(v),r(w)) = (Zrﬂ'(“i)’ Z:SjT(“j»
1 J
= 2 r§(r(w),7(w;))
1)
= 2T (w,u)
i,

= (omu;, 3os5u)
i

= (v,w)
and so 7 is unitary.
5) If r is unitary, and 7(v) = Av, then

/\X(v,v) = (Av,Av) = (1(v),7(V)) = (v,v)
and so |A]|%=AX=1, which implies that || =1. 1

We also have the following theorem concerning unitary (and
orthogonal) matrices.
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Theorem 10.7 Let A be a matrix.

1) An nxn matrix A is unitary if and only if the columns of A
form an orthonormal set in C™.

2) An nxn matrix A is unitary if and only if the rows of A form
an orthonormal set in C™.

3) If A is unitary, then |det(A)| =1. In particular, if A is
orthogonal, then det(A) = +1.

Proof. The matrix A is unitary if and only if AA* =1, which is
equivalent to saying that the rows of A are orthonormal. Similarly,
A is unitary if and only if A*A =1, which is equivalent to saying that
the columns of A are orthonormal. As for part (3), we have

AA* =1 = det(A)det(A*) =1 => det(A)det(A) = 1

from which the result follows. 1

Normal Operators

Now let us discuss the properties of normal operators, including
the key properties that we used to motivate the definition of normal
operators.

Theorem 10.8 Let V be an inner product space, and let 7 be a

normal operator on V.

1) For any polynomial p(x) € F[x], the operator p(r) is also
normal.

2) 1(vV)=0 = *v)=0

3) ™™(v) =0 forany k>0 = 7(v)=0

4) TForany AeF, (r=M)WV)=0 = (r=X)(v)=0

5) If 7(v) =Av, then 7%(v) = X(v).

6) If A, p are distinct eigenvalues of 7, then &, 1 €.

Proof. We leave the proofs of parts (1) and (2) as exercises.
3)  The operator o = ¥ is easily seen to be self adjoint, and since
T is normal, we have

(v) = (TK()*v) =0

and so, according to Theorem 10.5, o(v) =0, that is, 77%(v) =

0. But then
0 = (r*(v),v) = (7(v),7(v))
and so 7(v) =0.

4)  Part (4) follows from parts (1) and (3).
5) Suppose that 7(v)=Av, where v#0. Then (r—2A)(v)=0.
Hence, according to part (2), (r—=A)*(v)=0. But (r—-X)*=

7% — X, from which the result follows.
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6) Suppose that 7(v) = Av and 7(w) = uw, where v,w # 0. Then
Mv,w) = (7(v),w) = (v,r¥(w)) = (v,iw) = p(v,w)
and so A # p implies that (v,w)=0. 1

Orthogonal Diagonalization
We are now in a position to state one of the most beautiful
theorems in linear algebra.

Theorem 10.9 Let V be a finite dimensional complez inner product
space.
1) A linear operator 7 on V is orthogonally diagonalizable if and
only if it is normal.
2) Among all normal operators on V, we can characterize self-
adjoint and unitary ones by their eigenvalues. To wit:
a) A normal operator is self-adjoint if and only if all of its
eigenvalues are real.
b) A normal operator is unitary if and only if all of its
eigenvalues have absolute value 1.

Proof. To prove part (1), let 7 be a normal operator on a complex
inner product space. If the prime factorization of the minimal
polynomial of = is . .
m, (x) = (x=A) Lo (x = ) K
then the primary decomposition theorem gives
V = Vl DD Vk
where, according to part (4) of Theorem 10.8,
e.
Vi={veV[(r=2)i(v) =0} ={veV|(r-X)(v) =0} =8y,

Hence, the minimal polynomial of 7|y is x—X; and so e, =1 for
all i. Thus !
V=¢8 D&
A G- D A

Moreover, part (6) of Theorem 10.8 shows that V is the orthogonal
direct sum
V:8A1®"'®8Ak

Hence, we may construct an orthonormal basis of eigenvectors of 7 by
combining orthonormal bases for each eigenspace, and so 7 is
orthogonally diagonalizable.

For the converse, if 7 is orthogonally diagonalizable, then there
is an orthonormal basis O ={uy,...,u} for V consisting of
eigenvectors of 7, say 7(u;) = A\u;. Then
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(w, 7 (w)) = (7(w),0))) = A(w5) = Ny 5 = N6 5 = (w ;)

and so T*(uj) = Xjuj. Thus,
TT*(uj = :\_jT(uj) = Xj’\j“j = )‘j—’\-j“j = /\j‘r*(uj) = T*T(uj)
and so 7 is normal.
As for part (2a), we have already seen that a self-adjoint operator

is normal, and has real eigenvalues. On the other hand, if 7 is normal
and has real eigenvalues, then for any eigenvector u;, associated to /\j,

T*(llj) = Xjuj = /\juj = T(uj)

and since there is a basis of eigenvectors, 7 is self-adjoint. The proof
of part (2b) is similar. I

Thus, on a finite dimensional complez inner product space,
diagonal matrices form a set of canonical forms for the class of normal
operators (at least up to order of the diagonal entries). For real inner
product spaces, the situation is a bit different.

Theorem 10.10 A linear operator 7 on a finite dimensional real inner
product space is orthogonally diagonalizable if and only if it is self-
adjoint.

Proof. Suppose that V is a real inner product space. If 1 is self-
adjoint, then according to part (5) of Theorem 10.5, the minimal
polynomial of 7 splits over R. Moreover, parts (4) and (6) of
Theorem 10.5 (with part (4) applied to the symmetric operator 7 — ),
show that V has an orthonormal basis of eigenvectors for 7. Hence,
7 is orthogonally diagonalizable. (This is similar to the proof of
Theorem 10.9.)

Here is a matrix proof of the converse. If 7 is orthogonally
diagonalizable, then there is an orthonormal basis O for V for which
[T]O is diagonal, and since [T]O is real, it is symmetric. Hence,

-
[T*]o = [7']6 = [T]o = [T]o
andso 7™ =1T1. }
The matrix versions of Theorems 10.9 and 10.10 are as follows.

Theorem 10.11

1) Let A be a square complex matrix. Then there exists a unitary
matrix U for which UAU™! is diagonal if and only if A is
normal.

2) Let A be a square real matrix. Then there exists an orthogonal
matrix O for which OAO7™! is diagonal if and only if A is
symmetric. i
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We must work a little harder to find a canonical form for unitary
operators over the real field. The problem is that the minimal
polynomial m_(x) of a real unitary operator 7 may not split over R.

However, we can proceed as follows. If 7 is real unitary, then
c=71+7 =747 is self-adjoint, and has a complete set of real
eigenvalues, so we may decompose V as in the proof of Theorem 10.9,

V= 8,\1®---®8,\k
where
8, ={veV|(r+r-X)(v) =0}
or, multiplying by r,
8’\i ={veV|(r?- AT+ 1)(v) = 0}
If A; =2, then since 7 is normal, we have
& ={veV|(r-1)’ (V=0 ={veV|(r-1)(v)=0}
and if A = -2,
8,={veV|(r+1)’V) =0 ={veV|(r+1)(v) =0}

Thus, on the eigenspaces 8, and &_, (if indeed they exist), the
operator 7 is just multiplication by 1 or -1, respectively.

We may decompose each §,, for A # +2, as follows. Take
vE 8, , and consider span{v,7(v)}."' This subspace of & ), is invariant,
since r(r(v)) = 73(v) = A7(v) —v. Thus, we can write

8’\i = span{v,7(v)} © span{v,7'(v)}l

Continuing in this way, we can write each 8, as the orthogonal direct
sum of two-dimensional subspaces on which 'r is real unitary. This
gives

V=§,08_,0%,0---09,

where dim(D,) =2 and each summand is invariant under 7.

Hence, we need only determine the matrix of a real unitary
operator 7 on a two-dimensional space 9. The matrix of 7 with
respect to any orthonormal basis for 9 is orthogonal, and so if

n=| ]

a?+b2=1
24+d2=1
ac+bd =0

then it follows that
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Moreover, since det([r]) is the constant term of the minimal polynomial
m,(x) = 72— N7+ 1 =0, we have det(r) =1, that is,

ad—-bc=1

Solving these equations gives d =a and ¢ = -b, and so

=152

Since (a,b) is a unit vector in R?, we can write (a,b) = (cos 8,sin 6),
for some real 6, and so

cos 8 siné
1= .
—-sin f cos @

Thus, we arrive at the following result.

Theorem 10.12 Let t be a unitary operator on a finite dimensional
real inner product space V. Then there is an orthonormal basis for V
for which the matrix of = has the block form

cos #, sin 6,

-sin 6, cos 6,

cos B sin Oy i
-sin 6y cos )
- — block
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Orthogonal Projections
We now wish to characterize orthogonal diagonalizability in terms
of projection operators.

Definition Let V =S®S*. The projection map p:V—S on S along
S* is called orthogonal projection onto S. Put another way, a
projection map p is an orthogonal projection if V = im(p) © ker(p). 0O

Thus, orthogonal projection is just a special type of projection
operator, where ker(p) = im(p)*. Note that some care must be taken
to avoid confusion between the term orthogonal projection and the
concept of projections that are orthogonal to each other, that is, for
which po=0cp=0.

We saw in Chapter 8 that an operator p is a projection operator
if and only if it is idempotent. Here is the analogous characterization of
orthogonal projections.

Theorem 10.13 A linear operator p € L(V) is an orthogonal projection
if and only if it is idempotent and self-adjoint.

Proof. Suppose that p is idempotent and self-adjoint. Then p is
projection on  im(p) along  ker(p), and 'V =im(p) ® ker(p).
Furthermore, if x € ker(p), we have

(p(v),x) = (v,p(x)) =0

and so im(p) L ker(p). Hence, V = im(p)® ker(p), which shows that
p Is orthogonal projection.

For the converse, suppose that p is orthogonal projection. Then
p is idempotent, and we need only show that p is self-adjoint. Since
p is orthogonal projection, we have V = im(p)®ker(p). But if
v € im(p), then v = p(w) and so

p(v) = plp(w)) = pX(w) = p(w) = v

Hence all nonzero vectors in 1m(p) are eigenvectors associated with the
eigenvalue 1. Moreover, if x € ker(p), then

p(x) =0=10x

and so all nonzero vectors in ker{p) are eigenvectors associated with
the eigenvalue 0. Therefore, we can find an orthonormal basis for V
that consists entirely of eigenvectors for p, which means that p is
normal. Finally, since the eigenvalues of p are real, p must be self-
adjoint. 1

Note that for an orthogonal projection p, we have
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(vip(v)) = (v,p*(v)) = (p(¥),p(¥))
The following theorem gives another characterization of orthogonal
projections.

Theorem 10.14 A linear operator p € L(V) is an orthogonal projection
if and only if it is idempotent and || p(v) || < || v]|| forall ve V.

Proof. We leave proof of the necessity as an exercise. Suppose that p
is idempotent and that || p(v)|| < || v]|l. We want to show that V =
ker(p) ® im(p), which can be done, according to Theorem 9.13, by
showing that im(p) C ker(p)*. Now, the key to this is the fact that
V = ker(p) © ker(p)*, which holds for  dim(ker(p)) <o by the
projection theorem. However, we will see in Chapter 13 that it is also
true in general.

Proceeding under this assumption then, for any w € im(p), we
have w=x+y, where x€ ker(p) and y € ker(p)*, and since p is
idempotent,

w = p(w) = p(x) + p(y) = p(y)

Ixl 2+ Iy 2= lwli>= e 12 < Nyl

which implies that ||x|| =0, and hence that x=0. Thus, w=
y € ker(p)*, and so im(p) C ker(p)*, as desired. B

and so

The next three theorems gives some additional properties of
orthogonal projections.

Theorem 10.15

1) If p and o are both orthogonal projections, then po =10
implies op = 0.

2) Two orthogonal projections p and o are orthogonal to each
other if and only if im(p) L im(c). B

Theorem 10.16 Let V be a vector space over a field of characteristic

# 2.

1) Let p and o both be orthogonal projections. Then p+ o isan
orthogonal projection if and only if p L ¢, in which case p+o¢ is
projection on im(p) ®im(o) along ker(p) N ker(c).

2) Let py,...,p, be orthogonal projections. Then p=p, +--+p
is an orthogonal projection if and only if p; L p; for all i #].

3) Let p and o both be orthogonal projections. Then p—o isan
orthogonal projection if and only if

po=0p=o0
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in which case p—o is projection on im(p)Nker(c) along

ker(p) © im(o).
4) Let p and o both be orthogonal projections. If po =op then
po is an orthogonal projection. In this case, po is projection on

im(p) N im(o) along ker(p) ® ker().

Proof. We prove only part (2). If the p;’s are orthogonal projections,
and if p; L p; for all i #j, then pip; =0 for all i#j, and so it is
stralghtforward to check that p =p and that p* =p. Hence, p is
an orthogonal projection. Conversely, suppose that p is an orthogonal
projection, and that x € im(p;). Then p,(x) = x, and so

1122 1l p(x) 1|2 = (p(x),p(x)) = (p(x),x)
=2 _(®0x =Y ls® 2> s 112 = (x|
J

i
which implies that p;(x) =0 for j#i. In other words,

im(p;) C ker(p;) = 2'7rl(pj)L

0= (pj(v)vpj(w» = (Pin(V),W)
for all v,w € V, which shows that pip; =0, that is, p; L ;-

Therefore,

Theorem 10.17 The following statements are equivalent for orthogonal
projections p and o.

1) {(p=o)(v),v)>0 forall veV

2 llom Il < lpml forall veV

3) im(o) C im(p)

4) po=c

5 op=c

If any (and hence all) of these conditions obtain, we say that o is less
than or equal to p, and write o < p.

Proof. Suppose that (1) holds. Then
0 <{(p = a)(v),v) = (p(v),v) = (o(v),v)
= (p(op(V)) = {o(V), o) = [l p(W) || * = |l o(v) || ®

from which (2) follows. Next, suppose that (2) holds. Then for any
v € im(o), we have v =1x+y, where x € im(p) Ly € ker(p). Then,

2
2+ vl 2= vi? = o) 12 < [[pv) || 2= [1x]|?

and so y =0, that is, v € im(p). This proves (3). Now suppose that
(3) holds. Then since ¢(v) € im(s) C im(p) for any v €V, we have

p(o(v)) = o (v)
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and so po =o. Hence, (4) holds. If (4) holds, then op=0c*p* =
(po)* =o* =0, and so (5) holds. Finally, suppose that (5) holds.
Then so does (4), and so p~ ¢ is an orthogonal projection, from which
it follows that

((p=a)(¥),v) ={(p = o) (V)s(p — o) (v)) 2 0
and so (1) holds. B

Orthogonal Resolutions of the Identity

Definition If p,,...,p, are orthogonal projections for which
(10.2) prtetp=1t

is a resolution of the identity, then we refer to (10.2) as an orthogonal
resolution of the identity. 0

The following theorem displays a correspondence between
orthogonal direct sum decompositions of V and orthogonal resolutions
of the identity. It should be compared to Theorem 8.17.

Theorem 10.18

1) If py+---+p,=¢ is an orthogonal resolution of the identity,
then

V =1im(p;) ©--- @ im(p)

2) Conversely, if V=S5,0---0S, and p; is projection on §;
along S, 0---05;0---OS,, where the hat ~ means that the
corresponding term is missing from the direct sum. Then

pl + “en + pk =1
is an orthogonal resolution of the identity.

Proof. To prove (1) suppose that p;+:--+p, =¢ is an orthogonal
resolution of the identity. According to Theorem 8.17, we have

V= im(py) @ @ im(py)
However, since the p;’s are orthogonal, they are self-adjoint, and so for
14,
(pi(v),p5(W)) = (v,p;p5(w)) = 0
which shows that
V = im(p) @ Oim(p)

For the converse, we know from Theorem 8.17 that
py+---+p =1 is a resolution of the identity, and we need only show
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that each p; is an orthogonal projection. But this follows from the

fact that .
im(p;) =5; L (5,0 @S5;0--0S,) = ker(p;) I

The Spectral Theorem
We can now characterize the orthogonally diagonalizable operators
on a finite dimensional complex inner product space.

Theorem 10.19 (The spectral theorem for normal operators) Let
7 € L(V), where V is a finite dimensional complez inner product space.
The following statements are equivalent.

1) 7 is orthogonally diagonalizable, that is,

VvV :8,\1®...®8/\k

2) 7 is normal, that is,

3) 7 has the orthogonal spectral resolution
(10.3) T=Mp+ o+ Ay

where ), €C and where p;+---4p, =¢ is an orthogonal
resolution of the identity.
Moreover, if 7 has the form (10.3), where the X’s are distinct and
the p;’s are nonzero, then the A’s are the eigenvalues of 7 and
im(p;) is the eigenspace of T associated with A;.

Proof. We have seen (Theorem 10.9) that (1) and (2) are equivalent.
Suppose that 7 is orthogonally diagonalizable. We know from
Theorem 8.18 that (10.3) holds for some resolution of the identity, and
we need only observe that since

V = 8’\1®‘“®8’\k

this is an orthogonal resolution. Hence, (3) holds.
Conversely, if (10.3) holds, we have

V = im(p;) ©--- @ im(py)

But Theorem 8.18 implies that im(p;) =8, , and so 7 is orthogonally
diagonalizable. 1 !

In the real case, we have the following.

Theorem 10.20 (The spectral theorem for self-adjoint operators) Let
7 € £(V), where V s a finite dimensional real inner product space.
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The following statements are equivalent.
1) r is orthogonally diagonalizable, that is,

V=8, 008,

2) 7 is self-adjoint, that is,
=7

3) 7 has the orthogonal spectral resolution
(10.4) T:A1p1+"'+Akpk

where A, €R and p;+---+ p, =¢ is an orthogonal resolution of
the identity.
Moreover, if 7 has the form (10.4), where the A’s are distinct and
the p’s are nonzero, then the \’s are the eigenvalues of 7, and
im(p;) is the eigenspace of 7 associated with . 1

Functional Calculus

Let us consider some applications of the spectral theorem. Recall
that if V is a vector space over F,if 7€ £(V), and if p(x) is a
polynomial over F, then the operator p(r) € L(V) is well-defined.
Now, suppose that V is a finite dimensional inner product space, and
7 has spectral resolution 7 =2A;p;+---+ A p. Then pi"=p, for
m > 1, and p;p; =0 for i#j. Thus,

™= (’\lpl L )‘kpk)n = ,\‘11/)1 Feet ﬂpk
and, more generally, for any polynomial p(x) over F,
p(7) = P(A)py + -+ P(N)py

In fact, we can extend this further by defining, for any function
f:{Al,...,/\k}—‘)F,
f(r) =t + - +1N)py

Thus, we may define \/_T-, 71, e", and so on. Notice, however, that
since the spectral resolution of 7 1is a finite sum, we actually gain
nothing (but convenience) by using functions other than polynomials.
To see this, suppose that f:{),...,\ }—=F is any function, and let

f) =«

Then we can find a polynomial p(x) for which p(})=gq; for i=
1,...,k, and so

f(r) = APy + -+ Ak = p(A)py + -+ PN Py = P(7)

The study of the properties of functions of an operator 7 is referred to
as the functional calculus of 7.
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According to the spectral theorem, if V is complex (F = C) and
T is normal, then f(r) is a normal operator whose eigenvalues are
f();). Similarly, if V isreal (F=R), and 7 is self-adjoint, then f(7)
is self-adjoint, with eigenvalues f();). Let us consider some special
cases of this construction.

For each j=1,...,k, if pj(x) is a polynomial for which

Pi(A) =1, pj(X) =0 for i#]
then
Pj(") = P

and so we see that each projection p; is a polynomial function of 7.

If 7 is invertible, then A, ;z 0 for all i, and so we may let
f(x) = x71, giving

T = AT A

as can easily be verified by direct calculation.

If f(A)=2J andif 7 is normal, then each p; is self-adjoint,
and so _ B

f(T) = )‘lpl +“-+/\kpk =r*

The functional calculus can be applied to the study of the

commutativity properties of operators. Here are two simple examples.

Theorem 10.21 Let 7 have spectral resolution
T= APyt ey

Then an operator o commutes with 7 if and only if it commutes
with each p;.

Proof. If o commutes with each p;, then clearly o commutes with
7. For the converse, we simply observe that p; is a polynomial in 7,
and since ¢ commutes with 7, it commutes with any polynomial
in 7. 1

Theorem 10.22 Let V be a finite dimensional complex inner product
space, and let 7,0 € £(V) be normal operators. Then 7 and o
commute if and only if they have the form 7 =p(f), o = q(f), where
p and q are polynomials, and 6 =1(r,0) is a polynomial in 7
and o.

Proof. If 7 and o are polynomials in 6, then they clearly commute.
For the converse, suppose that 7o = o7, and let

T=Apy+ o+ Ay
and
0= pUy+ ot Bty
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be the orthogonal spectral resolutions of 7 and ¢. Then according to
Theorem 10.21, pju; =v; pJ Now, let us choose any polynomial r(x,y)
with the property that a5 = r()\],u) are distinct. Since each p; and
v; is self-adjoint, we may set 6= rzr o) and deduce that

i
0 =r(r,0) = z:ozmpIJ

We also choose p(x) and q(x) so that p(a;;) =X for all j and
q(a;;) = g for all i. Then

p(0) = D (e ey = D _Npiy = (D_Xe)(D_v) = D Ap =
i) i i j i

and similarly, q(8) =o. 1

Positive Operators
One of the most important cases of the functional calculus is when
= \/)—( First, we need some definitions.

Definition A self-adjoint linear operator 7 € L(V) is nonnegative if
(r(v),v) >0 for all veV and positive if it is nonnegative and
(r(v),v) >0 for v#0. D

Theorem 10.23 A self-adjoint operator 7 on a finite dimensional inner
product space is

1)  nonnegative if and only if all of its eigenvalues are nonnegative

2)  positive if and only if all of its eigenvalues are positive.

Proof. If (r(v),v)>0 and 7(v) = Av, then 0 < (r(v),v) = A(v,v), and
so A > 0. Conversely, if all eigenvalues of 7 are nonnegative, then we
have

T=Mp o N A 20

and since = p; +---+ p,
(r(v),v) = Z/\ (i()p() = Xl o) 1220

and so T is nonnegatlve. Part (2) is proved similarly. 1

If r is a nonnegative operator, with spectral resolution
T=Mpto o A 20

then we may take the nonnegative square root of 7,

VT =Vhe e+ Ve
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where \/X; is the nonnegative square root of ;.
It is clear that
(V)?i=r

and it is not hard to see that \/; is the only nonnegative operator
whose square is 7. In other words, every nonnegative operator has a
unique nonnegative square root. Conversely, if 7 has a nonnegative
square root, that is, if 7 = o, for some nonnegative operator o, then
T is nonnegative. Hence, an operator 7 is nonnegative if and only if
it has a nonnegative square root.

Here is an application of square roots.

Theorem 10.24 If 7 and o are nonnegative operators, and 70 = o,
then 7o is nonnegative.

Proof. Since 7 is a nonnegative operator, it has a nonnegative square
root \/1:, which is a polynomial in 7, and similarly for o. Therefore,
since 7 and ¢ commute, so do \/1_' and \/E. Hence,

(V7o) = (VDo) =10

Since \/; and \/E are self-adjoint and commute, their product is
self-adjoint, and so 7o is nonnegative. I

The Polar Decomposition of an Operator

It is well-known that any nonzero complex number z can be
written in the polar form z = re‘o, where r is a positive number, and
# is real. We can do the same for any nonzero linear operator 7 on a
finite dimensional complex inner product space.

Theorem 10.25 Let 1 be a nonzero linear operator on a finite
dimensional complex inner product space V. Then there exists a
unique positive operator p, and a unitary operator v for which 7=
vp. Moreover, if 7 is invertible, then v is also unique.

Proof. Let us suppose for a moment that 7 =wp. Then 7*=
(vp)* = p*v* = pr~! and so
™r = pv~lvp = p?
Also, if v€V, then
7(v) = vp(v)

These equations give us the clue as to how to define p and wv.

Let us define p to be the unique nonnegative square root of the
nonnegative operator 7*r. Then
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(10.5)
Il (V) 112 = (p(v),p(¥)) = (pP(V),¥) = (T*r(v),v) = || 7(v) || 2

Let us define v on the image im(p) by
(10.6) Y(p()) = 7(¥)
for all ve€ V. To see that this is well-defined, observe that (10.5) gives
p(v) = p(w) = p(v—w) =0=| p(v—w)| =0
= r(v=w) | =0 = 7(v) = r(w)

Moreover, v is an isometry (on its domain im(p)), since (10.5) again

gives
(e = 1[I = 1l p(v) |

Since w:im(p)—im(v) is injective, we have

dim(im(p)) = dim(im(v))
and so

dim(im(p)*) = dim(im(v)*")

which means that we may extend v to a unitary map (perhaps in
many ways) v on V. Equation (10.6) then shows that 7 =wvp.
As for the uniqueness, suppose that 7 =vp = v'p’. Then
= p*V*Vp — p2 and 77 = p’*l/,*I/’p/ — (p1)2

and so p? = (p')?, and since p? has a unique nonnegative square root,
we deduce that p=p’. Thus, p is unique. Finally, if 7 is
invertible, then (10.5) shows that p is also invertible. Hence, p is a
bijection, and so (10.6) uniquely determines v. 1

Applying the previous theorem to the map 7%, we get
T= ()" =(vp)* = pr~! = pu
We leave it as an exercise to show that any unitary operator p has the
form p=¢e'9 where o is a self-adjoint operator. This gives the
following corollary.

Corollary 10.26 (Polar decomposition) Let 7 be a nonzero linear
operator on a finite dimensional complex inner product space. Then
there is a unique positive operator p and a self-adjoint operator o for
which 7 has the polar decomposition

T = peld l

Normal operators can be characterized using the polar
decomposition.
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Theorem 10.27 Let 7= pei” be a polar decomposition of a nonzero
linear operator 7. Then 7 is normal if and only if po = op.
Proof. Since o
7 = peleTip = p?
and

we see that 7 is normal if and only if

—io 2 0 _

eI p2el = p?
or equivalently,

(10.7) p2eia — eiap2

Now, p is a function of p% and o is a function of €', and so (10.7)
holds if and only if po =ocp. 1

EXERCISES
1.  Prove that 7 is self-adjoint (unitary) if and only if any matrix
that represents 7, with respect to an ordered orthonormal basis
O, is Hermitian (unitary). (Substitute the correct terms when
F=R.)
2. Show that if 7 is self-adjoint, then so is ™ for any n € N.
3. Let 7€ ZL(V), and let
T, = %(T +7%) and 1, = -21—1(1' -7
Show that 7, and 7, are self-adjoint, and that
r=r1,+ir, and F=r1,-ir,

What can you say about the uniqueness of these representations of
7 and 7*7

4.  Show that a nonzero self-adjoint operator cannot be nilpotent.

5.  Prove that all of the roots of the characteristic polynomial of a
skew-Hermitian matrix are pure imaginary.

6. Prove that if 7 is unitary, then sois 77

7.  Prove that if o,7 are unitary, then sois or.

8.  Prove that a normal operator is unitary if and only if all of its
eigenvalues have absolute value 1.

9. Let 7 be a unitary operator on a finite dimensional inner product
space V. Show that if a subspace S of V is invariant under ,
then so is S*.

10. Give an example of a normal operator that is neither self-adjoint
nor unitary.

11. Prove that if ||7(v)] = ||7*(v)|| for all v€&V, where V is
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12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

complex, then 7 is normal.

Show that if 7 is a normal operator on a finite dimensional inner
product space, then 7* = p(r), for some polynomial p(x) € F[x].
Show that a linear operator 7 on a finite dimensional inner
product space V is normal if and only if whenever S is an
invariant subspace under 7, so is St

Let V be a finite dimensional inner product space, and let 7 be
a normal operator on V.

a) Prove that if 7 is idempotent, then it is also self-adjoint.

b) Prove that if ‘7 is nilpotent, then 7 =0.

¢) Prove that if 72 =73, then 7 is idempotent.

Show that if 7 is a normal operator on a finite dimensional
complex inner product space, then the algebraic multiplicity is
equal to the geometric multiplicity for all eigenvalues of .

Use the results of the previous exercise to show that if 71 s
normal, and if or =70, then or* =7%s. In other words, 7*
commutes with all operators that commute with 7.

Recall that it is possible for two projections to have the property
that op is a projection, but po is not. Show that this cannot
happen if p and o are both orthogonal projections.

Show that two orthogonal projections o and p are orthogonal
to each other if and only if im(a) L im(p).

Show that the spectral resolution of a normal operator is unique.
If v is a unitary operator on a complex inner product space, show
that there exists a self-adjoint operator o for which v = el?.
Show that, in the complex case, we need not specify that 7 is
self-adjoint in defining nonnegative operators.

Show that a nonnegative operator has a unique nonnegative
square root.

Let «;, B; be complex numbers, for i=1,...,k. Construct a
polynomial p(x) for which p(e;) = B; for all i.

Prove that if 7 has a square root, that is, if 7= 02, for some
nonnegative operator o, then 7 is nonnegative.

Prove that a self-adjoint operator on a finite dimensional inner
product space is positive if and only if all of its eigenvalues are
positive.

Prove that if o <71 and if 6 is a positive operator that
commutes with both ¢ and 7, then o8 < 76.

Does every self-adjoint operator on a finite dimensional real inner
product space have a square root?

Let 7 be a liner operator on C", and let A;,...,A, be the
eigenvalues of 7, each one written a number of times equal to its
algebraic multiplicity. Show that
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D 112 <tn(r*n)
i

where ir is the trace, defined in the exercises in Chapter 8. Show
also that equality holds if and only if 7 is normal.
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Ezercises.

Symmetric, Skew-Symmetric and Alternate Forms

In this chapter, we study vector spaces over arbitrary fields that
have a bilinear form defined on them. As we will see, the study of such
vector spaces has a very geometric flavor, and hence so does the
terminology.

Unless otherwise mentioned, all vector spaces are assumed to be
finite dimensional. The symbol F denotes an arbitrary field, and Fy
denotes a finite field of size q.

Definition Let V be a vector space over F. A mapping (,):VxV—F
is called a bilinear form if it is a linear function of each coordinate, that
is, if

(ax + By,z) = afx,z) + B(y,2)
and

(Z,OZX + ﬂY) = a(z,x) + IB(ZaY)
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A bilinear form is
1) symmetric if

(x,y) = (v,x)
for all x,y€V.
2)  skew-symmetric if
(X,Y) = _<Y7x)
for all x,yeV.
3) alternate if
(x,x) =0

forall xeV. O

Definition A bilinear form that is either symmetric, skew-symmetric, or
alternate is referred to as an inner product, and a pair (V,(,)), where V
is a vector space and (,) is an inner product on V, is called a metric
vector space. []

Notice that the real inner products discussed in Chapter 9 are
inner products in the present sense and have the additional property of
being positive definite. On the other hand, the complex inner products
of Chapter 9, being sesquilinear, are, not inner products in the present
sense. Note also that metric vector spaces should not be confused with
metric spaces, which we will study in the next chapter.

As is traditional, when the inner product is understood, we will
use the phrase “let V be a metric vector space.”

Definition Let V be a metric vector space over a field F. If () is
symimetric, then V is called an orthogonal geometry over F, and if
(,) is alternate, then V is called a symplectic geometry over F. [

Thus, a real inner product space is an orthogonal geometry, but a
complex inner product space is not an orthogonal geometry.

As we will see, not all metric vector spaces behave as nicely as the
real inner product spaces, and this necessitates the introduction of a
new set of terminology to cover various types of behavior. Here is one
example.

Definition A metric vector space is nonsingular (or nondegenerate) if
(x,v)=0 forallveV = x=0 0

Example 11.1  Minkowski space @M is the four-dimensional

nonsingular real orthogonal geometry R® with inner product defined

by
(er,e) = (eye;) = (e5,e5) = 1
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(egey) = -1, and (e;e;) =0 for i#]j

where e;,...,e, is the standard basis for R &

The concepts of being symmetric, skew-symmetric and alternate
are not independent. However, their relationship depends on the
characteristic of the base field F.

Theorem 11.1 Let V be a vector space over a field F.

1)  If char(F) =2, then a bilinear form on V is skew-symmetric if
and only if it is symmetric. Furthermore, an alternate bilinear
form is symmetric (and skew-symmetric).

2) If char(F) # 2, then a bilinear form on V is skew-symmetric if
and only if it is alternate.

Proof. First, we observe that for any field, if (,) is alternate, then

0= <X +yx+ Y> - (X,X) + (x,Y> + <st) + (YJ) = (X,Y) + (st)

Thus,
(xy) +(y:x) =0
or
<X’Y> = _<Y5x)

which shows that (,) is skew-symmetric. Thus, alternate implies skew-
symmetric.

Now, if char(F) =2, then -a=a for all a€F, and so the
definitions of symmetric and skew-symmetric are equivalent. Suppose

that char(F) #2. Then if (,) is skew-symmetric, for any x€V, we
have
(xx) = —(xx)
or
2(x,x) =0

which implies that (x,x) = 0. Hence, (,) is alternate. 1
Theorem 11.1 tells us that we do not need to consider skew-

symmetric forms per se, since skew-symmetric is always equivalent to
either symmetric or alternate.

Example 11.2 The standard inner product on V(n,q), defined by

(xl,...,xn) . (yl,...,yn) =X1¥1 + e +xnyn
is symmetric, but not alternate, since

(1,0,...,0) - (1,0,...,0) =1 £ 0 0
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The Matrix of a Bilinear Form
If B=(b;,...,b,) is an ordered basis for a metric vector space
V, then the form (,) is completely determined by the nxn matrix of

values
My = (a35) = ((Byby)

which is referred to as the matrix of the form (,) with respect to the
ordered basis B.
Observe that if x=Xx;b; and y= EyJ then

y)= D D xy(bpby) = Z (E%YJ) [Xg Mglylq
1 J

where [x]g and [¥lq are the coordinate matrices of x and y,
respectively.

Notice also that a form is symmetric if and only if the matrix
Mgy = (a;;) of the form satisfies

a5 = 34,

for all 1<1i,j<n, that is, if and only if Mg, is a symmetric matrix.
Similarly, a form is alternate if and only if tiBe matrix M% (3 ,J) of
the form satisfies

ai,i = 0, au = —aj’i (i #j)
Such a matrix is referred to as alternate.

Now let us see how the matrix of a form behaves with respect to a
change of basis. Let C=/(c;,...,¢,) be an ordered basis for V. Recall
from Chapter 2 that the change of basis matrix MC B whose ith
column is [c}]qy, satisfies

["]93 = Mc,gg["]c

Hence,
(X’Y) = [x].IG_-B M%[Y]%
= ([X]E ME,qB )M%(MC,QB[Y]C )
= IxJe (Mg g MgMe q)l¥le
and so

AT
Me =Me g MgMe g
This prompts the following definition.

Definition Two matrices A, B € b (F) are said to be congruent if
there exists an invertible matrix P for which

A = PBPT 0
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(Setting Q = P’ gives PBP" = Q"BQ, and so it doesn’t matter
whether we use PBPT or P'BP in the preceding definition.) Let us
summmarize.

Theorem 11.2 If the matrix of a bilinear form on V with respect to
an ordered basis B = (b,,...,b ) is

My = ((b;,b;))

then
-

(xy) = [xlg Mey[y]ey
Furthermore, if € =(c,,...,c,) is also an ordered basis for V, then we
have

r

Me=Meq MgMe g

where M is the change of basis matrix from € to B, whose ith

column is [ci]‘fB' 1

Thus, if two matrices represent the same bilinear form on V, they
must be congruent. Conversely, congruent matrices represent the same
bilinear form on V. For suppose that B = Mg, represents a bilinear
form on V, with respect to the ordered basis B, and that

A =P"BP

where P is nonsingular. We saw in Chapter 2 (see the discussion
following Theorem 2.12) that there is an ordered basis € for V with
the property that

P= MC,G.B
and so

.
A=Me g MgMe g

Thus, A = Me represents the same form with respect to C.

Theorem 11.3 Two matrices A and B represent the same bilinear
forms on V if and only if they are congruent. R

In view of the fact that congruent matrices have the same rank,
we may define the rank of a bilinear form to be the rank of any matrix
that represents that form.

Note that a metric vector space V is nonsingular if and only if
the matrix Mg, is nonsingular, for any ordered basis B.

If A anaB B are congruent matrices, then

det(A) = det(PAPT) = det(P)%det(B)

and so det(A) and det(B) differ by a square factor. The
discriminant of a bilinear form is the set of all determinants of the
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matrices that represent the form under all choices of ordered bases.
Thus, if det(A) =d for some matrix A representing the form, then
the discriminant of the form is the set {r?d|0#reF}. While it is
true that the discriminant often does not give us much information
about the matrix of the form in question, we will see a case where the
discriminant is a complete invariant for congruence of matrices.

Quadratic Forms
There is a close link between symmetric bilinear forms and
another important type of function defined on a vector space.

Definition A quadratic form on a vector space V is a map Q:V—F
with the following properties

1) Q(v)=r%Q(v) forall reF,veV

2) The map (uv)q=Q(u+v)—-Q(u)-Q(v) is a (symmetric)

bilinear form. [1

Every quadratic form Q defines a symmetric bilinear form, by
(2). On the other hand, if char(F) #2, and if (,) is a symmetric
bilinear form on V, then we can define a quadratic form Q by

Q(x) = %(x,x)

We leave it to the reader to verify that this is indeed a quadratic form.
Moreover, if Q is defined from a bilinear form in this way, then the
bilinear form associated with Q is

(u,v)q = Q(u+v) — Q(u) - Q)
=u+ v,u+v) —Huu) - Lv,v)
= %(u,v) + %{v,u) = (u,v)

which is the original bilinear form. In other words, the maps (,)—Q
and Q—»(,)Q are inverses, and so there is a one-to-one correspondence
between symmetric bilinear forms on V and quadratic forms on V.

Again assuming that char(F)#2, if ®=(by,...,b) is an
ordered basis for an orthogonal geometry V, and if the matrix of the
symmetric form on V is Mg, = (a;;), then for x = Ix;b;,

Q(X) (X,X) %[ ]Q'B M{g x]fB ZQa’l,] XX

and so Q(x) = Q(xq,...,X,) is a homogeneous polynomlal of degree 2

in the coordinates x;. (The term form means homogeneous

polynomial — hence the term quadratic form.)



11 Metric Vector Spaces 211

Linear Functionals

Let V be a metric vector space over F. The vector space of all
linear functionals on V is known as the algebraic dual space of V and
is denoted by V*. Moreover, for finite dimensional vector spaces, we
have dim(V) = dim(V™).

Now let x €V, and consider the map ¢_:V—F defined by

bx(v) = (v,x)
which is easily seen to be a linear functional. Hence, we can define a
function 7:V—V* by
7(X) = ¢,
This function is easily seen to be linear, and its kernel is
{xeV|g, =0} ={xeV|(vx)=0 forall veV}

Hence, if V is nonsingular, the kernel of 7 is the zero subspace, and
7 is injective. Moreover, since dim(V) = dim(V*), we deduce that =
is surjective, and so it is an isomorphism from V onto V*. This
implies that every linear functional on V has the form ¢, for some
xeV. We have proved the Riesz representation theorem for
nonsingular metric vector spaces.

Theorem 11.4 (The Riesz representation theorem) Let V be a
nonsingular metric vector space, and let f& V* be a linear functional
on V. Then there exists a unique vector x € V for which

f(v) = (v,x)
forall veV. 1

Orthogonality

A vector x is orthogonal to a vector 'y, written x Ly, if
(x,y) = 0. Any nonzero vector x that is orthogonal to itself is called a
null vector, or an isotropic vector.

The following result explains why we restrict attention to
symmetric or alternate forms (which includes skew-symmetric forms).

Theorem 11.5 Let (,) be a bilinear form on V. Then orthogonality is
a symmetric relation, that is,
(11.1) xly & ylx

if and only if (,) is either symmetric or alternate. Thus, in these cases,
we may use the phrase “x and y are orthogonal.”

Proof. It is clear that (11.1) holds if (,) is symmetric. If (,) is
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alternate, then it is skew-symmetric, and so (11.1) also holds. For the
converse, suppose that (11.1) holds. For x,y and z in V, let

w = (x,¥)z — (x,2)y

Then x L w, and so by assumption, w L x. But this is equivalent to

(11.2) (x,y)(zx) — (x,3)(y,x) = 0
Setting y = x gives

(11.3) (x,%) ((z,x) - (x,z)) =0
for all vectors x and z in V. Exchanging x and 1z and
multiplying by -1, give

(2,2) ((z,x) - (x,z)) =0
Thus, we deduce that, for any vectors w and v in V, if
(u,v) # (v,u), then uw and v are null vectors. Equivalently, if u is
nonnull, then (u,v) = (v,u) forall veV.

Now, suppose that (,) is not symmetric. Then there exists
vectors u and v for which (u,v)# (v,u). Hence (u,u)= (v,v)=0.
We wish to show that (a,a) =0 for any a €V, which will show that
(,) is alternate.

Since u is null,

(11.4) (u+ a,u+ a) = (u,a) + (a,u) + (a,a)
Now, if a were nonnull, then (a,x)=(xa) for all x€V; in
particular, (a,u) =(u,a) and (a,v) = (v,a). Furthermore, setting y =
a,x=u,z=v in (11.2) gives

(u,a)(v,u) — (u,v){a,u) = 0

which is equivalent to

(u,a) ((v,u) - (u,v)) =0
and since (u,v) # (v,u), we must have

(au) = (u,a) =0
Similarly,
(a,v)=(v,a)=0
Hence, (11.4) becomes
(u+a,u+a)=(aa)
But
(u+a,v) = (u,v) # (v,u) = (v,u+a)

and so u+a is also null, showing that (a,a) =0, which contradicts
the assumption about a. Hence, all a€V are null, and (,) is
alternate. 11
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Orthogonal Complements

If S is a subset of a metric vector space V, then S inherits the
metric structure from V. With this structure, we refer to S as a
subspace of V.

Definition Two subspaces S and T of a metric vector space V are
orthogonal, denoted by S LT, if (st)=0 for all s€S and teT.
The orthogonal complement of S, denoted by S*, is the set

St={veV|vLlS}) 0

Definition If V is a metric vector space, then V* is called the radical
of V, and denoted by Rad(V). O

Thus, V is nonsingular if and only if Rad(V) = {0}. Note that
if S is a subspace of V, then the radical of S is Rad(S) =SNS".

It should be emphasized that the properties of orthogonality can
be quite different for arbitrary base fields than for the familiar case of
the real base field. For instance, in the case of real metric vector
spaces, we have SNS" = {0}, whereas in the case of metric vector
spaces over finite fields, for instance, we may even have S =S, as the
next example shows.

Example 11.3 It is easy to see that the subspace
S = {0000,1100,0011,1111}

of V(4,2) has the property that S=S*. Note that V(4,2) is
nonsingular, and yet the subspace S is quite singular. 0

The previous example notwithstanding, we do have the following
important result concerning dimensions.

Theorem 11.6 If S is a subspace of a nonsingular metric vector space
V, then
dim(S) + dim(S*) = dim(V)

Proof. For each veV,let ¢, be the linear functional in S* defined
by
¢:S—F, ¢, (u) = (u,v)
We define a map 7:V—S* by
T(v) = ¢,
This map is linear, and its kernel is

ker(r) ={veV|¢, =0} ={veV|{uv)=0 forall ueS}=5"
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Moreover, by the Riesz representation theorem, the restriction
7| S:S—>S"‘ is surjective, and so a fortiori, T is surjective, that is,

(1) =S
The theorem then follows from the fact that
dim(im(7)) + dim(ker(7)) = dim(V) |

Theorem 11.7 If S is a subspace of a nonsingular metric vector space
V, then

1) s*=s

2)  Rad(S) =SNS" = Rad(S) i

Let us summarize the terminology related to orthogonality in
metric vector spaces. (Unfortunately, authors vary somewhat on their
use of the term isotropic.)

Definition Let V be a metric vector space.
1) A nonzero x €V is null, or isotropic, if (x,x) = 0.
2)  The radical of V is Rad(V)=V".

3) V is nonsingular, or nondegenerate, if V* = {0}.

4) V isnullif (u,v)=0 forall uveV,thatis, if V*=V.
5) V is isotropic if V contains at least one isotropic vector.
6) V is anisotropic if V contains no isotropic vectors.

7) V is totally isotropic if all vectors in V are isotropic. [I

Orthogonal Direct Sums

Definition Let V be a metric vector space. If S and T are
subspaces of V with the property that V=S&T and S _L T, then
we say that V is the orthogonal direct sum of S and T and write
V=SoT. 0

In view of Example 11.3, it is reasonable to ask under what
conditions on a subspace S is it true that V=S®S". The answer is
given by the following theorem.

Theorem 11.8 Let S be a subspace of a nonsingular metric vector
space V. The following statements are equivalent.

1) S is nonsingular 2) S* is nonsingular
3) Sns*={0} 4) V=S+s*
5 V=SoSs*

Proof. According to Theorem 11.7, statements 1, 2 and 3 are
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equivalent. For any subspaces S and T of a vector space V,
dim(S 4+ T) = dim(S) 4 dim(T) — dim(SNT)
and so
dim(S + S*) = dim(S) + dim(S*) — dim(SN S*)
= dim(V) — dim(S N S*)
which shows that 3 is equivalent to 4, and that 4 implies 5. Since 5
clearly implies 4, the proof is complete. 1

Most of the important results that we have established so far
require that the space be nonsingular. Fortunately, the following
theorem says that we may restrict attention to such spaces, without
loosing any important structure.

Theorem 11.9 Let V be a metric vector space. Then
V = Rad(V)0®S
where Rad(V) is null and S is nonsingular. 1

Proof. Let S be a complement of Rad(V), that is, V = Rad(V) ®S.
Since all vectors are orthogonal to Rad(V), we have Rad(V) LS, and
so V= Rad(V)®S. Now, if ve& Rad(S), then v.1S andso vLlV,
which implies that v € Rad(V)NS = {0}, that is, v=0. Hence,
Rad(S) = {0}, that is, S is nonsingular. §

Quotient Spaces

In general, if S is a subspace of V, the quotient space V/S does

not inherit a metric structure from V. However, if S = Rad(V)=V*,

then V/Rad(V) does inherit the metric structure of V as follows. Let
(u+ Rad(V),v+ Rad(V)) = (u,v)
To show that this inner product is well defined, we observe that if
u+ Rad(V) = u' + Rad(V)
then u=u'+r, where r€ Rad(V). Hence,
(u+ Rad(V),v+ Rad(V)) = (u,v)
= (u' +r,v) = (u',v) = (v’ + Rad(V),v+ Rad(V))

and similarly for the second component.
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Symplectic Geometry — Hyperbolic Planes

Let us consider a nonsingular symplectic geometry V. Thus, by
definition, every vector in V is null. Given wu €V, there must exist a
veV for which (u,v)#0, since V is assumed nonsingular. Consider
a two-dimensional subspace H with basis {u,v}. Then

(u,u) = (v,v) =0

1

and (u,v) =a#0. Replacing v by a™'v, we can assume that

(g,v) =1, (v,u)=-1

The subspace H, thought of as a metric vector space, has matrix with
respect to the basis {u,v}

We pause for a definition.

Definition Let V be a metric vector space. If u,v &€V have the

property that
(u,u) = (v,v) =0, (uv)=1

the ordered pair (u,v) 1is called a hyperbolic pair, and the subspace
H = span{u,v} is called a hyperbolic plane. Any space of the form
H,®---0Hy, where each H; is a hyperbolic plane, is called a
hyperbolic space. [

Note that in an orthogonal geometry, if (u,v) is a hyperbolic pair,
then (v,u) =1, but in a symplectic space, (v,u) = -1.

Now let us return to the discussion at hand. Since H is
nonsingular, we have V=H®HJ', where H' is also nonsingular.
Hence, we may repeat the preceding construction in H", to obtain an
orthogonal decomposition of V of the form

V=H,0H,0---OHy
where each H; is a hyperbolic plane. This proves the following result.
Theorem 11.10  Any nonsingular symplectic geometry V is a
hyperbolic space, that is,

V= H1®H2®”'®Hk

where each H; is a hyperbolic plane. Thus, there is a basis for V for
which the matrix of the form is
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<

(=]

0
-1

1
0

In particular, the dimension of V is even. [

Corollary 11.11 Any symplectic geometry V has the form
V=H,0H,0---0H, ON

where each H; is a hyperbolic space, and N is a null space. [

Orthogonal Geometry — Orthogonal Bases

The structure of orthogonal geometries is more closely tied to the
characteristic of the base field than is the case for symplectic
geometries.

Definition Let V  be an orthogonal geometry. A basis B =
{u;,...,u,} for V is said to be orthogonal if (ui,uj) =0 for i#j.0

A basis B for V is orthogonal if and only if the matrix M“.B of
the form is diagonal. It happens that any orthogonal geometry has an
orthogonal basis, provided that in case char(F) = 2, we exclude the case
where V is both orthogonal and symplectic, since noe nonnull symplectic
geometry can have an orthogonal basis. (The matrix with respect to
such a basis would have 0Os off the diagonal, by orthogonality of the
basis and 0Os on the diagonal, by virtue of V being symplectic.)

Clearly, we may exclude from consideration the case where V is
null, since in this case, all bases are orthogonal.

Let us consider first the case where V is nonsingular, orthogonal,
and char(F) #2. Let ué€V have the property that (u,u) #0. Such a
vector must exist, for if not, then V would be symplectic, and for
char(F) # 2, there are no nonnull metric vector spaces that are both
orthogonal and symplectic. Since the subspace S = span{u} is
nonsingular, we have

Vv=Sos

where S is nonsingular and orthogonal. Hence, we can repeat the
argument on S*, to get

Vv=SoToT!

where S and T are one-dimensional subspaces. Continuing in this
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way, we get
V = Sl®'°'®sn

where S; is spanned by a vector w; for which (u;,u;) # 0. Hence, the
basis {u,,...,u } is an orthogonal basis for V. Theorem 11.9 then
implies that any orthogonal metric vector space (singular or
nonsingular), with char(F) # 2, has an orthogonal basis.

As to the case where V s nonsingular, orthogonal and
char(F) = 2, assuming that V is not symplectic implies that there is a
nonnull vector u in V, and so we have

V=Sos*

just as before. Now, we know that S* is nonsingular and orthogonal.
If it is not symplectic, then we may choose another nonnull vector and
repeat the process. This will continue until we meet a nonsingular,
orthogonal, symplectic subspace T of V, which is the orthogonal sum
of hyperbolic planes, according to Theorem 11.10. Hence, we have

V=50-0S,0H 0---0H,

Now, we leave it to the reader to show that a matrix of the form

0
M= 0
1

oo
(=T o e}

where a # 0, is congruent to a diagonal matrix. Hence, we can replace
the basis vectors for S, and H; by basis vectors that will replace
Sy OH; by Ty O Ty 41 ©Ty 9, where each summand has dimension 1.
Continuing with this process, we eventually get V as an orthogonal
sum of one-dimensional subspaces, and so V has an orthogonal basis.
Another appeal to Theorem 11.9 handles the general (singular and
nonsingular) case.
Let us summarize.

Theorem 11.12 Let V be an orthogonal geometry. Provided that V
is not symplectic as well when char(F) =2, then V has an ordered
orthogonal basis B = (u;,...,u,z,...,z,) for which (un) =a; #0
and (z,z)=0. Hence, Mg, has the diagonal form

— _
al.
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with k ones and m zeros on the diagonal. Furthermore, the number
k is the rank of the bilinear form, and so k 1is uniquely determined
by V. 1

Corollary 11.13 Let M be a symmetric matrix. If char(F) =2, we
assume that M has a nonzero entry on the diagonal. Then M is
congruent to a diagonal matrix. (1

The Structure of an Orthogonal Geometry

According to Corollary 11.13, for char(F) #2, any symmetric
matrix over F is congruent to a diagonal matrix. However, since two
distinct diagonal matrices can be congruent, we cannot say that the
diagonal matrices form a set of canonical forms for congruence.

It should come as no surprise that the determination of a set of
canonical forms for congruence depends on the properties of the base
field. To see this more clearly, suppose that B = (by,...,b ) is an
ordered orthogonal basis for V, and so the matrix of the form has the
diagonal form

a
a
— 2
Mg, = "
all
If ry,...,r,
ordered orthogonal basis for V, and

(ribi,rjbj) = rirj(bi,bj) = r?éi’j

are nonzero scalars, the set C=(r;b;,...,r,b ) is also an

Hence the matrix of the bilinear form with respect to C is

2
a,

2
rya,

2
Thén

Thus, by a simple change of basis, we can multiply any diagonal entry
by a nonzero square in F.

Before considering some possibilities, we have the following
definition.

Definition An orthogonal basis {u,,...,u,} for V is an orthonormal
basis if (u;,u;) =1 for all i. 0



220 11 Metric Vector Spaces

Algebraically Closed Fields

A field F with the property that every polynomial p(x) € F[x]
splits into linear factors over F is said to be algebraically closed. For
example, the field of complex numbers is algebraically closed. However,
the field of real numbers is not algebraically closed.

If F is algebraically closed, then the polynomial x“—r =0 has
a solution in F, that is, every element of F has a square root in F.
Therefore, we may choose r;= \/'?Ti in (11.5), which leads to the
following result.

2

Theorem 11.14 Let V  be an orthogonal geometry over an
algebraically closed field F. Provided that V is not symplectic as well
when char(F) =2, then V has an ordered orthogonal basis B =
(ay,..r0y,%),...,2%,) for which (uw,n)=1 and (z,%)=0, and so
M“.B has the diagonal form

M‘:'B = Zk,m = 0

0

with k ones and m zeros on the diagonal. Furthermore, the number
k is the rank of the bilinear form, and so k is uniquely determined
by V. In particular, if V 1is nonsingular as well, then V has an
orthonormal basis. 1

The matrix version of Theorem 11.14 follows.

Theorem 11.15 Let ¥ be the set of all nxn symmetric matrices over

an algebraically closed field F. In case char(F) =2, we restrict ¥ to

be the set of all symmetric matrices with at least one nonzero entry on

the main diagonal.

1) Any matrix in ¥ is congruent to a unique matrix of the form
Ly for some k=0,...,n and m=n-k.

2)  The set of all matrices of the form Iy for k+m=n, isa set
of canonical forms for congruence on .

3) The rank of a matrix is a complete invariant under congruence
on ¥. 1

The Real Field R
As we have remarked, the real field R is not algebraically closed.
However, referring to (11.5), we can choose 1;=,/Ta;[, so that all

1
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diagonal elements will be either 0,1 or -1.

Theorem 11.16 (Sylvester’s law of inertia) Any orthogonal geometry
V  over the real field R, has an ordered orthogonal basis B =
(ul,...,uk,vl,...,vm,zl,...,zp) for which (u,u) =1, (v;,v;) =-1 and
(%,%,) = 0. Hence, the matrix Mg has the diagonal form

1

Moy =Zypnp =

0

with k ones, m negative ones, and p zeros on the diagonal.
Moreover, the numbers k, m and p are uniquely determined by V.

Proof. We need only prove the uniqueness statement. Let

P = spanf{uy,...,w}, N =span{vy,...,v}, D= span{zl,...,zp}

Then if v=Xru; € P, we have
(V,V) Erl )’E Zrirj( Erlj i 21‘12 20
ij

and so the bilinear form (,) is positive definite on P. Similarly, the
form is negative definite on N, that is, (v,v) <0 for all veWN.
Finally, the form is zero on 2. Now suppose that C is an ordered
basis of a similar type to B, and

P = span{d,.. "ﬁi}’ N = span{¥,,..., 9}, B = span{z,,.. - 5}
Then L
P N span{N,%} = {0}
for if ve?® then (v,v)>0 andif ve span{N,Z}, then (v,v) <0,
and so ve€ PNspan{N,Z} implies that (v,v) =0, that is, v=0.
Thus, if dim(V) =n, then
dim(P) + dim(span{N,B}) < dim(V)
that is,
p+(n—-p)<n

Hence p <p. By symmetry, p<p and so p=7p. In a similar way,
we deduce that n=7n and z=7Z. I
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Here is the matrix version of Theorem 11.16.

Theorem 11.17 Let ¥ be the set of all nxn symmetric matrices over

the real field R.

1)  Any matrix in ¥ is congruent to a unique matrix of the form
Zy m p for some k, m and p=n-k-m.

2)  The set of all matrices of the form Z ,,, , for k+ m+p=n isa
set of canonical forms for congruence on .

3) The pair (k,m), or equivalently the pair (k+m, k—m), is a
complete invariant under congruence on ¥. The number k+m
is the rank of the form, and k —m is called the signature of the
form. 1

Finite Fields
To deal with the case of finite fields, we need two preliminary
results.

Theorem 11.18 Let F_ be a finite field with q elements.

1) If char(F,)) =2, then every element of F is a square.

2) If char(F) #2, then exactly half of the nonzero elements of F
are squares. Moreover, if X is any nonsquare in F, then all
nonsquares have the form r?x, for some r € F.

Proof. We first remark that, in any field F, the equation x?=1 has
two solutions x=1 and -1, which are distinct if and only if
char(F) #2. Now, let F=F_, and let F* be the set of all nonzero
elements in F. Consider the set

(F9? = {a? |a € F*}
of all nonzero squares in F. Observe that, for a,b € F*
a?=b? & (ab)2=1 & abl=%1 & a= +b

Thus, if char(F) = 2,
2

a?=b? & a=b

and so (F*)2=F* which proves part (1). On the other hand, if
char(F) # 2, then the map {a,—a}—a? is a one-to-one correspondence
between the set of pairs of (distinct) elements of F and (F*)2, and so
|F*| =2]|(F*)?|. We leave proof of the last statement to the reader.l

Definition A bilinear form on V is universal if for any 0 #r € F, there
exists a vector v for which (v,v) =r. [

Theorem 11.19 Let V be a nonsingular orthogonal geometry over a
finite field, with dim(V) >2 and char(F) # 2. Then the bilinear form
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of V is universal.

Proof. Suppose first that V contains a null vector u. Since V s
nonsingular, there must exist a vector v in V for which {uyv} is
linearly independent, and (u,v)#0. Let w=ou+pfv. For any
¢ # 0, we want to determine a and S so that

(11.6) c = (w,w) = 2a(u,v) + B(v,v)

But, setting (8 = 1, this is easily solved for «. Hence, in this case, (,)
is universal.

Now suppose that V has no null vectors, and that {u,v} are
linearly independent, with

(uu)=a#0, (vyw)y=b#0, (av)=0
Let w=cau+ Av. We want to find « and S for which
c=(w,w) = aa® +bg?

Replacing a by ac and b by bc and dividing by ¢ # 0, our goal is
to show that, in any finite field of characteristic different from 2, the
equation

(11.7) ac? +bg? =1

always has a solution (a,f).
If a is asquare, then we may set B =0, to get
o :a'l, or a=vVa!
Similarly, if b is a square, we may set a =0 and solve for 3. So let
us assume that a and b are nonsquares.
Observe that -1 is the sum of squares in F, since if q=p",
the characteristic of F is p, and so

1=124...412

where there are p—1 summands on the right. Hence, any number
c € F is the sum of squares, since

de=(14¢)2+ (-1)(1—¢)?

From this, we deduce that the sum of two squares cannot always be a
square, for then all elements of F, would be squares, contradicting
Theorem 11.18. Hence, there exist nonzero squares r and s in Fq
for which r?+s? is a nonsquare.

Thus, a, b and 2 +s% are all nonsquares in Fo Since
Theorem 11.18 implies that the product of any two nonsquares is a
square, we deduce that

b=u%a and ri+s’= via
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for some u,v € F. Setting o =r/av and B =s/uva gives

2,.2
ao +bp? = ar? n bs? =ar2u2+b52=b(f +8 )= b
a2V2 u2V2a2 u2V232 u2V2a2 UZa

I

This completes the proof. §

Now we can proceed with the business at hand. Let us settle the
case char(F) = 2 first.

Theorem 11.20 Let V be an orthogonal geometry over a finite field
F, with char(F) =2. If V is not symplectic, then V has an ordered
orthogonal basis B = (uy,...,u,32,...,%,) for which (u,,u;)=1 and
(z,%) =0, and so Mg, has the diagonal form

1 7]

0

with k ones and m zeros on the diagonal. Furthermore, the number
k is the rank of the bilinear form, and is uniquely determined by V.
In particular, if V is nonsingular, then V has an orthonormal basis.

Proof. Referring to (11.5), since every element of F has a square root,
we may take r; = \/E. 1

1

The case char(F) # 2 is a bit more difficult.

Theorem 11.21 Let V be an orthogonal geometry over a finite field
F, with char(F) # 2. Then there exists a nonzero number d, and an
orthogonal basis B = (uy,...,u,2,...,%,) for which

(wu) =1 for 1 <i<k-1, (w,wm)=4d, (z,3)=0

Hence, the matrix of the form in this basis is

1
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The rank k of this matrix is uniquely determined by V. The number
d is uniquely determined, up to multiplication by a square in F, by
V. Moreover, the set {r?d |0 #r € F}, which is the discriminant of the
form when V is nonsingular, is uniquely determined by V.

Proof. We know that there is an ordered orthogonal basis B =
(ugy.noyWzy,..,zy)  for which  (uwuw)=a,#0 and (z,%)=0.
Hence, Mg has the diagonal form

LS
(11.8) M, = ¥

0

Now, consider the orthogonal geometry V, = span{u;,u,}. Then V,
is nonsingular, since (u;,u;) # 0, and so the form (,), restricted to V,
is universal. Hence, there exists a v; € V; for which (v;,v;) = 1.

Since {uy,u,} is a basis for V,, we have v, =ru; +su,. If s=
0, then we form the ordered basis B, = (vy,u,,...,m,2%,...,2, ). The
matrix of the form with respect to this basis is the same as (11.8),
except that it has a 1 in the upper left corner (in place of a;). If
s # 0, then we form the ordered basis B, = (v,uy,u3,...,,2,,...,2,),
which will have the effect of replacing a; by 1 and a, by a;.

We now repeat the process with the subspace V, generated by
the second and third vectors in the new ordered basis %B,. Continuing
in this way, we can replace each a; by a 1, for 1<i<k-1. We
leave the remainder of the proof to the reader. 1

Isometries
We now turn to a discussion of isometries on metric vector spaces.

Definition Let V and W be metric vector spaces. We use the same
notation (,) for the bilinear form for each space. A bijective linear
map 7:V—-W is called an isometry if

(ru,7v) = (u,v)

for all vectors u and v in V. If an isometry exists from V to W,
we say that V and W are isometric, and write V ~ W. It is evident
that the set of all isometries from V to V forms a group under
composition, called the group of V.

If V is a nonsingular orthogonal geometry, an isometry from V
to V is called an orthogonal transformation. If V is a nonsingular
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symplectic geometry, an isometry from V to V is called a symplectic
transformation. [

Note that an isometry 7€ £(V) is always injective if V s
nonsingular. (It is customary in the theory of metric vector spaces to
require an isometry to be bijective, unlike the special case of real or
complex inner product spaces.) Here are a few of the basic properties of
isometries.

Theorem 11.22 Let 7€ £(V,W) be a linear transformation between
finite dimensional metric vector spaces V and W.
1) Let B={vy,...,v,} beabasisfor V. Then 7 isan isometry if
and only if 7 is bijective, and
(Tvi,ij) = (vi,Vj>
for all i,j.
2) If char(F)#2, then 7 is an isometry if and only if it is bijective

and
(r(v),m(v)) = {v,v)
forall veV. 1

Theorem 11.23 Let 7€ £(V) be a linear operator on a finite
dimensional metric vector space V. Let B=(vy,...,v,) be an
ordered basis for V, and let Mg, be the matrix of the form relative to
®B. Then 7 is an isometry if and only if

(11.9) [y Mgylrlg = Mg
Proof. Dropping the subscript B for readability, we have

(xy) = [ Mgly]

(r(x),7(y)) = [r(0)] Mgy[r(y)] = [x]"[r]" Mgy[][y]

and

Hence
(xy) = (r(x),7())
for all x,y € V if and only if
[ Myly] = [X]"[7] My[7]ly]
for all x,y € V, which holds if and only if
Mg, = [T]TMGB[T] 1

If 7 is an isometry, then (11.9) holds, and we may take

determinants to get
det(Mgy) = det([r]) det(Mgp)
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Therefore, if V is nonsingular, then det(M%) # 0, and so
det([r]q) = £ 1

Since the determinant is an invariant under similarity, we can make the
following definition.

Definition Let 7€ £(V) be an orthogonal transformation. The
determinant of 7 is the determinant of any matrix [r]e, representing
7. If det(r) =1, then 7 is called a rotation, and if det(r) = -1, then
T is called a reflection. 1

Because the Riesz representation theorem is valid in any
nonsingular metric vector space, we can define the adjoint 7* of a
linear map 7 exactly as we did in Chapter 9, that is, by the condition

(r(v),w) = (v,7(w))

Theorem 11.24 Let 1€ £(V) be a linear operator on a finite

dimensional nonsingular metric vector space V.

1) 7 is an isometry (orthogonal transformation) if and only if it is
unitary, that is, if and only if 7 is bijective and 77* = ..

2) Let 7 be an isometry. If V=S®S" and S is invariant under
7, then so is S*.

Proof. We prove part (2). Since S is invariant under 7, we have
7(S) CS. But dim(r(S)) = dim(S), and so 7(S) =S, and S =r71(S).
Now, suppose that v & S*. Then, for any s€S, in view of part (1),
and the fact that 77!(s) € S, we have

(r(v):8) = (v,r"(s)) =0

L

and so T(v)€S™. &

Symmetries
Suppose that V is a nonsingular metric vector space over F,
where char(F) #2, and let w€V be nonnull. Consider the linear

map _ o 2(vu)
ou(v) =V )

It is not hard to verify that o, has the following properties.

1) o, is an isometry

2)  oy(u)=-u

3) o,(x)=x forall x€ (span{u})*

In view of these properties, we refer to o, as the symmetry determined
by wu. Note that properties (2) and (3) uniquely determine the linear
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map oy, since V= span{u} @ (span{u})*. Note also that
Uu:' -1 I (“)®L I (u)“.
where ¢ is the identity map, and (u) is the subspace spanned by the
vector u.
We will require the following property of symmetries.

Theorem 11.25 Let V Dbe a nonsingular orthogonal geometry over a
field F, with char(F) #2. If u and v are nonzero vectors in V, with
(u,u) = (v,v) # 0, then there exists a symmetry o for which o(u) =v
or o(u) = -v.

Proof. Suppose first that u+v is nonnull. Then the symmetry o,
is defined, and

v

Tupy(u+v) =—(u+tv)
Further, since (u—v,u+v)=0, we have
Tupy(U—V)=u—v

Combining these two shows that o, (u) = -v, as desired.
If u+v is null, then w—v must be nonnull, for otherwise u

would be null. Hence, the symmetry o _, is defined. Moreover,

Ouy(u=v)=-(u-v)
and
o,_yu+v)=u+4v

These equations show that o,_ (u) = v, as desired. 1
The next result indicates the importance of symmetries.

Theorem 11.26 Let V be a nonsingular orthogonal geometry over a
field F with char(F)#2. Then any orthogonal transformation
7:V—V s the product of symmetries on V.

Proof. We proceed by induction on d = dim(V), leaving the case d =
1 to the reader. Assume the theorem is true for d-—1, and let
dim(V) =d. Choose a nonnull vector u€V. Since (r(u),r(u))=
(u,u), we may apply Theorem 11.25 to deduce the existence of a
symmetry ¢ on V for which o(r(u)) = eu, where ¢ = +1. Since o
is an isometry, if x € (u)*, then

(o7(x),u) = (o7(x),e07(u)) = e(x,u) = 0

and so or((u)') C (u)*. Hence, (u) and (u)* are both invariant
under o7. By the induction hypothesis, applied to the (d-1)-
dimensional space (u)*,
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(11.10) UT{(u)l = Oy O

where w; € (u)* and o is the symmetry on (u)" defined by

o‘wi(v) =v-— ?f:’:_i;wi

But this is also a symmetry on V, where o (u) =u. Thus, thinking

of o as defined on all of V, we have
l

(11.11) awl---crwk(u) =u=eor(u)
Now we distinguish two cases. If ¢ =1, then (11.10) and (11.11)
show that

0T = Oy O
on both (u) and (u)*, which implies that o7 = T O O1 V.
Finally, since a symmetry is its own inverse, we have
T= 00 Oy
On the other hand, if ¢ = -1, then (11.11) gives
T, Tw (u) =o,(u) = -u=o07(n)
and since Ty fixes all vectors in (u)“", and (u)"’ is invariant under

ot, (11.10) gives, for xe( i

auowl' ) 'O'Wk(X) = O'uUT I <“>J-(X) =0T I (u)L(x)
Thus, in this case,
oT = auawl- awk
and so
T=000 g ]

Witt’s Cancellation Theorem
We now come to one of the major results of orthogonal geometry,
due to Witt. To wit:

Theorem 11.27 (Witt’s cancellation theorem) Let V be a nonsingular
orthogonal geometry over a field F, with char(F) # 2. Suppose that
V=SoS'=ToT"
where S and T are nonsingular. Then
S~T = S'~T

Proof. Let 7:S—T Dbe an isometry. We proceed by induction on
dim(S). Suppose first that dim(S) =1, and that S = span{s}. Then
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T = span{7(s)} and (7(s),7(s)) = (s,8). According to Theorem 11.25,
there is a symmetry o for which o(8) = e7(s), where ¢ = x1. Hence,
o is an isometry of V for which o(S) =T. It follows that

x€St & (x3) =0 & (0(x),0(8)) =0 & (0(x),7(s)) =0 & o(x) € T*

and so the restriction o| 4 is an isometry from S* to T*, which
shows that S* ~ T".

Now suppose the theorem is true for  dim(S) <k, and let
dim(S) =k. Let 7:S—T be an isometry. Since S is nonsingular, we
can choose a nonnull vector 8 € S, and write

S = span{s}oU
where U is nonsingular. Moreover,

T = span{r(s)} ©7(V)
Thus,
V = span{s}o U@ S*
and
V = span{r(s)} o 7(U) o T*

Now we may apply Witt’s Theorem for the one-dimensional case to
deduce that

UoS*~r(U)oT*
Suppose that ¢:U®S'—7(U)OT" is an isometry. Then, since
o(U (DS"‘) =o(U) ®a(SJ'), we have

c(U)oo(s) =r(U)oT*

But o(U) =~ r(U), and since dim(o(U)) = dim(U) < dim(S), the
induction hypothesis implies that S* ~ o(S*) ~ T*. ¥

Witt’s Extension Theorem

Suppose that V and V' are nonsingular orthogonal geometries,
and that o:V—V' is an isometry. Suppose also that U is a
nonsingular subspace of V, and 7:U—7(U) CV’ is an isometry. We
want to show that 7 can be extended to an isometry on V.

Since U is nonsingular, so is 7(U). We deduce that

V' =r(U)or(U)" = o(U) 0o(U*)

Since 7(U) =~ U =~ o(U), the Witt cancellation theorem implies that
r(U)* ~ o(U'). If 1v:0(U')—7(U)* is an isometry, then the product
vo:U*—r(UY" is also an isometry, and so

F=r0ve:UoUt—V'
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is an isometry with the property that 7|; = 7. This is the extension
of r that we have been seeking.

We now propose to show that the assumption that U is
nonsingular is not needed. The plan is to show first that any subspace
U of V can be embedded in a nonsingular subspace, and that any
isometry on U can be extended to this nonsingular subspace. Then we
may appeal to the nonsingular case, as described earlier.

Theorem 11.28 Let V be a nonsingular orthogonal geometry over F,

with char(F)#2. Let U be a subspace of V. Write U=

Rad(U)oW and W is nonsingular (which we can do by Theorem

11.9). Suppose that B ={b;,...,b } is a basis for Rad(U). Then

there exist vectors {z,...,%} for which

1)  the pairs (b;,z) ‘are hyperbolic pairs, and so the spaces H;=
span{b;,z;} are hyperbolic planes, and

2) U is contained in the nonsingular space H,®---OH OW.

Moreover, if 7:U—7(U) C V' is an isometry, where V' is nonsingular,

then there exists an isometry 7:V—V’ for which 7| =r.

Proof. We prove (1) and (2) by induction on k = dim(Rad(U)). For
k = 0, there is nothing to prove. To get a feel for the procedure, let
k=1. Thus, B ={b;} is a basis for Rad(U).

We want to find a 2z, €V for which (b,,z,) is a hyperbolic pair,
that is,
(11.12) (b;,b;) = (24,2;) =0 and (b;,z,)=1
and for which, letting H; = span{b,,z,}, we have

H;NW={0} and H; L W
Suppose we find a 3z, € W* for which (11.12) holds. Then if x=
rb; +sz; € HiN'W, we get
0 = (rb, +s2,,2y) =T
and so x=sz; € WN W* = {0}, since W is nonsingular. Hence,
H,nW = {0}

Thus, since b,,z, € W' imply H;, L W, we need only find a
2, € W5 for which (11.12) holds. Since b, € W', and Rad(W') =
Rad(W) = {0}, there must exist a vector x€W" such that
(by,x) # 0. Let us set 2z, =rb; 4 sx, and show there exists an r and s
for which (11.12) holds, that is, for which

1= (by,3)) = (by,rb; +sx) = s(by,x)
and
0 = (2,,3;) = (tby + sx,rb; + 5x) = 2rs(b,,x) + s*(x,x)
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Since (b;,x) # 0, the first of these equations can be solved for s, and
the second can then be solved for r. Thus, the desired vector z; exists
for which (by,z,) is a hyperbolic pair, and (1) and (2) hold for the case
k=1.

Assume for the purposes of induction that (1) and (2) are true for
dim(Rad(U)) < k, and let dim(Rad(U)) =k. Then

U = Rad(U) ©W = span{b} © span{b,,...,b_;}OW

and if we let Uy = span{by,...,b_;} OW, then Rad(Uy) =
span{by,...,b_;}. Now, since b, € U'(')', and since

Rad(U‘é) = Rad(UO) = Span{bl,---7bk—1}

does not contain by, we deduce as before the existence of a vector
x € Uy for which (b,,x) # 0. Again as before, we deduce the existence
of a vector 1z € Ug for which (by,z) is a hyperbolic pair. Let
Hy = span{by,z }. . . .

Since H; C Uy, we have U, C Hj, and since Hj is nonsingular,
and dim(Rad(Uy)) =k —1, we may apply the induction hypothesis to
Uy, as a subspace of Hll( Hence, there exists hyperbolic planes
Hy,...,H_; in H;, for which

UyCUy=H,0---0H_;0W
and since _U-OCHﬁ, we have Hk_LUO and
UCH,0---0H,0W

To prove the final statement of the theorem, suppose that
7:U—r(U) C V' is an isometry, where V' is nonsingular. We know
that

U=(b)o---0(b)OWCH;©---OH, OW

where (b;) is the subspace spanned by b;, and H; = span{b;,,5}. Since
T is an isometry, we have

7(U) = (7(b)) @+ @ (7(by)) @ (W)

Now, let 7(b;) =7(b;) and 7(w)=r7(w) for al weW. We need
only choose 7(z) so as to make 7 an isometry.

To this end, let us apply the first part of the theorem to the
nonsingular space V', with subspace 7(U). Since {7(b;),...,7(by)} is
a basis for Rad{7(U)}, we deduce the existence of vectors w; € V' for
which

(V) CK; @ - 0K oW

where the K, = span{r(b;),w;} are hyperbolic planes in V’. Hence, if
we let 7(z) = w;, it follows easily that 7 is an isometry. I
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Theorem 11.28, together with the discussion preceding the
theorem, gives the following.

Theorem 11.29 (Witt’s extension theorem) Let V and V' be
isometric nonsingular orthogonal geometries over a field F, with
char(F) # 2. Suppose that U is a nonsingular subspace of V, and
:U-=U’'C V' is an isometry. Then 7 can be extended to all of V,
that is, there is an isometry 7:V—V' for which 7|y =17. 1

We consider an application of Witt’s extension theorem. Let V
be a nonsingular orthogonal geometry over a field F, with char(F) # 2.
Suppose that U and U’ are mazimal null subspaces of V. (That is,
U and U’ are not properly contained in any null subspaces of V.)
We propose to show that dim(U) = dim(U").

If dim(U) < dim(U’), then there is a vector space isomorphism
7:U—7(U) C U’, which is also an isometry, since U and U’ are null.
Thus, Witt’s extension theorem implies the existence of an isometry
7:V—V that extends 7. In particular, 7 }(U’) is a null space that
contains U, and so 7 !(U’) = U, which shows that dim(U) = dim(U").
We now have the following.

Theorem 11.30 Let V be a nonsingular orthogonal geometry over a
field F, with char(F)#2. Then all maximal null subspaces of V
have the same dimension, which is called the Witt index of V, and is
denoted by w(V). I

Maximal Hyperbolic Subspaces

Since a hyperbolic space is completely determined (up to isometry)
by its dimension, it is of interest to know something about maximal
hyperbolic subspaces of a nonsingular orthogonal geometry. (In the
symplectic case, if V is nonsingular, then V is hyperbolic.) We will
denote a hyperbolic space by 36, and a hyperbolic space of dimension
2k by %6, thus

Yoy = H; ©--- O Hy

where each H; is a hyperbolic plane.

Note that a two-dimensional space is a hyperbolic plane if and
only if it is nonsingular and contains a null vector. (We assume that
char(F) #2.)

Suppose that V is isotropic, that is, V contains a null vector.
If Ug is a nonempty null subspace of V of dimension k, then
Rad(U,) = Uy, and so we may apply Theorem 11.28, to deduce that
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Uy C ¥y = H, ©--- O Hy,

where H; is generated by a hyperbolic pair (x;y;). Thus, any null
subspace Uy  is contained in a hyperbolic space 36, ~ with
dim(365y ) = 2dim(Uy). This implies that the Witt index of V is at
most dim(V)/2.

On the other hand, suppose that

%2k=H1®.‘.®Hk

is a hyperbolic space in V, and that H; is generated by the hyperbolic
pair (x;,y;). Then the set B = {x;,...,x,} is independent, for if

X e+ rnx =0
it follows that
0=_(r;x;+-+ I‘kxka)'j) = l’j(x_ja)’j) =

for all j. Moreover, since (x;,x;) =0 for all ij, the subspace Uy =
span{B} is a k-dimensional null space. Thus, any hyperbolic space
¥, in V contains a null space Uy. This implies that if 36, isa
maximal hyperbolic subspace of V, then m < w(V). Furthermore,
since V must contain a null space U, V)’ it must also contain a
hyperbolic subspace of dimension 2w(\$). In other words, the
maximum dimension of a hyperbolic subspace of V is 2w(V).
Now, suppose that

¥=H 10 @ Hk
and

%:K1®...®Km

are mazimal hyperbolic subspaces of V, and that H; is spanned by the
hyperbolic pair (w,v;), and K; is spanned by the hyperbolic pair
(x,5;). We wish to show that dim(36) = dim(%).

Suppose that dim(36) < dim(%), and consider the vector space
monomorphism 7:36—7(3) C ¥ defined by the conditions

() =x, 7(v;) =y
According to Theorem 11.22, 7 is an isometry, and so J} = 7(J6).
Thus, Witt’s extension theorem implies the existence of an isometry
7:V—-V that extends 7. In particular, ?—1(%) is a hyperbolic space
that contains 36, and so 7 1(%) =3, which shows that dim(%) =
dim(3). We have shown that all maximal hyperbolic subspaces of V
have the same dimension, namely, 2w(V).

Now suppose that 36 is a maximal hyperbolic subspace of V.
Since hyperbolic spaces are nonsingular, we have V =3 ®¥*. Then
¥ ois anisotropic, that is, it contains no null vectors. To see this,
suppose to the contrary that x € %" is a null vector. Since there is a

null subspace U C ¥ for which dim(U) = dim(3)/2 = w(V), the null
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space U’ = span{U,x} has dimension w(V)+ 1, which contradicts the
meaning of the Witt index. Hence, H' contains no null vectors.

Conversely, suppose that Jb, is hyperbolic, that V = I}szCDf}{;
and that I}G2k is anisotropic. Then 6, is maximal hyperbolic. For
if not, then J,, is properly contained in a hyperbolic subspace 6
and we can write

2m?

2m

where J¥% is the orthogonal complement of 3 in 3, . Now, we
claim that % is a hyperbolic space of dimension 2(m —k). For we do
have

for some hyperbolic space :}G2(m—k)’ and so by Witt’s cancellation
theorem, % = :}{;2(m——k

Since 36, K) contains a null vector, (11.13) implies that there
is a null vector x€ :}{’2k , contrary to assumption. Hence, b, is
maximal.

Our discussion of hyperbolic subspaces has established the
following key result.

Theorem 11.31 Let V be a nonsingular orthogonal geometry over F
with char(F) # 2. Then all maximal hyperbolic subspaces of V have
dimension 2w(V), where w(V) is the Witt index of V. Moreover,

V=XoS

where 3 is a maximal hyperbolic subspace of V, or 3 = {0} if V
has no null vectors, and S 1is an anisoiropic subspace of V, that is, S
contains no null vectors. i

According to Theorems 11.9 and 11.31, any orthogonal geometry
V over a field F, with char(F) # 2, can be written in the form

Rad(V) 0% ©S

where Rad(V) is a null space, J is a hyperbolic space, and S is
anisotropic.

EXERCISES

1.  Prove that a form is symmetric if and only if the matrix M‘.B of
the form is symmetric.

2. Prove that a form is alternate if and only if its matrix M":B =
(ai,j) is alternate, that is,
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10.

11.

12.

13.

14.

15.

16.

17.

18.
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a; =0, a;=-a;({#£])
Show that a metric vector space V is nonsingular if and only if
the matrix Mg of the form is nonsingular, for any ordered
basis B.
Does Minkowski space contain any null vectors? If so, find them.
Is Minkowski space isometric to Euclidean space R*?
If (,) is a symmetric bilinear form on V, show that Q(x) =
(x,x)/2 is a quadratic form.
Show that 7 is an isometry if and only if Q(7(v)) = Q(v) where
Q is the quadratic form associated with the bilinear form on V.
(Here char(F) # 2.)
Show that a bijective map 7:V—W is an isometry if and only if
for any basis {v,...,v,} of V, we have

(TVi»TVj) = ("i»"j)

Show that if V is a nonsingular orthogonal geometry over a field

F, with char(F) # 2, then any totally isotropic subspace of V is

also a null space.

Find a metric vector space V for which Rad(V)" is singular. Is

V = Rad(V) © Rad(V)*?

Prove that if x is any nonsquare in a finite field F_, then all

nonsquares have the form 1%k, for some ré€F. Hence, the

product of any two nonsquares in F_ is a square.

Formulate Sylvester’s law of inertia in terms of quadratic forms

on V.

Let V be any orthogonal geometry over the real field R. Prove

that V can be written as a direct sum V=P & N &%, where

the bilinear form on V is positive definite on %, negative

definite on N and zero on %. Moreover, the dimensions of %,

N and % are uniquely determined by V.

Prove that two one-dimensional metric vector spaces are isometric

if and only if they have the same discriminant.

a) Let U be a subspace of V. Show that the inner product
(x+U,y+U) = (x,y) is well-defined if and only if U C Rad(V).

b) If UC Rad(V), whenis V/U is nonsingular?

Let V=NO®S, where N is a null space.

a) Prove that N = Rad(V) if and only if S is nonsingular.

b) If S is nonsingular, prove that S =~ V/Rad(V).

Let dim(V) = dim(W). Prove that V/Rad(V)~ W/Rad(W)

implies VW,

Let V=SoT.

a) Prove that Rad(V) = Rad(S) ® Rad(T)

b) V/Rad(V) = S/Rad(S)®T/Rad(T)
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19.
20.

21.

22,

23.

24.

25.

26.

¢) dim(Rad(V)) = dim(Rad(S)) + dim(Rad(T))

d) V is nonsingular if and only if S and T are both
nonsingular.

Verify in detail that the adjoint is well-defined and linear.

Prove that 7€ £(V), where V is nonsingular, is an isometry if

and only if it is bijective and unitary.

If char(F) # 2, prove that a 7€ £(V,W) is an isometry if and

only if it is bijective and (7(v),7(v)) = (v,v) forall veV.

Let B ={vy,...,v,} be a basis for V. Prove that 7€ £(V,W)

is an isometry if and only if it is bijective and (rv;,7v;) = (v;,v;)

for all 1i,j.

Let V be a nonsingular orthogonal geometry, and let 7€ £L(V)

be an isometry.

a) Show that dim(ker(s— 7)) = dim(im(s —7)*).

b) Show that ker(t—7)=1im(¢t—7)". How would you describe
ker(t ~7) in words?

¢) If 7 is a symmetry, what is dim(ker(¢ — 7))?

d) Can you characterize symmetries by means of
dim(ker(v —7))?

A linear transformation 7 € £(V) is called unipotent if 7 —¢ is

nilpotent. Suppose that V is an anisotropic metric vector space,

and that 7 is unipotent and isometric. Show that = =..

Let V be a hyperbolic space of dimension 2m, and let U be a

hyperbolic subspace of V of dimension 2k. Show that for each

k <j <m, there is a hyperbolic subspace H’zj of V for which

UCTH, CV.

Let V be a symplectic geometry or an orthogonal geometry with

char(F) # 2. Prove that a subspace S of V is a hyperbolic

plane if and only if S is nonsingular, has dimension 2 and

contains a null vector.



CHAPTER 12
Metric Spaces

Conlents: The Definition. Open and Closed Sets. Convergence in a
Metric Space. The Closure of a Set. Dense Subsets. Continuity.
Completeness.  Isometries.  The Completion of a Melric Space.
Ezercises.

The Definition

In Chapter 9, we studied the basic properties of real and complex
inner product spaces. Much of what we did does not depend on whether
the space in question is finite or infinite dimensional. However, as we
discussed in Chapter 9, the presence of an inner product, and hence a
metric, on a vector space, raises a host of new issues related to
convergence. In this chapter, we discuss briefly the concept of a metric
space. This will enable us to study the convergence properties of real
and complex inner product spaces.

A metric space is not an algebraic structure. Rather it is designed
to model the abstract properties of distance.

Definition A metric space is a pair (M,d), where M is a nonempty set
and d:M x M—R is a real-valued function, called a metric on M, with
the following properties. The expression d(x,y) is read “the distance
from x to y.”

1)  (Positive definiteness) For all x,y € M,
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d(x,y) 2 0
2) (Symmetry) For all x,y € M,
d(x,y) = d(yx)
3) (Triangle inequality) For all x,y,z € M,
d(x.y) < d(x,2) + d(z,y) 0

As is customary, when there is no cause for confusion, we simply
say “let M be a metric space.”

Example 12.1 Any nonempty set M is a metric space under the
discrete metric, defined by

0 ifx=y
d(x,y) = ) 0
1 ifx#£y
Example 12.2
1) The set R™ is a metric space, under the metric defined, for x=

(X9,...,%,) and y=(yq...,¥,) by
d(xa}') - \/(Xl _Y1)2 +-- 4 (Xn _yu)2

This is called the Euclidean metric on R™. We note that R" is
also a metric space under the metric

dl(x’y): le_yll +eet Ixn_ynl

Of course, (R",d) and (R",d;) are different metric spaces.
2) Theset C" is a metric space under the unitary metric

d(x’y):\/'x]_yllz-‘-“.-*_ |xn_yn|2

where x = (xy,...,x,) and y=(y;,...,y,) arein C™ 0

Example 12.3
1) The set C[a,b] of all real-valued (or complex-valued) continuous
functions on [a,b] is a metric space, under the metric

d(f.g) = sup [f(x)—g(x)]
x € [a,b]

We refer to this metric as the sup metric.
2) The set Cla,b] of all real-valued (or complex-valued) continuous
functions on [a,b] is a metric space, under the metric

b
d,(10)809) = [ 110 —gx)| dx 0
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Example 12.4 Many important sequence spaces are metric spaces. We
will often use boldface Roman letters to denote sequences, as in x =

(xp) and y = (y,)-

1)

The set IZﬁ’é’ of all bounded sequences of real numbers is a metric
space under the metric defined by

dmw=%M&—hl

The set €2 of all bounded complex sequences, with the same
metric, is a?so a metric space. As is customary, we will usually
denote both of these spaces by £,

For p>1,let €P be the set of all sequences x =(x,) of real (or
complex) numbers for which

x

> Ix,IP <o

n=1

We define the p-norm of x by

o 1/p
Ihﬂp=<EZIXMp)
n=1

Then P is a metric space, under the metric

o 1/p
d(x’y) = ”X—pr:<E lxn—yn|p>

n=1
The fact that €P is a metric follows from some rather famous
results about sequences of real or complex numbers, whose proofs
we leave as (well-hinted) exercises.

Holder’s inequality Let p,q>1 and p+q=pq. If x€ € and
y € €9, then xy=(x,y,) € ¢' and

Iy by < Hixlipllyllg

o o 1/p /o 1/q
$ x| 5(2 mp) (2 nym)

n=1 n=1 n=1

that is,

A special case of this (with p =q=2) is the Cauchy-Schwarz
inequality

o0 X (. )

Yo Ixyal < ESk
1

2
| ¥n
n=1 n= 1

n=

Minkowski’s inequality For p>1, if xy€ ¥, then x+y=
(X, +¥,) € and

lx+yll, < lxlip+ 1yl
that is,
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o 17} /p /. 1/p
(lenﬂnlp) S(Z Ix,,l") +(Z Iyn|p> 0
n=1 n=1 n=1

Definition If M is a metric space under d, then any nonempty subset
S of M is also a metric under the restriction of d to SxS. The
metric space S thus obtained is called a subspace of M.

Open and Closed Sets

Definition Let M be a metric space. Let x, €M and let r be a
positive real number.
1)  The open ball centered at x;, with radius r, is

B(xq,r) = {x € M| d(x,x,) <}
2)  The closed ball centered at x;, with radius r, is

Blxgr) = {x € M | d(xxp) <1}
3)  The sphere centered at x,, with radius r, is

S(xgr) = {x € M| d(xx) = 1) 0

Definition A subset S of a metric space M is said to be open if each
point of S 1is the center of an open ball that is contained completely
in S. More specifically, S is open if for all x €S, there exists an
r>0 such that B(x,r) CS. Note that the empty set is open. A set
T CM is closed if its complement T¢=M —T is open. [

It is easy to show that an open ball is an open set and a closed
ball is a closed set. If x € M, we refer to any open set S containing x
as an open neighborhood of x. It is also easy to see that a set is open
if and only if it contains an open neighborhood of each of its points.

The next example shows that it is possible for a set to be both
open and closed, or neither open nor closed.

Example 12.5 In the metric space R, the open balls are just the open
intervals
B(xq,r) = (xg — Xy +1)

and the closed balls are the closed intervals

B(xq,r) = [xg —1,%y +1]

Consider the half-open interval S = (a,b], for a <b. This set is not
open, since it contains no open ball centered at b €S, and it is not
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closed, since its complement S®=(-c0,a]U(b,0) is not open (it
contains no open ball about a).

Observe also that the empty set is both open and closed, as is the
entire space R. (Although we will not do so, it is possible to show that
these are the only two sets that are both open and closed in R.) 0

It is not our intention to enter into a detailed discussion of open
and closed sets, the subject of which belongs to a branch of
mathematics known as topology. In order to put these concepts in
perspective, however, we have the following result, whose proof is left to
the reader.

Theorem 12.1 The collection O of all open subsets of a metric space
M has the following properties
1) 0eO,Me0
2) If S, TeO,then SNT€O
3) If {S;]i€K} is any collection of open sets, then U S;€0. 1
ieK

These three properties form the basis for an axiom system that is
designed to generalize notions such as convergence and continuity, and
lead to the following definition.

Definition Let X be a nonempty set. A collection O of subsets of X
is called a topology for X if it has the following properties

1) 0e€0,Xe0

2) If S, TeO,then SNTeO

3) If {S;]i€K} is any collection of sets in O, then U S, e0.

. LEK
We refer to subsets in O as open sets, and the palug (X,0) as a
topological space. [

According to Theorem 12.1, the open sets (as we defined them
earlier) in a metric space M form a topology for M, called the
topology induced by the metric.

Topological spaces are the most general setting in which we can
define concepts such as convergence and continuity, which is why these
concepts are called topological concepts. However, since the topologies
with which we will be dealing are induced by a metric, we will generally
phrase the definitions of the topological properties that we will need
directly in terms of the metric.

Convergence in a Metric Space
Convergence of sequences in a metric space is defined as follows.
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Definition A sequence (x,) in a metric space M converges to x € M,
written (x,)—x, if
Jim - d(x,,x) =0

Equivalently, (x,)—x if for any ¢ >0, there exists an N >0 such
that

n>N = d(x,,x)<e
or, equivalently

n>N = x, € B(x,e)

In this case, x is called the limit of the sequence (x). |

If M is a metric space, and S is a subset of M, by a sequence
in S, we mean a sequence whose terms all lie in S. We next
characterize closed sets, and therefore also open sets, using convergence.

Theorem 12.2 Let M be a metric space. A subset S CM is closed if
and only if whenever (x,) is a sequence in S, and (x,)—X, then
x €S. In loose terms, a subset S is closed if it is closed under the
taking of sequential limits.

Proof. Suppose that S is closed, and let (x,)—x, where x €S for
all n. Suppose that x ¢ S. Then since x € S and S° is open, there
exists an € >0 for which x € B(x,e) C S. But this implies that

B(x,e) N {x,} =0

which contradicts the fact that (x,)—x. Hence, x €S.

Conversely, suppose that S is closed under the taking of limits.
We show that S°® is open. Let x € S° and suppose to the contrary
that no open ball about x is contained in S®. Consider the open balls
B(x,1/n), for n=1,2,.... Since none of these balls is contained in S¢,
for each n, there is an x, € SN B(x,1/n). It is clear that (x,)—x, and
so x€S. But x cannot be in both S and S° and so some ball
about x is in S€ which implies that S® is open. Thus, S is
closed. I

The Closure of a Set

Definition Let S be any subset of a metric space M. The closure of
S, denoted by ¢l(S), is the smallest closed set containing S. 0

We should hasten to add that, since the entire space M is closed,
and since the intersection of any collection of closed sets is closed
(exercise), the closure of any set S does exist, and is, in fact, the
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intersection of all closed sets containing S. The following definition
will allow us to characterize the closure in another way.

Definition Let S be a nonempty subset of a metric space M. An
element x € M is said to be a limit point, or accumulation point of S
if every open ball centered at x meets S at a point other than x
itself. Let us denote the set of all limit points of S by S). 0O

Here are some key facts concerning limit points and closures.

Theorem 12.3 Let S be a nonempty subset of a metric space M.

1)  Anelement x €M is a limit point of S if and only if there is a
sequence (x,) in S for which x, #x for all n, and (x,)—x.

2) S is closed if and only if ¥S)CS. In words, S is closed if and
only if it contains all of its limit points.

3) c(S)y=Suks).

4) An element x isin cl(S) if and only if there is a sequence (x,)
in M for which (x,)—x.

Proof.
1)  Assume first that x € {(S). For each n, there exists a point
x,, # x such that x, € B(x,1/n)NS. Thus, we have

d(x,,x) < 1/n

and so (x,)—x. For the converse, suppose that (x,)—x, where
x#x, €S. If B(x,r) is any ball centered at x, then there is
some N such that n>N implies x € B(x,r). Hence, for any
ball B(x,r) centered at x, there is a point x, # x, such that
x, € SNB(x,r). Thus, x is a limit point of S.

2)  As for part (2), if S is closed, then by part (1), any x € [(S) is
the limit of a sequence (x,) in S, and so must be in S. Hence,
I(S) CS. Conversely, if {(S)CS, then S is closed. For if (x,)
is any sequence in S, and (x,,)—X, then there are two possibilities.
First, we might have x, =x for some n, in which case x=
x, €S. Second, we might have x #x for all n, in which case
(x,)—x implies that x € I[(S) CS. In either case, x €S and so
S is closed under the taking of limits, which implies that S is
closed.

3) Clearly, SCT=SUIS). To show that T is closed, we show
that it contains all of its limit points. So let x € [T). Hence,
there is a sequence (x,) € T for which x, #x and (x,)—x. Of
course, each X, is either in S, or is a limit point of S. We must
show that x € T, that is, that x 1is either in S or is a limit
point of S.
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Suppose for the purposes of contradiction that x ¢S and
x ¢ I(S). Then there is a ball B(x,r) for which B(x,r)NS # 0.
However, since (x,)—x, there must be an x, € B(x,r). Since x,
cannot be in S, it must be a limit point of S. Referring to
Figure 12.1, if d(x,,x) =d <r, then consider the ball B(xn,%).
This ball is completely contained in B(x,r) and must contain an
element y of S, since its center x_ is a limit point of S. But
then y € SNB(x,r), a contradiction. Hence, x€S or x € S).
In either case, x € T =SUS) andso T is closed.

Thus, T is closed and contains S, and so ¢/(S) C T. On
the other hand, T =SNS) C c/S), and so c(S) =T.

@ x
Figure 12.1
4) If x € cl(S), then there are two possibilities. If x €S, then the

constant sequence (x,), with x, =x for all x, is a sequence in
S that converges to x. If x ¢S, then x € I(S), and so there is a
sequence (x,) in S for which x, #x and (x,)—x. In either
case, there is a sequence in S converging to x. Conversely, if
there is a sequence (x,) in S for which (x,)—x, then either
x, =x for some n, in which case x €S C cl(S), or else x, #x
for all n, in which case x € I(S) C c/(S). 1

Dense Subsets
The following concept is meant to convey the idea of a subset
S CM being “arbitrarily close” to every point in M.

Definition A subset S of a metric space M is dense in M if
cl(S) =M. A metric space is said to be separable if it contains a
countable dense subset. [

Thus, a subset S of M is dense if every open ball about any point
X €M contains at least one point of S.

Certainly, any metric space contains a dense subset, namely, the
space itself. However, as the next examples show, not every metric
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space contains a countable dense subset.

Example 12.6

1)  The real line R is separable, since the rational numbers Q form
a countable dense subset. Similarly, R™ 1is separable, since the
set Q" is countable and dense.

2)  The complex plane C is separable, asis C" for all n.

3) A discrete metric space is separable if and only if it is countable.
We leave proof of this as an exercise. [

Example 12.7 The space (™ is nof separable. Recall that £*° is the
set of all bounded sequences of real numbers (or complex numbers),
with metric

d(x,y) = sup | X, =y, |

To see that this space is not separable, consider the set S of all binary

sequences
S={(x,)|x;=0o0r 1 forall i}

This set is in one-to-one correspondence with the set of all subsets of N,
and so is uncountable. (It has cardinality 2 0>NXj) Now, each
sequence in S is certainly bounded and so lies in {*°. Moreover, if
x #y € £, then the two sequences must differ in at least one position,
and so d(x,y) = 1.

In other words, we have a subset S of ¢ that is uncountable,
and for which the distance between any two distinct elements is 1.
This implies that the uncountable collection of balls {B(s,1/3)|s €S}
is mutually disjoint. Hence, no countable set can meet every ball,
which implies that no countable set can be dense in €.

Example 12.8 The metric spaces P are separable, for p > 1. The set
S of all sequences of the form

8 = (qqs. - 9,05+ )
for all n >0, where the q;’s are rational, is a countable set. Let us
show that it is dense in €°. Any x € P satisfies

0

E lxn|p<oo

n=1
Hence, for any ¢ > 0, there exists an N such that

X

)ORNENLES

n=N-+1
Since the rational numbers are dense in R, we can find rational
numbers ¢; for which
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[%—q;|P < 7€N
for all i=1,...,N. Hence, if 8=/(qy,...,qy,0,...), then

N 00
dxgP =Y [xa=a P+ D x| <§+E=c
n=1 n=N+1

which shows that there is an element of S arbitrarily close to any
element of ¢P. Thus, S is dense in P, and so ¥ is separable. [

Continuity
Continuity plays a central role in the study of linear operators on
infinite dimensional inner product spaces.

Definition Let f:M—M’ be a function from the metric space (M,d) to

the metric space (M',d’). We say that f is continuous at x, €M if
for any € > 0, there exists a § > 0 such that

d(x,xp) <6 = d'(f(x),f(x,)) <€

£(Bxo,8)) € B(f(x0):6)

(See Figure 12.2.) A function is continuous if it is continuous at every

XOEM. D
_,—'—'_'_'-'_F—/—H_'_\-
e
E
S0
A\ U%) )
Mig/

Figure 12.2

or, equivalently,

We can use the notion of convergence to characterize continuity
for functions between metric spaces.

Theorem 124 A function f:M—M' is continuous if and only if
whenever (x,) is a sequencein M that converges to x; € M, then the
sequence (f(x,)) converges to f(x,), in short,

(xn)—)xo = (f(xn))—)f(xo)
Proof. Suppose first that f is continuous at xj, and let (x,)—x,.
Then, given € > 0, the continuity of f implies the existence of a § > 0
such that
£(B(xg18)) C B(f(x0),¢)
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Since (x,)—X, there exists an N >0 such that x € B(xy0) for
n > N, and so
n>N = f(x;) € B(f(xg),e)
Thus, f(x,)—f(xg).
Conversely, suppose that (x,)—x, implies (f(x,))—f(x).
Suppose, for the purposes of contradiction, that f is not continuous at
Xo- Then there exists an ¢ >0 such that, for all 6§ >0

£(B(x0:8)) & B(f(xo),0)
1(Bxo:d)) & B(E(xo)0)

and so we may construct a sequence (x,) by choosing each term x
with the property that

x_ € B(xg,d), but f(x,) ¢ B(f(xg),e)

Hence, (x,)—Xg but f(x,) does not converge to f(x;). This
contradiction implies that f must be continuous at x,. N

Thus, for all n > 0,

The next theorem says that the distance function is a continuous
function in both variables.

Theorem 12.5 Let (M,d) be a metric space. If (x,)—x and (y,)—y,
then d(x,,y,)—d(x,y).

Proof. According to Exercise 2,

| d(xn’yn) - d(x’y) | S d(xn’x) + d(yn’y)
But the right side tends to 0 as n-—oo, and so d(x,,y,)—d(x,y). 1

Completeness
The reader who has studied analysis will recognize the following
definitions.

Definition A sequence (x,) in a metric space M is a Cauchy
scquence if, for any € > 0, there exists an N >0 for which

n,m>N = d(x,x,)<e¢ 0
We leave it to the reader to show that any convergent sequence is
a Cauchy sequence. When the converse holds, the space is said to be

complete.



250 12 Metric Spaces

Definition Let M be a metric space.

1) M is said to be complete if every Cauchy sequence in M
converges in M.

2) A subspace S of M is complete if it is complete as a metric
space. Thus, S is complete if every Cauchy sequence (s ) in S
converges to an element in S. ]

Before considering examples, we prove a very useful result about
completeness of subspaces.

Theorem 12.6 Let M be a metric space.

1)  Any complete subspace of M is closed.

2) If M is complete then a subspace S of M is complete if and
only if it is closed.

Proof. To prove (1), assume that S is a complete subspace of M. Let
(x,) be a sequence in S for which (x,)—x € M. Then (x,) is a
Cauchy sequence in S, and since S is complete, (x,) must converge
to an element of S. Since limits of sequences are unique, we have
x €S. Hence, S is closed.

To prove part (2), first assume that S is complete. Then part
(1) shows that S is closed. Conversely, suppose that S is closed, and
let (x,) be a Cauchy sequence in S. Since (x,) is also a Cauchy
sequence in the complete space M, it must converge to some x & M.
But since S is closed, we have (x,)—x €S. Hence, S is complete. §

Now let us consider some examples of complete (and incomplete)
metric spaces.

Example 12.9 It is well-known that the metric space R is complete.
(However, a proof of this fact would lead us outside the scope of this
book.) Similarly, the complex numbers C are complete. [

Example 12.10 The Euclidean space R"™ and the unitary space C"
are complete. Let us prove this for R"™. Suppose that (x.) is a
Cauchy sequence in R", where

X = (xk,l’ veey xk,n)
Thus,

n
2
d(xk’xm) = Z(Xk,i Xm, 1) —0 as k,m—oo
i=1
and so, for each coordinate position i,

(Xi = Xm)? < d(x,%,)°— 0
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which shows that the sequence (xk,i)kzl,z,... of ith coordinates is a
Cauchy sequence in R. Since R is complete, we must have

If y=(yg...,¥p)s then
n
d(xk’)')2 = E(xk,i - yj)2—+ 0 as k—oo
i=1

and so (x,)—y € R". This proves that R" is complete. 0

Example 12.11 The metric space (Cl[a,b],d) of all real-valued (or
complex-valued) continuous functions on [a,b], with metric

d(fg) = Supb] [1(x) —g(x) |

X € |a,

is complete. To see this, we first observe that the limit with respect to
d is the uniform limit on [a,b}, that is d(f ,f)—0 if and only if for any
€ >0, thereisan N >0 for which

n>N=|f (x)—f(x)| <e for all x € [a,b]

Now, let (f,) be a Cauchy sequence in (Cfa,b],d). Thus, for any
€ >0, there is an N for which

(12.1) mn>N = |[f(x)-f (x)| <e for all x € [a,b]
This implies that, for each x € [a,b], the sequence (f,(x)) is a Cauchy

sequence of real (or complex) numbers, and so it converges. We can
therefore define a function f on [a,b] by
f(x) = lim_f,(x)

Letting m—oo in (12.1), we get

n>N = |f(x)—f(x)] <e for all x € [a,b]
Thus, f (x) converges to f(x) uniformly. It is well-known that the
uniform limit of continuous functions is continuous, and so
f(x) € Cla,b]. Thus, (f (x))—f(x) € C[a,b], and so (C[a,b],d) is
complete. [

Example 12.12 The metric space (C[a,b],d;) of all real-valued (or
complex-valued) continuous functions on [a,b], with metric

b
4 (60.8() = | 1)~ g06)|

is not complete. For convenience, we take [a,b] =[0,1] and leave the
general case for the reader. Consider the sequence of functions f (x)
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whose graphs are shown in Figure 12.3. (The definition of f (x)
should be clear from the graph.)

)

1

Sl

P ¥

Figure 12.3
We leave it to the reader to show that the sequence (f,(x)) is Cauchy,
but does not converge in (C[0,1],d;). O

Example 12.13 The metric space ¢>° is complete. To see this, suppose
that (x,) is a Cauchy sequence in €>°, where

X, = (xn,l’xn,2’ . )
Then, for each coordinate position i, we have
(12.2) |xn’i—xm,3| <sup |xnj — X j | =0 as n,m—oo
J
Hence, for each i, the sequence (xn,i)n=1,2,... of ith coordinates is a
Cauchy sequence in R (or C). Since R (or C) is complete, we have
(Xp,1)Y; as n—oo

for each coordinate position i=1,2,.... We want to show that y=
(y;) € £° and that (x,)-y.
Letting m—oo in (12.2) gives

(12.3) szjlp [xp;—¥;|—0 as n—oeo

and so, for some n,
|xp5= ;1 <1 forall j
and so
ly; | <14 [x,;] forall j

But since x, € {*, it is a bounded sequence, and therefore so is (yj).
That is, y=(y;) €¢*. Since (12.3) implies that (x,)—y, we see that
€ is complete. [

Example 12.14 The metric space & is complete. To prove this, let
(x,) be a Cauchy sequence in ¢P, where

X = (xn,l’ xn,2’ . )
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Then, for each coordinate position i,

| Xn,i ~ Xm,i Ip < Z Ixn,] xm,] = d(xn’xm)p—) 0

which shows that the sequence (X,i)n=1,2,... of ith coordinates is a
Cauchy sequence in R (or C). Since R (or C) is complete, we have

(X,,:)—Y; as n—oo

We want to show that y = (y;) € &% and that (x )—y.
To this end, observe that for any ¢ > 0, there is an N for which

r
nm>N = Z | Xp i =X [P <€
i=1

for all r> 0. Now, we let m—oo, to get

r
n>N = Z |xn’i"'yi|psf
i=1
for all r > 0. Letting r—oo, we get, for any n > N,

o0
Z [ xp;—¥;ilP<e
i=1

which implies that (x,) —y € €P, and so y=y—(x,)+(x,) € &’ , and
in addition, (x,)—y. 0O

As we will see in the next chapter, the property of completeness
plays a major role in the theory of inner product spaces. Inner product
spaces for which the induced metric space is complete are called Hilbert
spaces.

Isometries
A function between two metric spaces that preserves distance is
called an isomeiry. Here is the formal definition.

Definition Let (M,d) and (M',d’) be metric spaces. A function
f:M—M’' is called an isometry if

d(f(x),f(y)) = d(xy)

for all x,y e M. If :M—M' is a bijective isometry from M to M/,
we say that M and M’ are isometric and write M~ M'.

Theorem 12.7 Let f:(M,d)—(M',d') be an isometry. Then
1) f is injective
2) f is continuous
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3) fL:f(M)—M is also an isometry, and hence also continuous.
Proof. To prove (1), we observe that
f(x) =f(y) & ¢({(x),f(y)) =0 & dx,y) =0 & x=y
To prove (2), let (x,)—x in M, then
d'(f(x,),f(x)) = d(x,,x)—0 as n—oo

and so (f(x,))—f(x), which proves that f is continuous. Finally, we
have

A (E(0), 7 (](y) = dlx,y) = d(f(x),f(y))
and so f1:f(M)—M is an isometry. §

The Completion of a Metric Space

While not all metric spaces are complete, any metric space can be
embedded in a complete metric space. To be more specific, we have the
following important theorem.

Theorem 12.8 Let (M,d) be any metric space. Then there is a
complete metric space (M’,d’) and an isometry T:M—7(M)CM' for
which 7(M) is dense in M'. The metric space (M',d’) is called a
completion of (M,d). Moreover, (M’,d) is unique, up to bijective
isometry.

Proof. The proof is a bit lengthy, so we divide it into various parts.
We can simplify the notation considerably by thinking of sequences
(x,) in M as functions f:N—M, where f(n) =x,.

Cauchy Sequences in M

The basic idea is to let the elements of M’ be equivalence classes
of Cauchy sequences in M. Solet CS(M) denote the set of all Cauchy
sequences in M. If f,g € CS(M) then, intuitively speaking, the terms
f(n) get closer together as n—oo, and so do the terms g(n). Therefore,
it seems reasonable that d(f(n),g(n)) should approach a finite limit as
n—oo. Indeed, according to Exercise 2,

| d(f(n),g(n)) — d(f(m),g(m)) | < d(f(n),f(m)) + d(g(n),g(m)) — 0

as n,m—oo, and so d(f(n),g(n)) is a Cauchy sequence of real numbers,
which implies that

(12.4) lim d(f(n),g(n)) < oo

n—oo
(That is, the limit exists and is finite.)
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Equivalence Classes of Cauchy Sequences in M
We would like to define a metric d' on the set CS(M) by

@(f,g) =Jim, d(f(n),g(n))

n—oo

However, it is possible that

Jim d(f(n),g(n)) =0
for distinct sequences f and g, so this does not define a metric. Thus,
we are lead to define an equivalence relation on CS(M) by

f~g & lim d(f(n)gn)) =0

Let CS(M) be the set of all equivalence classes of Cauchy sequences,
and define, for f, g € CS(M)

(12.5) d(f,g) = lim_ d(f(n),g(n))

n—oo

where f€f and g€g. )
To see that d is well-defined, suppose that f'€f and g' €g.
Then since f' ~f and g' ~ g, we have

| d(f'(n),g'(n)) — d(f(n),g(n)) | < d(f'(n),f(n)) + d(g'(n),g(n)) — 0

as n—oo. Thus,

f~f and g ~g= lim d(f'(n),g'(n)) = lim d(f(n),g(n))

n—soo n—oo
= d(f',g') = d(f,g)

which shows that d' is well-defined. To see that d' is a metric, we
verify the triangle inequality, leaving the rest to the reader. If f,g and
h are Cauchy sequences, then

d(f(n),g(n)) < d(f(n),h(n)) + d(h(n),g(n))

Taking limits gives

lim d(f(n),g(n)) < lim d(f(n),h(n)) + lim d(h(n),g(n))

n—o0 - n—0o0 n—oo

and so

d(fg) < d(fh) + d(hg)

Embedding (M,d) in (M',d)
For each x €M, consider the constant Cauchy sequence [x],
where [x](n) =x for all n. The map 7:M—M' defined by

7(x) = [x]
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is an isometry, since

(r(x),7(y)) = d([x},[y]) = lim  d([x](n),[y](n)) = d(x,y)

Moreover, 7(M) is dense in M’. This follows from the fact that we
can approximate any Cauchy sequence in M by a constant sequence.
In particular, let fe M’. Since fef isa Cauchy sequence, for any
€ > 0, there exists an N such that

n,m>N = d(f(n),f(m)) <e
Now, for the constant sequence [f(N)] we have
¢([EN)LD) = Jim, d(f(N),f(n)) < e
and so 7(M) is dense in M’
(M',d) is Complete

Suppose that o
£, £, f5, ...

is a Cauchy sequence in M'. We wish to find a Cauchy sequence g in
M for which

d(f,8) = lim d(f,(n),g(n)) > 0 as k—oo

n—oo

Since f, € M’, and since 7(M) is dense in M’, there is a constant
sequence [c)] for which

o)) = lim, d ) < L

n-—o0

Let g be the sequence defined by
g(k) = ¢,

This is a Cauchy sequence in M, since
dersy) = &'l [g))
< ¢l f) + 4@f) + G lg]) < + ¢ G +3 -0
as k,j—oo. To see that E converges to g, observe that
(EB) < d@elad) + ¢l @) <+ Jim dcgm)
=i+ Jlim d(ec,)

Now, since g is a Cauchy sequence, for any € > 0, there is an N such
that
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kn >N = d(c,c,) <e
In particular,
k>N = lim d(cy,c,) <e

and so _
koN = a(e)<lic

which implies that f]:—>g, as desired.

Uniqueness

Finally, we must show that if (M',d) and (M"”,d”) are both
completions of (M,d), then M'=~xM". Note that we have bijective
isometries T:M—r(M)CM’' and o:M—o(M)C M"”. Hence, the map
p =071 Lir(M)—o(M) is a bijective isometry from 7(M) onto o(M),
where 7(M) is dense in M'. (See Figure 12.4.)

T 'T(@M,

o(M) M//

Figure 12.4

Our goal is to show that p can be extended to a bijective isometry 7
from M’ to M".

Let x € M'. Then there is a sequence (a,) in 7(M) for which
(a,)—x. Since (a,) is a Cauchy sequence in 7(M), (p(a,)) is a
Cauchy sequence in o(M) C M", and since M" is complete, we have
(p(a,))—y for some y.€ M". Let us define p(x) =y.

To see that 7 is well-defined, suppose that (a )—x and
(b,)—x, where both sequences lie in 7(M). Then

d"(p(a,),p(b,)) = d'(ay,b,) — 0 as n—oo

and so (p(a,)) and (p(b,)) converge to the same element of M",
which implies that 7(x) does not depend on the choice of sequence in
7(M) converging to x. Thus, p is well-defined. Moreover, if
a € 7(M), then the constant sequence [a] converges to a, and so
p(a) = lim p(a) = p(a), which shows that 7 is an extension of p.

To see that p 1is an isometry, suppose that (a )—x and
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(b,)—y. Then (p(a,))—p(x) and (p(b,))—p(y), and since d" is

continuous, we have
d'(p(x),p(y)) = Jim  d"(p(ay),p(by)) = lim d'(ay,b,) = d'(x,y)

Thus, we need only show that 7 is surjective. Note first that
o(M) = im(p) C im(p). Thus, if im(p) is closed, we can deduce from
the fact that o(M) is dense in M" that im(p) =M". So, suppose
that (p(x,)) is a sequence in im(p), and (p(x,))—z. Then (5(x,))
is a Cauchy sequence, and therefore so is (x,). Thus, (x,)-xeM"
But 7 is continuous, and so (p(x,))—p(x), which implies that
p(x) =z, and so z € im(p). Hence, p is surjective, and M’ =~ M". I

EXERCISES

1.  Prove the generalized triangle inequality
d(Xl,Xn) < d(xl’x2) + d(X2,X3) +oet d(xn-—l’xu)
2. a) Use the triangle inequality to prove that

| d(x,y) — d(a,b) | < d(x,a) + d(y,b)
b) Prove that
| d(x,2) — d(y,2) | < d(xy)

3. Let SC € be the subspace of all binary sequences (sequences of
0s and 1s). Describe the metric on S.
4. Let M={0,1}" be the set of all binary n-tuples. Define a
function h:SxS—R by letting A(x,y) be the number of positions
in which x and y differ. For example, A[(11010),(01001)] = 3.
Prove that h is a metric. (It is called the Hamming distance
function and plays an important role in coding theory.)
5. Let 1<p<oo.
a) If x=(x,) € €’ show that x ,—0
b) Find a sequence that converges to 0 but is not an element of
any P for 1 <p < .
6. a) Show thatif x=(x,) € {P, then x€ % for all q> p.
b) Findla sequence X = (x,) thatisin €P for p > 1, but is not
in ¢
7.  Show that a subset S of a metric space M is open if and only if
S contains an open neighborhood of each of its points.
8.  Show that the intersection of any collection of closed sets in a
metric space is closed.
9. Let (M,d) be a metric space. The diameter of a nonempty
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10.

11.

12.

13.

14.

15.

16.

17.

subset SCM is
(9) = sup_d(x,y)
X,y €8
A set S is bounded if §(S) < co.
a) Prove that S is bounded if and only if there is some x €M
and r€R for which S C B(x,r).
b) Prove that 6é(S)=0 if and only if S consists of a single
point.
¢) Provethat SCT implies §(S) < é(T).
d) If S and T is bounded, show that SUT is also bounded.
Let (M,d) be a metric space. Let d be the function defined by

e o) = G%Y)

10 = T3 d)

a) Show that (M.d') is a metric space, and that M is bounded
under this metric, even if it is not bounded under the
metric d.

b) Show that the metric spaces (M,d) and (M,d") have the
same open sets.

If S and T are subsets of a metric space (M,d), we define the

distance between S and T by

T) = i
p(ST) = cinf L 40%Y)
a) Is it true that p(S,T)=0 if and only if S=T? Is p a

metric?
b) Show that x € cl(S) if and only if p({x},S) =0.
Prove that x € M is a limit point of SCM if and only if every
neighborhood of x meets S in a point other than x itself.
Prove that x € M is a limit point of S C M if and only if every
open ball B(x,r) contains infinitely many points of S.
Prove that limits are unique, that is, (x,)—x, (x,,)—y implies
that x=1y.
Let S be a subset of a metric space M. Prove that x € cl(S) if
and only if there exists a sequence (x,) in S that converges to
X.
Prove that the closure has the following properties.

a) SCclS) b) c(cl(S)) =S
¢) cSUT)=clS)uclT) d) c(SNT)C cl(S)nclT)

Can the last part be strengthened to equality?

a) Prove that the closed ball B(x,r) is always a closed subset.

b) Find an example of a metric space in which the closure of an
open ball B(x,r) is not equal to the closed ball B(x,r).
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18.
19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

12 Metric Spaces

Provide the details to show that R™ is separable.
Prove that C™ is separable.
Prove that a discrete metric space is separable if and only if it is
countable.
Prove that the metric space %B[a,b] of all bounded functions on
[a,b], with metric
d(f,g) =sup |f(x)—g(x) ]|
x € [a,b]
is not separable.
Show that a function f:(M,d)—(M',d") is continuous if and only if
the inverse image. of any open set is open, that is, if and only if
1 (U)={xeM|f(x) €U} is open in M whenever U is an
open set in M’
Repeat the previous exercise, replacing the word open by the word
closed.
Give an example to show that if f:(M,d)—(M',d') is a continuous
function and U is an open set in M, it need not be the case that
f(U) is open in M.
Show that any convergent sequence is a Cauchy sequence.
If (x,)—x in a metric space M, show that any subsequence
(x,, ) of (x,) also converges to x.
Suppose that (x,) is a Cauchy sequence in a metric space M,
and that some subsequence (x, ) of (x,) converges. Prove that
(x,) converges to the same limif as the subsequence.
Prove that if (x,) is a Cauchy sequence, then the set {x_ } is
bounded. What about the converse? Is a bounded sequence
necessarily a Cauchy sequence?
Let (x,) and (y,) be Cauchy sequences in a metric space M.
Prove that the sequence d, = d(x,,y,) converges.
Show that the space of all convergent sequences of real numbers
(or complex numbers) is complete as a subspace of £%°.
Let P denote the metric space of all polynomials over C, with
metric d(p,q) =sup |p(x) —q(x)|. Is P complete?
b

Let SC€* be The subspace of all sequences with finite support
(that is, with a finite number of nonzero terms). Is S complete?
Prove that the metric space Z of all integers, with metric
d(n,m) = |n—m/|, is complete.

Show that the subspace S of the metric space C[a,b] (under the
sup metric) consisting of all functions fe€ Cla,b] for which
f(a) = f(b) is complete.

If M~ M'and M is complete, show that M’ is also complete.
Show that the metric spaces C[a,b] and C|c,d], under the sup
metric, are isometric.
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37. (Holder’s inequality) Prove Holder’s inequality

oo o e/ 1/q
PRENA S(Z lxnlp) (Z Iynl“>
n=1

n=1 n=1
as follows.
a) Show that s =tP™1 = t=s9"1
b) Let u and v be positive real numbers, and consider the
rectangle R in R? with corners (0,0), (u,0), (0,v) and
(u,v), with area uv. Argue geometrically (i.e., draw a picture)
to show that
u v
uv < J tP=1dt + I s471ds
0

0
and so

wP  vd
WS tg

¢) Nowlet X=X|x, |P<oo and Y=X]|y |T<oc. Apply
the results of part (b), to

Xl/P’ Yl/q

and then sum on n to deduce Hélder’s inequality.
38. (Minkowski’s inequality) Prove Minkowski’s inequality

- e /o /o /p
(St < i)+ vr)
n=1 n=1

n=1

as follows.
a) Proveit for p=1 first.
b) Assume p > 1. Show that

‘xn+ynlps Ixnl Ixn+yn|p_1+ lynl Ixn+ynlp_l

¢) Sum this from n=1 to k, and apply Hélder’s inequality to
each sum on the right, to get

k
D %y, P
n=1
X 1/p K 1Py 7 & 1/q
S ) () Y )
n=1 n=1 n=1

Divide both sides of this by the last factor on the right, and
let n—oo to deduce Minkowski’s inequality.
39. Prove that (P is a metric space.
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Hilbert Spaces

Contenls: A Brief Review. Hilbert Spaces. Infinile Series. An
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Characterization of Hibert Bases. Hilbert Dimension. A
Characterizalion of Hilbert Spaces. The Riesz Representation
Theorem. FEzercises.

Now that we have the necessary background on the topological
properties of metric spaces, we can resume our study of inner product
spaces without qualification as to dimension. As in Chapter 9, we
restrict attention to real and compler inner product spaces. Hence F
will denote either R or C.

A Brief Review

Let us begin by reviewing some of the results from Chapter 9.
Recall that an inner product space V over F is a vector space V,
together with an inner product (,):VxV—F. If F =R, then the inner
product is bilinear, and if F = C, the inner product is sesquilinear.

An inner product induces a norm on V, defined by

vl =vi{vy)

We recall in particular the following properties of the norm.
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Theorem 13.1
1)  (The Cauchy-Schwarz inequality) For all u,v €V,

[{uv) | < [lufl [Vl

with equality if and only if w =rv for some r € F.
2)  (The triangle inequality) For all u,veV,

la+vil < llull + vl

with equality if and only if u=rv for some r €F.
3)  (The parallelogram law)

lutvi|?+ Jlu=v|?=2{ul>+2]v|? 1

We have seen that the inner product can be recovered from the
norm, as follows.

Theorem 13.2
1) If V is areal inner product space, then

(wv) =3(llu+v[I2= [lu=v|?
2) If V is a complex inner product space, then

(wv) =gt vl 2= [lu=v [ +gi(lut+iv]] >~ [lu-iv] ?)

The inner product also induces a metric on V defined by
duy) = lu=v|

Thus, any inner product space is a metric space.

Definition Let V and W be inner product spaces, and let
T € L(V,W).
1) 7 is an isometry if it preserves the inner product, that is, if

(r(w),7(v)) = (u,v)
for all yyveV.
2) A bijective isometry is called an isometric isomorphism. When
7:V—-W is an isometric isomorphism, we say that V and W
are isometrically isomorphic. [

It is easy to see that an isometry is always injective but need not
be surjective, even if V= W. (See Example 10.3.)
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Theorem 13.3 A linear transformation 7 € £(V,W) is an isometry if
and only if it preserves the norm, that is,

el =1vil
forall veV. 1

The following result points out one of the main differences
between real and complex inner product spaces.

Theorem 13.4 Let V be an inner product space, and let 7 € L(V).

1) If (r(v),w)=0 forall v, weV, then 7=0.

2) If V is a complez inner product space, and (7(v),v) =0 for all
veV, then 7=0.

3)  Part (2) does not hold in general for real inner product spaces. 1§

Hilbert Spaces

Since an inner product space is a metric space, all that we learned
about metric spaces applies to inner product spaces. In particular, if
(x,) is a sequence of vectors in an inner product space V, then

(x,)—x if and only if ||x,—x|| =0 as n—oo
The fact that the inner product is continuous as a function of

either of its coordinates is extremely useful.

Theorem 13.5 Let V be an inner product space. Then

1) (Xu)—ﬂ(, (yn)—-)y i (xn’yn)—)(x’y>
2) (= x = lx = lxl '

Complete inner product spaces play an especially important role in
both theory and practice.

Definition An inner product space that is complete under the metric
induced by the inner product is said to be a Hilbert space. [

Example 13.1 One of the most important examples of a Hilbert space
is the space ¢* of Example 10.2. Recall that the inner product is
defined by

X0
(xy) = Z Xy¥n
n=1

(In the real case, the conjugate is unnecessary.) The metric induced by
this inner product is
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- 1/2
d(x’Y) = “X—Y“2=<Z Ixn—ynl2)
n=1

which agrees with the definition of the metric space €% given in
Chapter 12. In other words, the metric in Chapter 12 is induced by this
inner product. As we saw in Chapter 12, this inner product space is
complete, and so it is a Hilbert space. (In fact, it is the prototype of all
Hilbert spaces, introduced by David Hilbert in 1912, even before the
axiomatic definition of Hilbert space was given by Johnny von
Neumann in 1927.) 0

The previous example raises the question of whether or not the
other metric spaces ¢P (p # 2), with distance given by

0o 1/p
(13.1) d(x,y) = le—YHP=(Zl lxn—ynlp>

are complete inner product spaces. The fact is that they are not even
inner product spaces! More specifically, there is no inner product whose
induced metric is given by (13.1). To see this, observe that, according
to Theorem 13.1, any norm that comes from an inner product must
satisfy the parallelogram law

Ix+yll2+ lIx-ylI*=2lIx|I*+2]y]*

But the norm in (13.1) does not satisfy this law. To see this, take x=
(1,1,0...) and y=(1,-1,0...). Then

”x+y“p=2’ “x_y“p:2
and )
1
x|, =22, |y|,=2"7"

Thus, the left side of the parallelogram law is 8, and the right side is
4. 2271), which equals 8 if and only if p =2.

Just as any metric space has a completion, so does any inner
product space.

Theorem 13.6 Let V be an inner product space. Then there exists a
Hilbert space H and an isometry 7:V—H for which (V) is dense in
H. Moreover, H is unique up to isometric isomorphism.

Proof. We know that the metric space (V,d), where d is induced by
the inner product, has a unique completion (V’,d’), which consists of
equivalence classes of Cauchy sequences in V. If (x )€ (_x:)_ €V' and
(¥,) € (y,) € V', then we set
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(%) + ) = (5 +v0)s (%) = (1x,)

and
<@’(y_1;)-) = nll.,nc}o (xn’yn)

It is easy to see that, since (x,) and (y,) are Cauchy sequences, so
are (x,+y,) and (rx,). In addition, these definitions are well-
defined, that is, they are independent of the choice of representative
from each equivalence class. For instance, if (X )€ (x,) then

Jim X, =%l =
and so
| <xn’yn) - (in’yn) | = l (xn - in’yn) | < ” X i\n ” “ ¥n ” —0
(The Cauchy sequence (y,) is bounded.) Hence,

(), (yp)) = Jim (x,y,) = lim (%,y,) = ((%,),(3,))

We leave it to the reader to show that V' is an inner product space
under these operations.
Moreover, the inner product on V' induces the metric d', since

((xn - yn)’(xn - yn)) n—ioo (xu YnoXn — yn)
i, dey,)*
= dl((xn)’(yu))z

Hence, the metric space isometry 7:V—V’' is an isometry of inner
product spaces, since

(r(0),7(y)) = d(r(x),7(¥))* = d(x,y)? = (x.y)

Thus, V' is a complete inner product space, and 7(V) is a dense
subspace of V' that is isometrically isomorphic to V. We leave the
issue of uniqueness to the reader. 1

The next result concerns subspaces of inner product spaces.

Theorem 13.7

1) Any complete subspace of an inner product space is closed.

2) A subspace of a Hilbert space is a Hilbert space if and only if it is
closed.

3) Any finite dimensional subspace of an inner product space is
closed and complete.

Proof. Parts (1) and (2) follow from Theorem 12.6. Let us prove that
a finite dimensional subspace S of an inner product space V is
closed. Suppose that (x,) is a sequence in S, (x,)—x, and x¢S.
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Let B ={b;,...,b,} be an orthonormal Hamel basis for S. The

Fourier expansion
m

i=1
in S has the property that x—s# 0 but

(x—sb;) = (x,b;) — (s,b;)) = 0

Thus, if we write y=x—s and y, =x —s8€S, the sequence (y,),
which is in S, converges to a vector y that is orthogonal to S. But
this is impossible, because y Ly implies that

Nya=yl2= Ny 2+ lIylI2> lylI2 40

This proves that S is closed.

To see that any finite dimensional subspace S of an inner
product space is complete, let us embed S (as an inner product space
in its own right) in its completion S’. Then S (or rather an isometric
copy of S) is a finite dimensional subspace of a complete inner product
space S’, and as such it is closed. However, S is dense in S’ and so
S = &', which shows that S is complete. 1

Infinite Series

Since an inner product space allows both addition of vectors and
convergence of sequences, we can define the concept of infinite sums, or
infinite series.

Definition Let V be an inner product space, and let (x,) be a
sequence in V. The nth partial sum of the sequence is s =
X; ++--+x,. If the sequence (s;) of partial sums converges to a
vector s € V, that is, if

I|s,—s|l— 0 as n—w
then we say that the series Yx, converges to s, and write
[o.9)
D % =9 L
n=1

We can also define absolute convergence.

Definition A series Xx; is said to be absolutely convergent if the

serles oo
D =l
n=1

converges, [
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The key relationship between convergence and absolute
convergence is given in the next theorem. Note that completeness is
required to guarantee that absolute convergence implies convergence.

Theorem 13.8 Let V be an inner product space. Then V is complete
if and only if absolute convergence of a series implies convergence.

Proof. Suppose that V is complete, and that ¥|| x, || < co. Then the
sequence s, of partial sums is a Cauchy sequence, for if n >m, we
have

n n
”sn—snl” = ” Z xkll S Z “xk”——)o
k=m+1 k=m+1

Hence, the sequence (s,) converges, that is, the series Ix, converges.

Conversely, suppose that absolute convergence implies
convergence, and let (x,) be a Cauchy sequence in V. We wish to
show that this sequence converges. Since (x,) is a Cauchy sequence,
for each k > 0, there exists an Nj with the property that

>N > [x-x]] <51;

Clearly, we can choose N; < N, <--+, in which case

Il x

_ 1
N1~ Ny <

2

o0 [e. ] 1
];ankH XN ijl—k

Thus, according to hypothesis, the series

Z
(xn —xy,)
=1kt k

converges. But this is a telescoping series, whose nth partial sum is

and so

X -x
Nn+1 Nl

and so the subsequence (xy ) converges. Since any Cauchy sequence
that has a convergent subséquence must itself converge, the sequence

(x) converges, and so V is complete. I

An Approximation Problem

Suppose that V is an inner product space, and that S is a
subset of V. It is of considerable interest to be able to find, for any
XEV, a vector in S that is closest to x in the metric induced by the
inner product, should such a vector exist. This is the approzimation
problem for V.
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Suppose that x € V, and let
6=inf ||x—s||
s€ES
Then there is a sequence s, for which

= || x—8,[|—6

as shown in Figure 13.1.

Figure 13.1

Let us see what we can learn about this sequence. First, if we let y, =
X — 8y, then according to the parallelogram law

Iye+% 12+ Iye—-v 112 =20 12+ Ny 1%
or

Yk TY;
(13.2)  lwe=y 2 =20l n 1%+ 1y 115 =4 | =211 2

Now, if the set S is convex, that is, if
XY€S = rx+(1-r)y€S forall 0<r<1

(in words S contains the line segment between any two of its points)

then (s, +s;)/2€S and so
”yk+yj

Sk+S-
= x5 26
Thus, (13.2) gives
Iye=% 12 <20yl ?+ Iy 112 —462= 0

as k,j—oco. Hence, if S is convex, then (y,) =(x-s,) is a Cauchy
sequence, and therefore so is (s,).

If we also require that S be complete, then the Cauchy sequence
(s,) converges to a vector 8 €S, and by the continuity of the norm,
we must have || x—8|| =6. Let us summarize and add a remark

about uniqueness.
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Theorem 139 Let V be an inner product space, and let S be a
complete convex subset of V. Then for any x €V, there exists a
unique 8 € S for which

x—38| = inf ||x—s
Ix=51l = inf |x—s]

The vector 8 is called the best approximation to x in S.
Proof. Only the uniqueness remains to be established. Suppose that
[x-8|| =é6=[[x=¢]|

Then, by the parallelogram law,

[8-811%= | (x—8) - (x=5)||?
<2x-§| 2 +2fx—¢| %~ ||2x-F~#'||?
= 2| x—8) 2+ 2 ] x—s || 2 4[| x- 235 2
<262 4+26%-46*=0
andso s=¢5" 1
Since any subspace S of an inner product space V is convex,

Theorem 13.9 applies to complete subspaces. However, in this case, we
can say more.

Theorem 13.10 Let V be an inner product space, and let S be a
complete subspace of V. Then for any x €V, the best approximation
to x in S is the unique vector s' €S for which x—s' LS.

Proof. Suppose that x—~g' L S, where §' €S. Then for any s€S, we
have x—s' L s—s' and so

2
[x=sl?= llx=s[I*+ ||s'=s|*> || x—'||*

Hence s' =8 is the best approximation to x in S. Now we need only
show that x—8 L S, where § is the best approximation to x in S.
For any s€S, a little computation reminiscent of completing the
square gives

| x—rs||? = (x—rs,x — 15)
= || x||® ~Fxs) — (%) + 17 || 5|2

= ||x|I*+ IISII2(rf—f_|§’i‘|°’|_>7_, (x,3) )

|'s lIs]”
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T slhr— (x,8) f_(_XE _|(X:S)|2
= ||x||“+ || ||( ||SII2X ”8”2) Tsll

(xs) 12_ 1(x8)|?

Isf2! sl

2
= %12+ IIs]|?| -

Now, the last expression is smallest when

(x,8)

~O T
in which case
2
Ix—rsll? < [1x )2 - L2
sl
Replacing x by x—§ gives
- 2 -~ 2
~ 2 ~n2_ | {(x=83)] | (x=8,s) |
_5_ _ _ <§—
|x~8~1e8] “ < || x5 sl <4 sl

But 8 +rys €S, and so the left side must be at least 6, implying that

[x=88)1° _,
TSl

or, equivalently,

Hence, x—5 1L S. 1
According to Theorem 13.10, if S is a complete subspace of an
inner product space V, then for any x € V, we may write
x=8+(x—73)

where §€S and x—8§€S*. Hence, V=S+S5", and since SNS* =
{0}, we also have V =S®S*. This is the projection theorem for
arbitrary inner product spaces.

Theorem 13.11 (The projection theorem) If S is a complete subspace
of an inner product space V, then

V=Sos"
In particular, if S is a closed subspace of a Hilbert space H, then
H=Sos" 1

Theorem 13.12 Let S, T and T' be subspaces of an inner product
space V.
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1) If V=SOT, then T =5"
2) If SeT=S@T', then T=T"

Proof. If V=S@T then T CS" by definition of orthogonal direct
sum. On the other hand, if z€S", then z=s+t, for some s€S
and t € T. Hence,

0 = (z,8) = (s,8) + (t,8) = (s,8)
and so s=0, implying that z=te€T. Thus, S'CT. Part (2)
follows from part (1). 1

Let us denote the closure of the span of a set S of vectors by
cspan(S).

Theorem 13.13 Let H be a Hilbert space.
1) If A isa subset of H, then

cspan(A) = A**
2) If S isa subspace of H, then

cl(S) =s**
3) If K is a closed subspace of H, then
K — KLL

Proof. We leave it as an exercise to show that [cspan(A)]* = At.

Hence
H = cspan(A) @ [espan(A)]" = cspan(A) © A*

But since A* is closed, we also have

H=A'oA™
and so by Theorem 13.12, cspan(A) = A**. The rest follows easily
from part (1). 1

In the exercises, we provide an example of a closed subspace K of
an inner product space V for which K # K**. Hence, we cannot drop
the requirement that H be a Hilbert space in Theorem 13.13.

Corollary 13.14 If A is a subset of a Hilbert space H then span(A)
is dense in H if and only if A* = {0}.
Proof. As in the previous proof,
H = cspan(A) O A*
and so A* = {0} if and only if H = cspan(A). &
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Hilbert Bases
We recall the following definition from Chapter 9.

Definition A maximal orthonormal set in a Hilbert space H is called a
Hilbert basis for H. 0

Zorn’s lemma can be used to show that any nontrivial Hilbert
space has a Hilbert basis. Again, we should mention that the concepts
of Hilbert basis and Hamel basis (a maximal linearly independent set)
are quite different. We will show later in this chapter that any two
Hilbert bases for a Hilbert space have the same dimension.

Since an orthonormal set O is maximal if and only if O* = {0},
Corollary 13.14 gives the following characterization of Hilbert bases.

Theorem 13.15 Let O be an orthonormal subset of a Hilbert space H.
The following are equivalent.

1) O is a Hilbert basis

2) o'={0}

3) O is a total subset of H, that is, cspan(0) = H. §

Part (3) of this theorem says that a subset of a Hilbert space is a
Hilbert basis if and only if it is a total orthonormal set.

Fourier Expansions

We now want to take a closer look at best approximations. Our
goal is to find an explicit expression for the best approximation to any
vector x from within a closed subspace S of a Hilbert space H. We
will find it convenient to consider three cases, depending on whether S
has finite, countably infinite, or uncountable dimension.

The Finite Dimensional Case

Suppose that O = {u,,...,u,} is an orthonormal set in a Hilbert
space H. Recall that the Fourier expansion of any x € H, with respect
to O, is given by

n
X= Z (%, )uy
k=1

where (x,u,) is the Fourier coefficient of x with respect to u.
Observe that

(x— ) = (x) — (R = 0
and so x-—X .1 span(0). Thus, according to Theorem 13.10, the
Fourier expansion X is the best approximation to x in span(O).
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Moreover, since x — X L X, we have

N2 = =)= [Ix-x)12< lIx||?
and so
x| < IIx]|

with equality if and only if x=1X, which happens if and only if
x € span(0). Let us summarize.

Theorem 13.16 Let O = {u,,...,u,} be a finite orthonormal set in a
Hilbert space H. For any x € H, the Fourier expansion X of x is
the best approximation to x in span(0). We also have Bessel’s
inequality

1=l < [l

or, equivalently

(133) 3 1w 12 < |l x| ?

k=1

with equality if and only if x € span(0). 8

The Countably Infinite Dimensional Case

In the countably infinite case, we will be dealing with infinite
sums, and so questions of convergence will arise. Thus, we begin with
the following.

Theorem 13.17  Let O = {u;,u,...} be a countably infinite

orthonormal set in a Hilbert space H. The series

o0
(13.4) >
k=1

converges in H if and only if the series

(13.5) > In?
k=1

converges in R. If these series converge, then they converge
unconditionally (that is, any series formed by rearranging the order of
the terms also converges). Finally, if the series (13.4) converges then

o0 2 o)
|2 mone | = >0 nel®
k=1 k=1

Proof. Denote the partial sums of the first series by s, and the partial
sums of the second series by p,. Then for m <n
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n
Isa=sull®= | D mw [2= X Inl?=Ipa—pul
k=m+1 k=m+1

Hence (s,) is a Cauchy sequence in H if and only if (p,) is a
Cauchy sequence in R. Since both H and R are complete, (s,)
converges if and only if (p,) converges.

If the series (13.5) converges, then it converges absolutely, and
hence unconditionally. (A real series converges unconditionally if and
only if it converges absolutely.) But if {13.5) converges unconditionally,
then so does (13.4). The last part of the theorem follows from the
continuity of the norm. 1

Now let O = {u;,u,,...} be a countably infinite orthonormal set
in H. The Fourier expansion of a vector x € H is defined to be the
sum

[o.e]
(13.6) £= ) (xu)u
k=1

To see that this sum converges, observe that, for any n >0, (13.3)

gives
n

| (xw) |2 < (x| ?
k=1

. 2
w2 < (x| ?
k=1

which shows that the series on the left converges. Hence, according to
Theorem 13.17, the Fourier expansion (13.6) converges unconditionally.
Moreover, since the inner product is continuous,

and so

(x—Xu) = (x,my ) — (X,uy ) =0
and so x—X € [span(O)]* = [cspan(O)]*. Hence, X is the best
approximation to x in e¢span(0O). Finally, since x—X L X, we again
have
%1% = %]~ I x=%]|*< ||x]|*
and so
%1 < x|
with equality if and only if x =X, which happens if and only if
x € cspan(0O). Thus, the following analog of Theorem 13.16 holds.

Theorem 13.18  Let O = {u},u,,...} be a countably infinite
orthonormal set in a Hilbert space H. For any x € H, the Fourier

expansion
x
=D (xuu
k=1
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of x converges unconditionally and is the best approximation to x in
cspan(0). We also have Bessel’s inequality

I < x|l

or, equivalently
[e.0]

| (k) |2 < |1x]| 2
k=1

with equality if and only if x € cspan(0). 1

The Arbitrary Case

To discuss the case of an arbitrary orthonormal set O =
{uy | k € K}, let us first define and discuss the concept of the sum of an
arbitrary number of terms. (This is a bit of a digression, since we could
proceed without all of the coming details — but they are interesting.)

Definition Let % = {x, |k € K} be an arbitrary family of vectors in
an inner product space V. The sum . b xk is said to converge to a
vector x € V, and we write

(13.7) x= E Xy
kekK
if for any ¢ > 0, there exists a finite set S C K for which

T>OS, T finite = ”Zxk x”<e 1
keT

For those readers familiar with the language of convergence of
nets, the set Py(K) of all finite subsets of K is a directed set under
inclusion, and the function

S — Z Xy

is a net in H. Convergence of (13.7) is convergence of this net. In any
case, we will refer to the preceding definition as the net definition of
convergence.

It is not hard to verify the following basic properties of net
convergence for arbitrary sums.

Theorem 13.19 Let % = {x) |k € K} be an arbitrary family of vectors
in an inner product space V. If
> x=x and Z Y=Y

keK
then
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1) Y rxpy=r1x forany reF
keK

2) X (gtw)=x+y
keK

3) %:(xk,y)=(x,>') and %(y,xk)=(y,X) 1

The next result gives a useful description of convergence, which
does not require explicit mention of the sum.

Theorem 13.20 Let % = {x |k € K} be an arbitrary family of vectors
in an inner product space V.
1)  If the sum

Z Xk

keK
converges, then for any € > 0, there exists a finite set I C K such
that
JNI=0, J finite = H Zxk” <e
kel
2) If V is a Hilbert space, then the converse of (1) also holds.
Proof. For part (1), given € >0,let SCK, S finite, be such that
T>S, T finite = ||k;Txk—x” _<_—§‘
If JNS=0, J finite, then
I XJ:XkH = |l (%:kar %:xk—x)“(gxk_x) I

S x—x||+ || Tx—x|| <S+E=e
JUs & Is k—xll <5+3

As for part (2), for each n>0, le¢ I, CK be a finite set for
which

JNI, =0, J finite = “J;’SH <k

YWn= Z Xy

kel

and let

Then (y,) is a Cauchy sequence, since

Yo=Yl = I Zx— Xxell = 1l X xe— 3 x|
I i 11 )

n m n

IA

IS xl+ll Y xll <&+i-o
In_In Im_In

T
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Since V is assumed complete, we have (y,)—y.
Now, given € > 0, there exists an N such that

n2N = flya-yll =l Y-yl <s
n

Setting n = max{N,2/¢} gives
TDI,, T finite =

I Exk")'“
T

Il

I Xx—y+ 2 xll
T 121,

<HEx-yll + 15 %Il <§5+3<e
T T-1I,

and so ), x converges to y. ]
keK

The following theorem tells us that convergence of an arbitrary
sum implies something very special about the terms.

Theorem 13.21 Let % = {x |k € K} be an arbitrary family of vectors
in an inner product space V. If the sum

PN

keK
converges, then at most a countable number of terms x; can be
nonzero.

Proof. According to Theorem 13.20, for each n >0, we can let [ CK,
I, finite, be such that

InL, =0, 3 finte = | Y x| <&
jeld
Let I= [JI,. Then I is countable, and
n
k¢l={k}NL =0 forall n=> ||x. || <1 forall n=>x,=0

Here is the analog of Theorem 13.17.

Theorem 13.22 Let O ={u |k €K} be an arbitrary orthonormal
family of vectors in a Hilbert space H. The two series

Zrk“k and Z Irkl2

kekK keK
converge or diverge together. If these series converge then

2
” Y H =Y Inl?
keK ke K
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Proof. The first series converges if and only if for any € >0, there
exists a finite set I C K such that
. 2 2
JNI=0, J finite = ” Zrk“k” <e
. kel
or, equivalently
JNI=0, J finite = E It |2 <€
kel
and this is precisely what it means for the second series to converge.
We leave proof of the remaining statement to the reader. 1

The following is a useful characterization of arbitrary sums of
nonnegative real terms.

Theorem 13.23 Let {r, |k € K} be a collection of nonnegative real
numbers. Then

(13.8) Zrkz sup Zrk

kek  Jfinite 1gy
provided that either of the preceding expressions are finite.
Proof. Suppose that
sup Z n=R<
JJfguIt{e ked
Then, for any € > 0, there exists a finite set S C K such that

R> > n>R-e
keS

Hence, if T CK is a finite set for which T 5 S, then since r, >0,
R > Zrkz ZrkZR——e

keT keS
and so
[r- X <
keT

which shows that Y r_ converges to R. Finally, if the sum on the
left of (13.8) converges, then the supremum on the right is finite, and so

(13.8) holds. &

The reader may have noticed that we have two definitions of
convergence for countably infinite series —the net version and the
traditional version involving the limit of partial sums. Let us write

Exk and io:xk
k=1

k eN*
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for the net version and the partial sum version, respectively. Here is
the relationship between these two definitions.

Theorem 13.24 Let H be a Hilbert space. If x, € H for all k, then
the following are equivalent.

1) Y x_ converges (net version) to x
keN

o0
2) ) x, converges unconditionally to x

k=1
Proof. Assume that (1) holds. Suppose that 7 is any permutation of
N*t. Given any ¢ > 0, there is a finite set S C Nt for which

TD>S, T finite = HZxk——x“ <e
keT

Let us denote the set of integers {1,...,n} by I, and choose a
positive integer n so that x(I ) D S. Then

m>n=n(l)Dx(I,)DS

m
= | xmgg-x| =] 2 me-x| <
k=1 ken(l )
and so (2) holds.
Next, assume that (2) holds, but that the series in (1) does not
converge. Then there exists an € >0 such that, for any finite subset
I CN*, there exists a finite subset J with JNI =0 for which

| el >

kel
From this, we deduce the existence of a countably infinite sequence J_
of mutually disjoint finite subsets of N* with the property that

max(J,) =M, <m,_; =min(J_,)

| 35 x| >«

kel

and

Now, we choose any permutation mN*—N* with the following
properties

1) W([mn’Mn]) C [mn’Mn]
2) if J = {jn,l""’jn,un} then
m(m,) =j11,1’ m(m,+1) =J'n,2’°--v7’(mn+“u"1) =jn,un

The intention in property (2) is that, for each n, 7 takes a set of
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consecutive integers to the integers in J .
For any such permutation =, we have

mn+u -1

n
| 2 xewl =] X x>
=m, kEJn

k

which shows that the sequence of partial sums of the series

E:ﬁu)
k=1

is not Cauchy, and so this series does not converge. This contradicts
(2), and shows that (2) implies at least that (1) converges. But if (1)
converges to y € H, then since (1) implies (2), and since unconditional
limits are unique, we have y =x. Hence, (2) implies (1).

Now we can return to a discussion of Fourier expansions. Let
O = {u |k €K} be an arbitrary orthonormal set in a Hilbert space H.
Given any x € H, we may apply Theorem 13.16 to all finite subsets of

0, to deduce that
s D (w2 x|
[fine €5

and so Theorem 13.23 tells us that the sum
D x| 2

keK
converges. Hence, according to Theorem 13.22, the Fourier expansion

X= Z (%, )y
keK
of x also converges, and

1Z02=3" lixuw)|?
kekK
Note that, according to Theorem 13.21, X is a countably infinite sum
of terms of the form (x,u) )uy, and so is in cspan(0).
In view of part (3) of Theorem 13.19, we have

(x—Xu) = (xu,) — (X)) =0

and so x—X € [span(O)]* = [cspan(O)]*. Hence, X is the best
approximation to x in cspan(0). Finally, since x—X L X, we again
have
N2 = [1x)®= [l x=%[2< ||x||?
and so
1= < x|l
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with equality if and only if x=2%, which happens if and only if
x € cspan(0). Thus, we arrive at the most general form of a key
theorem about Hilbert spaces.

Theorem 13.25 Let O = {w |k € K} be an orthonormal family of
vectors in a Hilbert space H. For any x € H, the Fourier expansion

X= Z (x,uy )uy

keK
of x converges in H, and is the unique best approximation to x in
cspan(0). Moreover, we have Bessel’s inequality

1=l < Il
or, equivalently

> M) 12 < 1x|)?

keK
with equality if and only if x € cspan(0). 1

A Characterization of Hilbert Bases
Recall from Theorem 13.15 that an orthonormal set O =
{u, |k €K} in a Hilbert space H is a Hilbert basis if and only if

cspan(O) = H

Theorem 13.25 then leads to the following characterization of Hilbert
bases.

Theorem 13.26 Let O = {u |k € K} be an orthonormal family in a
Hilbert space H. The following are equivalent.

1) O is a Hilbert basis (a maximal orthonormal set)

2) O ={0}

3) O is total (that is, cspan(O) = H)

4) x=X forall xeH

5)  Equality holds in Bessel’s inequality for all x € H, that is,

x|l =[xl

for all xe H.
6) Parseval’s identity

~

(xy) = (x,y)
holds for all x,y € H, that is,

(xy) = Z (x’“k)m

keK
Proof. Parts (1), (2) and (3) are equivalent by Theorem 13.15. Part
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(4) implies part (3), since X € cspan(0O), and (3) implies (4) since the
unique best approximation of any x € cspan(0O) is itself, and so x =%X.
Parts (3) and (5) are equivalent by Theorem 13.25. Parseval’s identity
follows from part (4) by part (3) of Theorem 13.19. Finally, Parseval’s
identity for y = x implies that equality holds in Bessel’s inequality. 1

Hilbert Dimension

We now wish to show that all Hilbert bases for a Hilbert space H
have the same cardinality, and so we can define the Hilbert dimension
of H to be that cardinality.

Theorem 13.27 All Hilbert bases for a Hilbert space H have the same
cardinality. This cardinality is called the Hilbert dimension of H. We
will denote the Hilbert dimension of H by Adim(H).

Proof. If H has a finite Hilbert basis, then that set is also a Hamel
basis, and so all Hilbert bases have size dim(H). Suppose next that
B={b, |k€K} and C={c;|j€J} are infinite Hilbert bases for H.
Then for each by, we have

by = Z (bkvcj)cj

€T

where Jy is the countable set {j|(by,c;) # 0}. Moreover, since no <
can be orthogonal to every by, we have [JJ, =J. Thus, since each
Ji is countable, Theorem 0.16 gives K

131 =1 U Il SXIK| = [K]
kekK
By symmetry, we also have |K| < |J|, and so the Schréder-
Bernstein theorem implies that |J| = |K]|. 1

Theorem 13.28 Two Hilbert spaces are isometrically isomorphic if and
only if they have the same Hilbert dimension.

Proof. Suppose that hdim(H;) = hdim(H,). Let O; = {u, |k € K} be
a Hilbert basis for H;, and O, ={v, |k €K} be a Hilbert basis for
H,. We may define a map 7:H;—H, as follows

T( Z I'kllk) = Z l'kvk
KeK KeK

We leave it as an exercise to verify that 7 is a bijective isometry. The
converse is also left as an exercise. 1
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A Characterization of Hilbert Spaces

We have seen that any vector space V is isomorphic to a vector
space (FB)0 of all functions from B to F that have finite support.
There is a corresponding result for Hilbert spaces. Let K be any
nonempty set, and let

Ikl 2.
22(K)_{f.K Clk;KH(k)l < }

The functions in €3(K) are referred to as square summable functions.
(We can also define a real version of this set by replacing C by R.)
We define an inner product on €*(K) by

g) = f(k)g(k)
keK
The proof that €2(K) is a Hilbert space is quite similar to the

proof that €2 = ¢%(N) is a Hilbert space, and the details are left to the
reader. If we define 6, € ¢>(K) by

6.(5) = 8 1 if j=k
J = o =
KT 0 ir £k
then the collection

0 ={6 |keK}

is a Hilbert basis for ¢%(K), of cardinality |K|. To see this, observe

that
Z 8,(k)8;(k)

and so O is orthonormal. Moreover, if fe 22(K), then f(k)#0 for
only a countable number of k € K, say {k,k,,...}. If we define f' by

Zf(k )i

i=1
then f' € cspan(O) and f'(j) =1f(j) for all j€ K, which implies that
f=1f. This shows that ¢*(K)= cspan(0), and so O is a total
orthonormal set, that is, a Hilbert basis for 2(K).
Now let H be a Hilbert space, with Hilbert basis B =
{u |k € K}. We define a map ¢:H—¢*(K) as follows. Since B isa
Hilbert basis, any x € H has the form

X= Z (%, Juy

keK
Since the series on the right converges, Theorem 13.22 implies that the

series
Z | (x| 2

keK
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converges. Hence, another application of Theorem 13.22 implies that
the following series converges, and so we may set
$(x) =Y (xm)by
keK
It follows from Theorem 13.19 that ¢ is linear, and it is not hard to
see that it is also bijective. Notice that é(u) =6y, and so ¢ takes
the Hilbert basis B for H to the Hilbert basis O for €%(K).
Notice also that

1609112 = (609860) = 3=l 1= | 3 x| = 1xi?
keK

and so ¢ is an isometric 1sornorphlsm. We have proved the following
theorem.

Theorem 13.29 If H is a Hilbert space of Hilbert dimension &, and if
K is any set of cardinality &, then H is isometrically isomorphic to

(K). ¥

The Riesz Representation Theorem

We conclude our discussion of Hilbert spaces by discussing the
Riesz representation theorem. As it happens, not all linear functionals
on a Hilbert space have the form “take the inner product with...,” as
in the finite dimensional case. To see this, observe that if y € H, then
the function

fy(x) = (x,y)

is certainly a linear functional on H. However, it has a special
property. In particular, the Cauchy-Schwarz inequality gives, for all
xeH

1, | = 10| < x|l ¥l
or, for all x#0,
5091 lyll
[EY
Noticing that equality holds if x =y, we have
1,
xsupﬂ “X” = ”Y”

This prompts us to make the following definition, which we do for
linear transformations between Hilbert spaces (this covers the case of
linear functionals).
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Definition Let 7':H1—+H2 be a linear transformation from H; to H,.
Then 7 is said to be bounded if

NECT

xzo0 x|
If the supremum on the left is finite, we denote it by || 7|| and call it
the norm of 7. I

Of course, if f:H—F is a bounded linear functional on H, then

Il =su ',f("},‘

The set of all bounded linear functionals on a Hilbert space H is called
the continuous dual space, or conjugate space, of H, and denoted by
H*. Note that this differs from the algebraic dual of H, which is the
set of all linear functionals on H. In the finite dimensional case,
however, since all linear functionals are bounded (exercise), the two
concepts agree. (Unfortunately, there is no universal agreement on the
notation for the algebraic dual versus the continuous dual. Since we
will discuss only the continuous dual in this section, no confusion should
arise.)

The following theorem gives some simple reformulations of the
definition of norm.

Theorem 13.30 Let 7:H;—H, be a bounded linear transformation.

D7l = P ()|l
2) 7l = sup [ir(x)l
lIxj <1
3) 7l =infleeR[ [[7(x)[| <c[x]| forall x€H} 1

The following theorem explains the importance of bounded linear
transformations.

Theorem 13.31 Let 7:H;—H, be a linear transformation. The
following are equivalent.

1) rt is bounded

2) 7 is continuous at any point x, € H

3) 7 is continuous.

Proof. Suppose that 7 is bounded. Then
@) =rx) Il = N r(x=x) [l < Nl 71l I x=% ]| — 0
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as x—x, Hence, 7 is continuous at x,. Thus, (1) implies (2). If (2)
holds, then for any y € H, we have

@) =) || = I T(x—y+x) = 7(x) || = 0

as x—y, since 7 is continuous at X3, and x—y+x,—x;, as y—x
Hence, 7 is continuous at any y € H, and (3) holds. Finally, suppose
that (3) holds. Thus, 7 is continuous at 0, and so there exists a
6 >0 such that

x|l <6 = [[rx)| <1

In particular,
partie A& 1 (X) ll <1

x|l =6 = <

- <l = ||T(5X)l| <ls el 1

and so

Thus, 7 is bounded. W
Now we can state and prove the Riesz representation theorem.

Theorem 13.32 (The Riesz representation theorem) Let H be a
Hilbert space. For any bounded linear functional f on H, there is a
unique z, € H such that

f(x) = (x,2,)

for all x € H. Moreover, ||z,]| = [|f]|.

Proof. If f=0, we may take z;=0, so let us assume that f#0.
Hence, K = ken(f) # H, and since f is continuous, K is closed. Thus

H=KoK*

Now, the first isomorphism theorem, applied to the linear functional
f:H—F, implies that H/K~F (as vector spaces). In addition,
Theorem 3.5 implies that H/K ~ K", and so K'~F. In particular,
dim(K*) = 1.
For any z € K*, we have
x€K = f(x)=0=(x2)
Since dim(K") = 1, all we need do is find a 0 # z € K* for which

f(z) = (2,2)
for then f(rz) =rf(z) =r(z,z) = (rz,z) for all ré€F, showing that
f(x) = (x,2) for x €K as well.
But if 0# 3z € K", then
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f(z)

2%y = <Z,Z) Z

has this property, as can be easily checked. The fact that | z,|| =
|| f]| has already been established. 1§

EXERCISES

1.

Prove that the sup metric on the metric space Cla,b] of
continuous functions on [a,b] does not come from an inner
product. Hint: let f(t)=1 and g(t)=(t—a)/(b—a), and
consider the parallelogram law.

Prove that any Cauchy sequence that has a convergent
subsequence must itself converge.

Let V be an inner product space, and let A and B be subsets
of V. Show that

a) ACB = B*'CA"

b) A" is a closed subspace of V

¢) [espan(A)]* = A*

Let V be an inner product space and S CV. Under what
conditions is S*** =§*?

Prove that a subspace S of a Hilbert space H is closed if and
only if S =8

Let V be the subspace of €2 consisting of all sequences of real
numbers, with the property that each sequence has only a finite
number of nonzero terms. Thus, V is an inner product space.
Let K be the subspace of V consisting of all sequences x = (xn)

in V with the property that Xx /n=0. Show that K is
closed, but that K'* # K. Hint: For the latter, show that K*
{0} by considering the sequences u=(1,...,-n,...), where the

term -n is in the nth coordinate position.
Let O = {uj,u,,...} be an orthonormal set in H. If x=Xruy

converges, show that
lIx1® Z ek

Prove that if an infinite series

Z"k

k=1
converges absolutely in a Hilbert space H, then it also converges
in the sense of the “net” definition given in this section.
Let {r |k € K} be a collection of nonnegative real numbers. If
the sum on the left below converges, show that

Zrk.— sup Zrk

J finite
keK JCK kel
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10.

11.

12.
13.

14.
15.
16.
17.
18.

19.

13 Hilbert Spaces

Find a countably infinite sum of real numbers that converges in
the sense of partial sums, but not in the sense of nets.

Prove that if a Hilbert space H has infinite Hilbert dimension,
then no Hilbert basis for H is a Hamel basis.

Prove that €%(K) is a Hilbert space for any nonempty set K.
Prove that any linear transformation between finite dimensional
Hilbert spaces is bounded.

Prove that if f€ H*, then ker(f) is a closed subspace of H.
Prove that a Hilbert space is separable if an only if Adim(H) <N,
Can a Hilbert space have countably infinite Hamel dimension?
What is the Hamel dimension of ¢2(N)?

Let 7 and o be bounded linear operators on H. Verify the

following.

a) ||| = x| 7]

b) |[r+oal| <7l + el
o) llrell <=l llell

Use the Riesz representation theorem to show that H*~H for
any Hilbert space H.
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In the preceding chapters, we have seen several ways to construct
new vector spaces from old ones. Two of the most important such
constructions are the direct sum U@V and the set £L(U,V) of all
linear transformations from U to V. In this chapter, we consider
another construction, known as the tensor product.

There are several ways to define the tensor product but,
unfortunately, they are all a bit less perspicuous than one might like.
Therefore, in order to provide some motivation, we will first recast the
definition of the familiar external direct sum. In order to do this (and
to define tensor products) we need the concept of a free vector space.

Free Vector Spaces

Let F be a field. Given any nonempty set X, we may construct
a vector space Fy over F with X as basis, simply by taking Fy to
be the set of all formal finite linear combinations of elements of X

?FX:{ Zrixilxiex, riEF}

finite
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where the operations are as expected —combine like terms using the
rules
rx; +sx; = (r +s)x;
and
r(sx;) = (rs)x;

The vector space Fy is called the free vector space on X. The term
free is meant to connote the fact that there is no relationship between
the elements of X.

In fact, any vector space V is the free vector space on any basis
for V. Thus, in some sense, we have introduced nothing new.
However, the concept of free object occurs in many other contexts, as
we have seen with regard to modules, where not all modules are free.
Moreover, even in the context of vector spaces, it gives us a new
viewpoint from which to develop new ideas.

We may characterize the free vector space Fy as the set (FX),
of all functions from X to F that have finite support. Recall that the
support of a function f:X—F is defined by

supp(F) = {x € X | f(x) # 0}

It is easy to see that a function f:X—F with finite support corresponds
to a finite sum of elements of X, via

and therefore that the two constructions of ¥y are equivalent. We
will feel free to use either construction.

We can express the concept of freeness in a much more general
way as follows. Consider the map j:X—%Fy defined by j(x) =x, and
called the canonical injection of X into ¥y. The pair (¥Fy,j) has a
very special property. Referring to Figure 14.1, if f:X—V is any map
from X to any vector space V, then there is a unique linear
transformation T from ¥y to V for which 7oj=f.

X Y

Figure 14.1

For if f:X—V, then we can define a linear transformation 7:Fx—V by
setting 7(x) = f(x) and extending by linearity to Fyx. This is legitimate
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since X is a basis for Fy. The uniqueness of 7 also follows from the
fact that X is a basis for Fy.

When any two paths in a diagram, such as Figure 14.1, that begin
and end at the same locations describe equal functions, we say that the
diagram commutes. Thus, saying that 7oj=1{ is the same as saying
that the diagram in Figure 14.1 commutes. We can also describe this
situation by saying that any function f:X—V can be factored through
the canonical injection j.

Now, it so happens that the commutativity of Figure 14.1, and
the uniqueness of 7, completely determine the pair (¥Fy,j). More
specifically, we have the following, known as the universal property of
the free vector space Fy.

Theorem 14.1 (The Universal Property of Free Vector Spaces) Let
X be a nonempty set. Suppose that F is a vector space over F, and
kX—%F is a function, and that the pair (%,k) has the following
property. Referring to Figure 14.2, for any function f:X—V, where V
is a vector space over F, there exists a unique linear transformation
7:F-V for which 7ok=f{, that is, for which the diagram in Figure
14.2 commutes. Then ¥ is isomorphic to the free vector space Fy.

k
X > F

v
A\'%
Figure 14.2

Proof. Consider the diagrams in Figure 14.3. The first diagram reflects
the fact that we may put V=% in Figure 14.1. Since this diagram
commutes, we have

To)==¢k

The second diagram reflects the fact that we may set V =%y in
Figure 14.2. Since this diagram commutes, we have

cok=7
Making the appropriate substitutions gives
Toogok=k and coToj=7j

But, the third commutative diagram in Figure 14.3 indicates that the
identity is the unique linear transformation for which 1ok =k, and so
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700 =t Similarly, by drawing the appropriate commutative diagram,
we deduce that ocor =y Thus, 7 is an isomorphism from Fy to
F. 0

3 X——————————)ff’ X—**—>f/7

\\\

Figure 14.3

Another Look at the Direct Sum

By way of motivation for defining tensor products, let us take
another look at the external direct sum construction. Our plan is to
characterize this sum in three difference ways.

First, we have the definition. Suppose that U and V are vector
spaces over the same field F. The external direct sum UBYV is the
vector space of all ordered pairs

UBV={(wv)|uelU,veV}
with coordinatewise operations

(wv) + (',v) = (u+d,v+v)
and
r(u,v) = (ra,rv)

For the second characterization, we begin by considering the
Cartesian product U xV, which is simply the set of all ordered pairs

UxV={(uv)|ueU,veV}

with no algebraic structure. Let ¥,y be the free vector space on

UxV. Thus,

(14.1) Fuxv ={ D nw) | () €UxY, neF)

finite

It is important to keep in mind that we allow no manipulations of the
coordinates of the ordered pairs in Fy,y. For instance, we cannot
replace r(u,v) by (ru,rv) nor (uv)+(uw,v') by (u+u',v+v). Ina
sense, the ordered pairs in (14.1) act simply as “placekeepers” to
separate the coefficients r;.
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In fact, the difference between ¥y, and UBV is that, in
UBYV, we do have

r(u,v) — (ru,rv) =0
and
(uv)+ (V) —(u+u,v+v)=0

forall reF,u€eU and veV.
Let us define S to be the subspace of ¥,y generated by all
vectors of the form
r(u,v) — (ru,rv)
and
(u,v) + (u',v') — (u+u',v+ V')

forall r€éF,ueU and ve€V. It seems reasonable that the quotient
space Fyj, /S should be isomorphic to the direct sum Um@V.
To prove this, consider the map 7:%F, /S—UBEV defined by

T(Z ri(“‘i"'i)JfS) = > 5wy

This map is well-defined, since if
Zfi(“pv;)+s = Zsi(xiaYi)'*'S
Drn(wv) = D osi(xy) €S

But any element of S is equal to the zero vector in UMYV, and so the
vectors Xr;(u;,v;) and Xsi(x;,y;) areequalin UBYV. Hence,

(14.2) T(Zfi(“i"’i)+s) = T(Esi(xi’yi)JrS)

Furthermore, 7 is linear, and surjective. To see that r is injective,
we must show that if

(14.3) D n(u,v) =0 in UBV
then

then

Y (v €S
To this end, observe that, as formal sums, Xr;(u;,v;) €S if and only if
the sum that results by replacing any terms, using the rules

r(u,v)—(ru,rv), (ru,rv)—r(u,v)
or
(u,v) + (0’ ,V)=(w+d',v+ V'), (u+u' v+ v)—(u,v) + (v',v)

is also in S. Hence, since (14.3) simply says that, by performing such
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replacements, we may reduce Xr;(w;,v;) to 0, which is in S, the sum
Try(u;,v;) must be in S. Thus, 7 is an isomorphism from %y, v/S
to UmMV.

As can be seen from the previous paragraph, it can be a bit
awkward to describe UMYV as a quotient space. However, we do have
another characterization, in terms of commutative diagrams.
Associated with the direct sum UMBV are the two projections
p1:UBV—-U and p:UBV—V defined by

plwv)=u and py((uv)=v

Let us consider the triple (UBV,p;,p,). Referring to Figure 14.4,
if W is any vector space over F, with linear maps f;:W—U and
f,:W—V, then there exists a unique linear transformation mW—-UmBYV
for which the diagram commutes, that is, for which

pT =1, and p,r=f1,

5

U(—- UEBV—-———>p A\
2

Figure 14.4

To see this, observe that, if such a 7 were to exist, then we would
have

pr(r(w)) =£,(W) and  py(r(w)) = fy(w)

and so we must have

(14.4) (W) = (f,(W),f2(w))

We leave it to the reader to show that this actually defines a unique
linear transformation 7 from W to UMYV. The following theorem
shows that this property characterizes the direct sum. The proof is very
similar to that of Theorem 14.1.

Theorem 14.2 (The universal property of external direct sums) Let
U and V be vector spaces over F. Let D be a vector space over F,
and let 0,:D—U and 0, D—W be linear transformations, as in
Figure 14.5. Suppose that the triple (D,s;,0,) has the following
property. If W is any vector space over F, and if f;:W—U and
f,:W—V are linear transformations, then there exists a unique linear
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transformation 7:W—D that makes the diagram commute, that is, or
which

o,7=1;, and o7 =1,

Then D is isomorphic to the external direct sum UBYV. §

w
7\
U< o, D s, >V
Figure 14.5

In summary, we have three equivalent characterizations of the
external direct sum U@V

1)  The definition: UBV = {(u,v)|ue U, veV}
2)  The quotient space

gUxV
S

where %y, y is the free vector space on UxV and
S = span{r(u,v) — (ru,rv), (u,v) + (v',v') — (u + ', v+ v')}

3) By the universal property of external direct sums given in
Theorem 14.2.

Bilinear Maps and Tensor Products
Before defining tensor products, we need a preliminary definition.

Definition Let U, V and W Dbe vector spaces over F. A function
f:UxV—W is bilinear if it is linear in both variables separately, that
is,

f(ru + su’,v) = rf(u,v) + sf(u’,v)
and

f(u,rv + sv') = rf(u,v) + sf(u,v’)

The set of all bilinear functions from UxV to W is denoted by
B(U,V;W). A bilinear function f:UxV—F, with values in the base
field F, is called a bilinear form on UxV.
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Example 14.1

1) A real inner product (,):V x V—R is a bilinear form on VxV.

2) If A is an algebra, the product map pu:AxA—A defined by
p(a,b) = ab is bilinear. In short, multiplication is linear in each
variable. [

If V 1is a vector space, we have two classes of functions from
VxV to W, the linear maps £(VxV,W) and the bilinear maps
B(V,V;W). We leave it as an exercise to show that these two classes of
maps have only the zero map in common. In other words, the only
map that is both linear and bilinear is the zero map.

Now we can define the tensor product of two vector spaces.

Definition Let U and V be vector spaces over F, and let T be the
subspace of the free vector space ¥Fy;, y generated by all vectors of the
form

(14.5) r(u,v) +s(u’,v) — (ru +su’,v)
and
(14.6) r(u,v) +s(u,v') — (u,rv + sv’)

for all r,s€F, uyu'€U and v,v'€V. The quotient space Fy, v/T
is called the tensor product of U and V and is denoted by U® V. 0

Note that in the case of the tensor product, we divide by the space
spanned by all vectors in UxV that would be zero if the vector space
operations were linear in each coordinate separately. According to this
definition, an element of U® V has the form

Zri(ui,vi)+T
It is customary to denote the coset (u,v)+T by u®v, and
therefore any element of U® V has the form

Z“i‘g"’i

where

(14.7) ru®v)+s(u’'®v)=(ru+su')Qv
and

(14.8) ru®v)+s(u®v)=u® (rv+sv')
Thus,

Zui®vi: in®yi

if and only if we can obtain one expression from the other by a finite
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number of replacements using (14.7) and (14.8).

As with the external direct sum, this definition, while intuitively
pleasing, can be a bit difficult to work with, so we turn to a
characterization via a universal property.

Theorem 14.3 (The universal property of tensor products) Let U
and V Dbe vector spaces over the same field F. The pair (U® V,1),
where U xV—U®YV is the bilinear map defined by

(uv) =u®v

has the following property. Referring to Figure 14.6, if fUxV-oW is
any bilinear function from UXV to a vector space W over F, then
there is a unique linear transformation 7:U® V—-W that makes the
diagram in Figure 14.6 commute, that is, for which

Totl="f

Moreover, U® V is unique, in the sense that if a pair (X,s) also has
this property, then X is isomorphicto UQ V.

t bilinear

UXV —> UV

iT linear

f bilinear

A

Figure 14.6

Proof. To prove that (U ® V,t) has the desired property, consider the
diagram in Figure 14.7.

j

UXV > Tyxy ——> UBV

SUAAES

w
Figure 14.7

Since Y(u,v) =u®v=(u,v)+T, the map tUxV-UQ®YV is just the
composition of the canonical injection j:UxV—%Fy, y followed by the
canonical projection m: %y, yv—=U®V =%y, y/T. That is,

t=7ojy

Now, the universal property of free vector spaces implies that there is a



300 14 Tensor Products

unique linear transformation o:%y, y—W for which
o Oj = f

Note that, since f is bilinear, it sends any of the vectors (14.5) and
(14.6) that generate T to the zero vector, so T C ker(c). Hence, we
may apply Theorem 3.3, to deduce the existence of a unique linear
transformation 7:U® V—=W for which

Tom=0
Hence,
Tol=Tomoj=ocoj="f
Moreover, if 7'ot=f, then o¢'=7"0m%Fy xv—W s a linear
transformation for which
o' 0 j(u,v) = 7' o w0 j(u,v) = 7' 0 (u,v) = f(u,v) = 7 0 j(u,v)

and so o¢'oj=0oj, implying that o' = o, which in turn implies that
7"=171. Hence, 7 is unique. We leave proof of the uniqueness of
U®V as an exercise. 1

Theorem 14.3 says that to each bilinear function f£:UxV—W,
there corresponds a unique linear function 7:U ® V—W, through which
f can be factored (that is, f=r7ot). This establishes a map
¢:B(U,V;W)—-L(U® V,W) given by ¢(f)=r7. In other words, ¢(f)
is the unique linear map for which

(U V-W  4(f)(u® v) =1(u,v)
Observe that ¢ is linear, since if f,g € B(U,V;W), then

[ré(f) +5¢(8)l(u ® v) = rf(u,v) + sg(u,v) = (rf + sg)(u,v)

and so the uniqueness part of the universal property implies that

rg(f) +sé(g) = ¢(xf + sg)

Also, ¢ is surjective, since if 7:U® V—W is any linear map, then
f=70tUxV—-W s bilinear, and by the uniqueness part of the
universal property, we have ¢(f)=r. Finally, ¢ is injective, for if
¢(f) =0, then f=¢(fjot=0. We have established the following

result.

Theorem 14.4 Let U, V and W be vector spaces over F. Then the
map $:B(U,V;W)—2L(U® V,W) defined by the fact that ¢(f) is the
unique linear map for which f = ¢(f) o ¢, is an isomorphism. Thus,

B(U,V;W) ~ L(UR V,W) 1
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Properties of the Tensor Product
Armed with the definition and the universal property, we can now
discuss some of the basic properties of tensor products.

Theorem 14.5 If {u,,...,u } are linearly independent vectors in U,
and {vy,...,v,} are arbitrary vectorsin V, then
Z“i®"i=0 = v;=0 forall i

Proof. Let us consider the dual vectors 6, € U* to the vectors u.

Thus, &(u) = 6;;- For any linear functionals ¢;:V—F, we define a
bilinear form f:Ux V—F by

()= 36 (x)6,(y)
=1

Then, by the universal property of tensor products, there exists a
unique linear functional 7:U ® V—F for which 7ot=1{. Hence,

0-—1'(211 ®v) Zroi(u )
= Zf(“i’vi) = Z Zéj(ul)fj(vl) = Zfi(vi)
1 1]

1

Since the ¢;’s are arbitrary, we deduce that v; =0 for all i. 1
Corollary 14.6 If u#0 and v#0, then u@v#0. 1

Theorem 14.7 Let B ={e¢|i€I} be a basis for U and C=
{f;1j €J} be a basis for V. Then theset 9= {e®f|ic],jel} is
a basis for U® V.

Proof. To see that the 9 is linearly independent, suppose that

Y rnijgef) =0

1)

Ze ®(Zru J)
and so, by Theorem 14.5, we must have
Z rijfi =0

for all i, and hence r;;=0 for all i and j. To see that D spans
U®V, let u®v€U®V Since u= Zre and v= Zsjfj, we have

1

u®v= Zr,e,@) Zsf = Esj(Zrieit@i})
] i

This can be written
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E (Z ie; ®f)) Zrisj(ei®fj)
3 i i

Since any vector in U® YV is a finite sum of vectors u® v, we deduce
that 9 spans UQV. 1

Corollary 14.8 For finite dimensional vector spaces,
dim(U @ V) = dim(U) - dim(V) ]
Theorem 149 Let U and V be finite dimensional vector spaces.

Then
U"V*=~ (U V)*

via the isomorphism 7:U*Q® V*—(U ® V)* defined by
T(a® B)(u®v) = a(u)4(v)

Proof. We must show that 7 is an isomorphism. Let us first fix
a € U* and B € V" and consider the map o, 5:UxV—F defined by

aayﬂ(u,v) = a(u)f(v)

This map is bilinear, and so the universal property of tensor products
implies that there exists a unique linear map Ea,ﬂ:U ® V—F for which

Ta,p(U® V) = 04 g(u,v) = a(w)5(v)
Thus, &, ;€ (U®V)* Now we define a map o:U*xV*=(U® V)"
by
o(a,B) = Ea,ﬂ

This map is also bilinear. For instance,
o(ra+sB,7)(u® v) = (ra +s8)(u)y(v)
= ra(u)y(v) +sp(u)y(v)
= ro(a,7)(u,v) +s0(8,7)(u,v)
= [ro(a,7) +s0(8,7)](w,v)

o(ra+sp,y) =ro(a,y) +so(8,y)

which shows that & is linear in its first coordinate. Hence, the
universal property implies that there exists a unique linear map
r:U*® V*>(U® V)* for which

T(a® f) = o(a,f)

and so

that is,
T(a®f)(u®v) =o(a,f)(u®v) =5, (1@ v) = a(u)(v)
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To show that 7 is an isomorphism, let B = {b;} be a basis for
U, with dual basis B’ = {f;}, and let C={¢} be a basis for V, with
dual basis C' = {7;}. Then

T(IBi ® 7j)(bu ® cv) = ﬁi(bu)'rj(cv) = 6i,u6j,v = 6(i,j),(u,v)

and so T(ﬁi®'yj)€(U®V)* is a dual basis vector to the basis
{b,®c,} for U®V. Thus, 7 takes the basis {§;®7;} for U*® V"
to the basis {T(ﬂi®7j)} Hence, 7 is an isomorphism. 1

Combining the isomorphisms of Theorem 14.4 and Theorem 14.9,
we have, for finite dimensional vector spaces U and V,

U@ V'~ (U V)* = B(U,V;F)

The Tensor Product of Linear Transformations

Let V=V’ and o:W—W’' be linear transformations. Then
there is a unique linear transformation (7©0):VOW-V' W'
satisfying
(14.9) (roOa)(vew)=T1(v)®c(w)
To see this, observe that the function f:VxW—-V'® W' defined by
f(v,w) = 7(v) ® o(w) is bilinear, and so by the universal property of
tensor products, there exists a unique linear transformation 7 ® o for
which (14.9) holds. The map 7 ® o is called the tensor product of 7
and o.

Thus, we have a map ¢:2(V,W)x L(V W )—=L(V@W,V'® W')
defined by

(14.10) ¢(r0)=T0O0C
This map is bilinear and so there is a unique linear transformation
9:2(V,W) @ L(V,\W)—=L(VO W,V @ W)

satisfying 0(r® o) =1 0o0.
We propose to show that ¢ is injective. Observe that any
nonzero vector & € £(V,W) ® £(V',W’) has the form

n
¢=) m®0;
i=1

where the ;s are linearly independent, and the o;’s are linearly
independent. To show that ker(f) = {0}, suppose that

6(¢) = H(Zri@mi): 0
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Then .
(14.11) Y () ®o(w) =0

i=1

for all veV and we&W. Let us choose veV sothat 7,(v)#0,
and suppose (by renumbering if necessary) that 7,(v),...,7(v) is a
maximal linearly independent set among 7,(v),...,7,(v). Thus,

k
T, (V) = Z ru’jrj(v)
=1

for u =k+1,...,n. Hence, (14.11) gives

k n k
0= Z 7;(v) ® oy(w) + Z (Zru,jrj(v)) ® 7 (W)
i=1

u=k+1 j=1

k k n
=Y (v @o(w) + erj<v)®( > rugou(®)
i=1 j=

u=k+1
n

k
- ;Ti(v)®(ai(w)+ > ru,jau(w))

u=k+1

and since 7,(v),...,7(v) are linearly independent, we must have
n
a(w) + Z ruda'u(w) =0
u=k+1
for all i=1,...,k, and all we W. Hence,
n
0’1 + E ru’jO'u =0
u=k+1

which is in contradiction to the fact that the s are linearly

independent. Hence, 6(€) #0 and so @ is injective. l

Note that if all vector spaces are finite dimensional, then 6 is
also surjective, and hence is an isomorphism. In any case, the fact that
f:r® o—T O 0o is injective motivates the commonly used notation
T ® o for the tensor product 7 ® o. Let us summarize.

Theorem 14.10 Let 7€ £(V,V') and o€ £L(W,W'). There is a
unique linear transformation 700 € £L(VQ W,V @ W’'), called the
tensor product of 7 and o, satisfying

(roo)(vew)=1(v)@a(w)

Moreover, there is a (unique) injective linear transformation
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9:L(V,W) ® L(V,W")—L(V® W,V' ® W')

satisfying 0(r®o¢)=70®0o. In case all vector spaces are finite
dimensional, 6 is an isomorphism. i

Change of Base Field

We have seen in earlier chapters that a linear operator 7, defined
on a real n-dimensional vector space V, may not have n eigenvalues
(counting multiplicity), since its characteristic polynomial may not split
over R. On the other hand, a linear operator over the complez
n-dimensional inner product space does have n eigenvalues. This leads
us to wonder whether we can extend a real vector space to a complex
vector space, and correspondingly extend a real operator to a complex
operator.

Let us approach this question in more generality. For
convenience, we refer to a vector space over a field F as an F-space.
There are several approaches to “upgrading” the base field of a vector
space. For instance, suppose that V is an F-space, and that F’ is an
extension field of F, that is, F'DF. If {b;} is a basis for V, then
every element x of V has the form

X = Zribi

where r; € F. We can define an F'-space V' simply by taking all
formal linear combinations of the form

X = Zr{bi

where 1/ € F’. In other words, V' is the free F'-space on the set {b;}.
Note that the dimension of V' as an F'-space is the same as the
dimension of V as an F-space. Also, V' is an F-space (just restrict
the scalars to F), and as such, the inclusion map ;V—V’ sending
x€V to j(x) =x€ V', is an F-monomorphism.

The approach described in the previous paragraph uses an
arbitrarily chosen basis for V, and is therefore not coordinate free.
However, we can give a coordinate-free approach using tensor products
as follows. If V is an F-space, let

V’:FI®FV

It is customary to include the subscript F on ®p to denote the fact
that the tensor product is taken with respect to the base field F. (All
relevant maps are F-bilinear and F-linear.) However, since we will not
take tensor products with respect to any other field, we will not always
use this notation.

The vector space V' is an F-space by definition of tensor product,
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but we may make it into an F'-space as follows. Fix an s’ € F’, and
consider the map f :(F'xV)—(F' ® V) by

f.(r'v)=sTev
Since f, is bilinear, the universality property of tensor products
implies that there is a unique F-linear map 7_:(F' @ pV)—(F' @ V)
for which
! — ot
TAr'®V)=sT®vV

This map is intended to be multiplication by the scalar s’ € F'. Note
that, since 7 is F-linear, it is additive, and so

TAr'®v+u @w) =1,('®V)+7 (v QW)
that is,
SH'O®v+u' Qw) =s(r'®v)+s'(u'®w)
Since all of the defining properties of scalar multiplication are satisfied,
V'’ is indeed an F’-space.

It is not hard to see that if {b;} is a basis for the F-space V,
then {1®b;} is a basis for the F'-space V’, and so the dimension of
the F'-space V' is equal to the dimension of the F-space V.

The map v:V—V' defined by v(v) =1®v is easily seen to be
an F-monomorphism, and so the F-space V' contains an isomorphic
copy of V. The F-linear monomorphism v is sometimes called the F'-
extension map of V. This map has a universal property of its own, as
described in the next theorem.

Theorem 14.11 Let v:V—V'=F'® iV be the F'-extension map of an
F-space V. Then v has the following universal property. For any F-
linear map f:V-—-W', where W' is any F'-space, there exists a unique
F'-linear map 1:V'>W' for which the diagram in Figure 14.8 is
commutative, that is,

rov=f

Proof. If such a map 7:F'® pV—W' is to exist, then it must satisfy
(14.12) r(r'ev) =r'r(l®v) =r'f(v)

This shows that, if 7 exists, it is uniquely determined by f. To see
that 7 exists, consider the map g:(F'xV)—W' defined by

g(r',v) =rf(v)

Since this is bilinear, there exists a unique F-linear map 7 for which
(14.12) holds. It is easy to see that 7 is also F'-linear, since

r[s'(r' ® v)] = 7(s't' ® v) =s"T'f(v) =s'7(r' Q v) ]



14 Tensor Products 307

v—2—>V'=FQV
f T Fllinear
F-linear V ,
w

Figure 14.8

Theorem 14.11 is the key to describing how to extend an F-linear
map to an F'-linear map.

Theorem 14.12 Let V and W be F-spaces, with F'-extension maps
v and p, respectively. (See Figure 14.9.) Then for any F-linear map
7:V—W, the map 7’ = ® m:V'>W' is the unique F"-linear map that
makes the diagram in Figure 14.9 commutative, that is, for which

por=r1'ov

Proof. The map por is an F-linear map from the F-space V to the
F'-space  W'. Hence, Theorem 14.11 shows that there is a unique F’-
linear map 7':V'—W' such that

por=r1'ov
To see that 7/ =1 ® 7, observe that

'@ v)=r'r’(1ev) =r'(r"ov)(v) =1'(po7)(v)

=r(187(v) = () & 7(v) = (O T & V) '
vV T F-linear W
vl lp
FRV=V > W=F@W

Figure 14.9

Multilinear Maps and Iterated Tensor Products

The tensor product operation can easily be extended to more than
two vector spaces. We begin with the extension of the concept of
bilinearity.
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Definition If V,,...,V, and W are vector spaces over F, a function
f:Vy x---x V =W is said to be multilinear if it is linear in each variable
separately, that is, if

fluy,. .otV sV gy 0) =

rf(ay, .y gy Vo gy ) sE(ug g Vg gy )

for all k=1,...,n. A multilinear function of n variables is also
referred to as an n-linear function. The set of all multilinear functions
will be denoted by Mul(Vy,...,V ;W). A multilinear function from
Vyx-+-xV,_ to the base field F is called a multilinear form (or n-
form). 0

Example 14.2

1) If A is an algebra then the product map mAx-.-xA—A
defined by pu(a,,...,a ) =ay---a, is n-linear.

2)  The determinant function det: M, —F is an n-linear form on the
columns of the matrices in . 0

Definition Let V,,...,V, be vector spaces over F, and let T be the
subspace of the free vector space F on V,x---xV, generated by all
vectors of the form

T(Viseney Vi1 W Vi pye s V) + S(Visenes Vo oW Vg 1o -5 V)
= (Voo Vi_pru s, vy g, V)

for all r,s€F, wyu'€U and vy,...,v, €V. The quotient space F/T
is called the tensor product of V..., V,, and denoted by
Vi®---®V,. [

n’

As before, we denote the coset (vy,...,v )+T by v;®:--®v,,
and so any element of V,®---®V_ has the form

Zvi1®.”®vin

where the vector space operations are linear in each variable.
The tensor product can also be characterized by a universal

property.

Theorem 14.13 (The universal property of tensor products) Let
ViV, be vector spaces over the field F. The pair

(Vi®:+®V,,1), where tV, xexV =V, ®...0V, is the
multilinear map defined by

(Vyyeoy V) =V, @@V,
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has the following property. Referring to Figure 14.10, if
f:Vy x+--xV —W is any multilinear function from V;x---xV_  toa
vector space W over F, then there is a unique linear transformation
7:V;®---®V,—W that makes the diagram in Figure 14.10 commute,
that is, for which

Tot=f

Moreover, V, ®---® V is unique in the sense that if a pair (X,s) also
has this property, then X is isomorphicto V,;®---®@V, . I

VXXV, _t_"f_”'t"'ﬂ) V®-®V,

‘T linear
f muttilinear ‘

Y
w
Figure 14.10

Here are some of the basic properties of multiple tensor products.

Theorem 14.14 The tensor product has the following properties. Note
that all vector spaces are over the same field F.
1)  (Associativity) There exists an isomorphism

T(V;® -9V )o(W,® - 0W_)

-V, ®0V, oW, ®---0W_
for which

T[(Vi®@V)O(W; @ OW )] =Vv{® @V, W, ®--- @ W,
In particular,
(UeV)oW=U®(VeaW)xUQVeW

2) (Commutativity) Let = be any permutation of the indices
{1,...,n}. Then there is an isomorphism

0:V1 Q@ Vn—')vn-(l) @ er(n)
for which
o(vy®: - ®vy) = Vx(1) @ ® Vr(n)

3)  There is an isomorphism p,:F ® V=V for which
@) =1v
and similarly, there is an isomorphism p,:V ® F—=V for which

pav@T) = 1v
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Hence, FVaVxVQF. &
The analog of Theorem 14.4 is the following.

Theorem 14.15 Let V,,...,V, and W be vector spaces over F.
Then the map ¢:Mul(Vy,...,V ;W)=L(V,®---® V_,W), defined by
the fact that #(f) is the unique linear map for which f=¢(f) o, is an

isomorphism. Thus,
Mul(Vl, ceey Vn;W) ~ L(Vl ® ce ® Vn,W)
Moreover, if all vector spaces are finite dimensional, then

dim[Mul(Vy,...,V;W)] = dim(V,): - -dim(V,) - dim(W) ]

Alternating Maps and Exterior Products

We will use the notation V™ to denote the Cartesian product of
V with itself n times, and ®"™V to denote the n-fold tensor product.
The following definitions describe some special types of multilinear
maps.

Definition
1) A multilinear map f:V*"—W is symmetric if

f(vp <3 Vis- vja X} n) —f(Vl, Vj,...,Vi,...,Vn)
for any i#].
2) A multilinear map f:V"—>W is skew-symmetric if
f(vise s Vi s Ve V) = (v, Vi Ve V)
for i#]j.
3) A multilinear map f:V"—W is alternating if
f(vyy.yvy) =0

whenever any two of the vectors v; are equal. [

A few remarks about permutations, with which the reader may
very well be familiar, are in order. A permutation of the set N =
{1,...,n} is a bijective function m:N—N. We denote the set of all
such permutations by S,. This is the symmetric group on n symbols.
A cycle of length k is a permutation of the form (ij,i,,...,i)), that
sends i; to iy, iy to iz ,..., i _; to i and i to i;. (We assume that
iy, 71, for u#wv.) All other elements of N are left fixed. Every
permutation is the product (composition) of disjoint cycles.

A transposition is a cycle (i,j) of length 2. Every cycle (and
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therefore every permutation) is the product of transpositions. In
general, a permutation can be expressed as a product of transpositions
in many ways. However, no matter how one represents a given
permutation as such a product, the number of transpositions is either
always even or always odd. Therefore, we can define the parity of a
permutation 7 €S, to be the parity of the number of transpositions in
any decomposition of 7 as a product of transpositions. The sign of a
permutation is defined by

Sg(ﬂ') _ ( 1)parlty(7l')

Thus, sg(7) =1if 7 is an even permutation, and -1 is 7 is an odd
permutation. The sign of 7 is often written (-1)".
With these facts in mind, it is apparent that f is symmetric if
and only if
f(vl’ " n) f(v V(1) ’v1r(n))

for all permutations 7 € S,, and that f is alternating if and only if

f(vyy.. vy = (-1)"f(v,r(1),---,v,,(n))

for all permutations €S, .
If f is a multilinear function, then

f(vl,...,vi+vj,...,vi+vj,...,vn)
= (Vi Ve Ve s V) H (v, ..,vj,...,vn)
+f(v1,...,vj,...,vi,...,vn)+f(vl,...,vj,...,vj,...,vn)

Hence, if f is alternating, then it is also skew-symmetric. On the other
hand, if f is skew-symmetric, we have

(v os Ve Vi, V) = =f(vy Vi, W0 V)

and so, provided that char(F) # 2, this gives

(v oy ¥y Vi, v)) =0

°) n
and so f is alternating.

We have discussed symmetric and alternating bilinear functions in
Chapter 11. Our intention here is to briefly discuss alternating
multilinear functions, which play an especially important role in
differential geometry and its applications.

Definition Let V be a vector space over a field F with char(F) # 2,
and let ®™V be the n-fold tensor product of V with itself. Let U
be the subspace of ®"V generated by all elements of the form

("1®"’®Vi®"'®vj®"‘®Vn)+("1®"‘®"j®"'®"i®'”®"n)
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for all i<j. The quotient space (®"™V)/U is called the nth exterior
product space of V and is denoted by

A"V or VA---AV 1]
N, s

n factors

It is customary to denote the coset (v;®:--® vn)+U by
vy A---Av, and refer to A as the wedge product. Thus, any element
of V;A---AV_ has the form

Zvill\---/\vin

where the vector space operations are linear in each variable, and where
the interchange of any two variables introduces a minus sign.
The exterior product can also be characterized by a universal

property.

Theorem 14.16 (The universal property of exterior products) Let
Vi,...,V, be vector spaces over a field F with char(F) # 2. The pair
(VyA---AV,,a), where a:Vyx.-xV -V, A AV is the
alternating multilinear map defined by

a(Viyerny V) = Vi A c AV,

has the following property. Referring to Figure 14.11, if
fiV;x.--xV =W is any alternating multilinear function from
Vyx---xV,  to a vector space W over F, then there is a unique
linear transformation 7:V, A---AV —W that makes the diagram in
Figure 14.11 commute, that is, for which

Toa="f

Moreover, V, A--- AV is unique in the sense that if a pair (X,0) also
has this property, then X is isomorphic to V; A---AV . 1

Vn a alternating /\nv

‘T linear
f aternating i

v
w
Figure 14.11
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EXERCISES

1. Verify that the set Fy, y is a vector space.

2.  Show that if 7:W—X 1is a linear map, and bUXxV-W is
bilinear, then 70 b:U xV—X is bilinear.

3. Show that the only map that is both linear and n-linear (for
n > 2) is the zero map.

4. Find an example of a bilinear map 7:VxV—-W whose image
im(7) = {r(u,v) | u,v € V} 1is not a subspace of W.

5. Provethat U®VaxV®U.

6. Let X and Y be nonempty sets. Use the universal property of
tensor products to prove that Fy, v~ Fx @ Fy.

7. Let u,w' €U and v,v' € V. Assuming that u® v # 0, show that
u®@v=u®Vv ifand onlyif ' =ru and v =171y, for r # 0.

8. Let B={b;} beabasisfor U and C={c} be a basis for V.
Show that any function f:UXxV—W can be extended to a linear
function f:U® V—oW. Deduce that the function f can be
extended in a unique way to a bilinear map f:UxV—W. Show
that all bilinear maps are obtained in this way.

9. Let S,,S, be subspaces of U. Show that

($;®V)N(S,®V) = (S;NS,) @V

10, Let SCU and T CV be subspaces of vector spaces U and V,

respectively. Show that
SeV)IN(UeT)~S®T

11. Let S,,S,CU and T;,T,CV be subspaces of U and V,

respectively. Show that
(5;,9T))N(S,®T,) =~ (S;NSy) ®(T, ®T,)

12. Find an example of two vector spaces U and V and a nonzero
vector x€ U®V that has at least two distinct (not including
order of the terms) representations of the form

n
X = Z U Qv
i=1
where the wu’s are linearly independent, and so are the v;s.
However, prove that the number n of terms is the same for all
such representations.

13. What is the dimension of the space B(U,V;F) of all bilinear
forms on UxV? (Assume U and V are finite dimensional.)

14. Let iy denote the identity operator on a vector space X. Prove
that 1y Oy =ty @ w-

15. Suppose that 7,:U-V, 7,;,V-W, and 0,;:U'=V', 0:V'->W'.

Prove that
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16.

17.

18.

19.

14 Tensor Products

(rg071) ©(0y00) =(13005)0 (T O 0y)

Let V be an F-space, and F'DF. Prove that if {b;} is a basis
for the F-space V, then {1®b;} is a basis for the F'-space V'
Connect the two approaches to extending the base field of an F-
space V. to F’ (at least in the finite dimensional case) by
showing that F"® pF' = (F')"

Prove that any permutation 7 €S, is the product of disjoint
cycles. Then prove that any cycle is the product of transpositions.
Prove that if 7 €S, then any decomposition of 7 as a product
of transpositions has the same parity. Hint: Consider the

polynomial
P(Xpy..rXy) = H (x; —x
i<j
and let =(p) = p(x”(l), ) Show that =(p)=p if p is
the product of an even number of transpositions, and #(p) = -p if

7 is the product of an odd number of transpositions.



CHAPTER 15
Affine Geometry

Contents: Affine Geometry. Affine Combinations. Affine Hulls. The
Lattice of Flats. Affine Independence. Affine Transformalions.
Projective Geometry. Ezercises.

In this chapter, we will study the geometry of a finite dimensional
vector space V, along with its structure preserving maps. Throughout
this chapter, all véctor spaces are assumed to be finile dimensional.

Affine Geometry

Definition Let V be a vector space. If veV and S is a subspace of
V, then the set

v+S={v+s|seS}

is called a flat, or coset in V. The set A(V) of all flats in V is
called the affine geometry of V. The dimension dim(A(V)) of A(V)
is defined to be dim(V). 0

It is clear that a flat in V is nothing more than a translated
subspace of V. We will denote subspaces of V by the letters S,T,...
and flats in V by X,Y,.... Here are some of the basic intersection
properties of flats.

Theorem 15.1
1)  The following are equivalent:
a) x+S=y+S b) x€y+S ¢) Xx—y€S
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Let X=x+9S and Y=y+T beflatsin V. Then
2) SCT & v+XCY forsome veV

3) S=T & v+X=Y forsome veV

49 XNY#0,SCT = XCY

5 XNY#0,S=T = X=Y

Proof. We leave proof of part (1) as an exercise. To prove (2), observe
that S=-x+X and T =-y+ T, and so

SCTe& x+XC-y+Y& (y—-x)+XCY
As for (3), we have

(y—x)+XCY and (x-y)+YCX
and so
(y-x)+XCYC(y-x)+X

which implies that (y—x)+X =Y.

To prove (4), let¢ z€XNY. Then part (2) tells us that
v+XCY, and so v+z=ye€Y, which implies that v=y—-z€T.
Hence, X C -v+Y C Y. Part (5) follows from (4). §

Part (1) of the previous theorem says that a flat can be
represented in many ways, in the form x+S. When a flat is written
x+ S, we refer to x as the flat representative, or coset representative of
the flat. Any element of a flat can be used as a flat representative. On
the other hand, part (3) of Theorem 15.1, with v =0, implies that
each flat x+ S is associated with a unique subspace S. This allows us
to make the following definition.

Definition The dimension of a flat x+S is dim(S). A flat of
dimension k is called a k-flat. A 0-flat is a point, a 1-flat is a line and
a 2-flat is a plane. A flat of dimension dim(A(V))—1 is called a
hyperplane. ]

Definition Two flats X=x+S and Y=y+T are said to be
parallel if SCT or T CS. This is denoted by X|Y. 0O

According to Theorem 15.1, if X||Y, then XCY, YCX or
XNY =0. Moreover, part (2) of Theorem 15.1 says that X and Y
are parallel if and only if some translation of one of these flats is
contained in the other.

Affine Combinations
If ;eF and ry+-:-4r, =1, then the linear combination
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Xy 4+t x,

is referred to as an affine combination of the vectors x;,...,x,.

Theorem 15.2 If char(F) # 2, then the following are equivalent for a
subset X of V.
1) X is closed under the taking of affine combinations of any two of
its points, that is,
xy€X = mx+(l-r)yeX

2) X is closed under the taking of affine combinations, that is,
XX, €EXyrpteetr, =1 = x4+ x, €X
Proof. It is clear that (2) implies (1). For the converse, we proceed by
induction. According to (1), for x;,x, € X,
r+rp=1 = nx, +r%€X
Assume for the purposes of induction that for x; € X
rpteeetr, =1 = nxp+eetr, yx, 1 €X

Let x4...,x,€X and 1;+4---4+1,=1, and consider the affine
combination
z= rlxl +"'+rnxn

If one of ry or r, is different from 1, say r; # 1, then we may write

r r
z=r1,x, + (1 —rl)(T—lrIxz +W+T%1-x“)

and since the sum of the coefficients of the sum inside the large
parentheses is 1, the induction hypothesis implies that this sum is in
X. Then (1) shows that z€ X. On the other hand, if r; =r,=1,
then since char(F) # 2, we may write

7= 2035 + 3% + Xy + e X,

and since (1) implies that %xl +%x2 € X, we may again deduce from
the induction hypothesis that z € X. In any case, z€ X, and so (2)
holds. 1

Note that the requirement char(F) # 2 is necessary, for the subset
X ={(0,0), (1,0), (0,1)} of (F,)? satisfies (1), but not (2), in Theorem

15.2. We can now characterize flats.

Theorem 15.3
1) A subset X of V isaflatin V if and only if it is closed under
the taking of affine combinations, that is,
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Xl,...,xnex, r1+"'+rn=1 = I‘1X1+“'+l‘nxnex

2) If char(F)#2, a subset X of V is a flat if and only if X
contains the line through any two of its points, that is, if and only
if

xy€X = x+(l-r)yeX
Proof. Suppose that X =x+4S is a flat, and x,,...,x, € X. Then
X; =x+s;, for s, €S, and so if Xr; =1, we have

Erixi = Zri(x+si) =x+ Zrisi €x+S

and so X is closed under affine combinations. Conversely, suppose
that X is closed under the taking of affine combinations, and let

S={x—x|x€X}

for some x,€X. If x;—xg,...,X, —X, are arbitrary vectors in S,
and ry,...,r, €F, then

Eri(xi—xﬂ) =nx +'“+rnxn+(1 - _”'_rn)x{)_XO €S
Thus, S is closed under the taking of linear combinations, and so is a

subspace of V. This implies that X =x;+S is a flat. Part (2)
follows from part (1) and Theorem 15.2. I

Affine Hulls
The following definition gives the analog of the subspace spanned
by a collection of vectors.

Definition Let C be a nonempty set of vectors in V. The affine hull
hull(C) of C 1is the smallest flat containing C. We also refer to
hull(C) as the flat generated by C. [J

Theorem 154 Let C be any nonempty subset of V. The affine hull
hull(C) is the set of all-affine combinations of vectors in C

n n

hull(C) ={Zrixi l n2>1, x,...,x, €C, Zri = 1}

i=1 i=1
Proof. According to Theorem 15.3, any flat containing C must
contain all affine combinations of vectors in C. It remains only to
show that the set X of all such affine combinations is a flat. To this
end, let y € X, and consider the set

S={y;—-yly;€X}

It suffices to show that S is a subspace of V, for then X =y+8§ is
indeed a flat. To this end, let
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n n n
Y= 50X ¥i= 9 % and  y= Y oryx
i=1 i=1

1=

(By including additional zero coefficients if necessary, we may assume
that the upper limits of summation are the same.) Hence, any linear
combination of y; —y and y,—y has the form

z=s(y; —y) +t(y—y)

n n
=s ) rx+t Y rx—(s+t)y

=1 i=1

n

= Z (srl,i + tr2’i)3g —(s+t—1y-y

i=1
n
= Z(Srl,i iy —(s+t- 1)r0,i)xi -y

i=1

But,
n n n n

Z(srl,i oy = (s+t— l)fo,i) =) rtt) ni=(s+t=1) ro;
i=1 i=1 i=1 i=1

=s+t—(s+t—-1)=1
which shows that z€S. Hence, S is a subspace of V. 1

The affine hull of a finite set of vectors is denoted by
hull{x,,...,x,}. We leave it as an exercise to show that

(15.1)  hull{xy,.. i3} = X4+ (=X 0y X=X X 4 1=Ky ey X —X5)

where (X} =X;y...,%_1-%,X;41-X;,...,X,—X;) is the subspace spanned
by the vectors within the angle brackets. This shows that

dim(hull{x;,...,x,}) <n—1

The affine hull of a pair of distinct points is the line through those
points, denoted by

Xy ={mx+(l-r)y|r€F} =y +(x-y)

The Lattice of Flats

Since flats are subsets of V, they are partially ordered by set
inclusion.
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Theorem 15.5 The intersection of a nonempty collection C=
{x,+S;li€K} of flats in V is either empty or is a flat. If the
intersection is nonempty, then

n (xi+Si)=x+ n Si

iekK ieK
for any vector x in the intersection.
Proof. If
iekK
then x+S;=x+35; forall i €K, and so
N&x+S)=)x+S)=x+[)S; '
ieK ieK ieK

Definition The join of a nonempty collection €= {x+S5;|i€K} of
flats in V is the smallest flat containing all flats in C. We denote the
join of the collection C of flats by VC, or by

L xS
The join of two flats is denoted by (x+S)V(y+T). O
Theorem 15.6 Let C={x;+S;|i € K} be a nonempty collection of
flats in V.
1) Vv C is the intersection of all flats that contain all flats in C.
2) V€ is hull(C), where C is the union of all flatsin C. 1
Theorem 15.7 For any two flats in V,
x+S)V(y+T)=x+[(x—y)+S+T]
Proof. Since x,y € (x+S)V (y+T), we have
x+S)V(y+T)=x+U=y+U

for some subspace U of V. Hence, x—y€ U, and so (x-y)CU.
Moreover, x+S Cx+U implies that S CU, and similarly T CU.
Hence,

x+[(x-y)+S+T]Cx+U

Since x+S and y+T are both contained in x+ [(x—y)+S + T}, we
deduce that x+ U Cx+(x—y)+ S+ T. The result follows. 1

We can now describe the dimension of the join of two flats.



15 Affine Geometry 321

Theorem 15.8 Let X =x+4+S and Y=y+ T beflatsin V.
1) I XNY#0 then
a) XvVY=x+S+T
b) dim(XVY) = dim(S + T) = dim(X) + dim(Y) — dim(X NY)
2) If XNY=0 then
dim(XVY)=dim(S+T)+1

Proof. Using Theorem 15.7, we have
x+S)N(y+T)#0 < Is€S, teT st. x+s=y+t
&x—-yeES+T & (x—y)+S+T=S+T& XVvY=x+S+T
This establishes (1a) and (2). As to (1b), note that
dim(S + T) = dim(S) + dim(T) — dim(SN'T)
and that, if (x+S)N(y+T) #0, then
dim(SN'T) = dim(x+ [SNT]) = dim([x+ SNy + T]) = dim(XNY) 1

Affine Independence

We now discuss the affine counterpart of linear independence.

Theorem 15.9 Let x;,...,x, be vectors in V. The following are
equivalent.
1) X =hull{xy,...,x,} has dimension n-1.
2)  {x;=Xj..yX_1 XX 1 -Xp. ., X=X} is linearly independent for
all i=1,...,n.
3)  x ¢ hull{x},...,%_1,%41,.--,%,} forall i=1,...n
4) If Zrx; and Es;x; are affine combinations, then
erxj = Zijj = 1= for all j
i i
Proof. The fact that (1) and (2) are equivalent follows directly from
(15.1). If (3) does not hold, we have

hull{xy,...,x.} = hull{x),...,%_,X; 1150000 X}

where by (15.1), the latter has dimension at most n—2. Hence, (1)
cannot hold, and so (1) implies (3).
Next we show that (3) implies (4). Suppose that (3) holds, and

that Trx; = Ys;x. Setting t; =r; —s; gives

thsz() and th=0
i i
But if any of the t;’s are nonzero, say t, # 0, then dividing by t;

gives
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x, + Z(t /b))% =0

1>1
or
=Y -(t;/ty)x,
i>1
where

-(4/t) =1
i>1
Hence, x; € hull{xy,...,x}. This contradiction implies that t;, =0
for all j, that is, r;=s; for all j. Thus, (3) implies (4).
Finally, we sLow that (4) implies (2). For concreteness, let us
show that (4) implies that  {x,—x;,...,x,—X;} is linearly
independent. Indeed, if ay,...,a, €F and Eaj = a, then

Za (x,—x%x,) =0 :>Z ax; =ax; = (1- a)xl+z X, =Xy

122 j22

But the latter is an equality between two affine combinations, and so
corresponding coefficients must be equal, which implies that a;=0 for
all j=2,...,n. This shows that (4) implies (2). 1

Definition The vectors x,,...,x, are affinely independent if they
satisfy any (and hence all) of the conditions of Theorem 15.9. [

Theorem 15.10 If X is a flat of dimension n, then there exist n+1
vectors X,...,X, .y for which every vector x€X has a wunique
expression as an affine combination

X=TXy +oor T, X4

The coefficients r; are called the barycentric coordinates of x with

respect to the vectors x;,...,% ;. §

Affine Transformations
Now let us discuss some properties of maps that preserve affine
structure.

Definition A function f:V—V that preserves affine combinations, that

is, for which
Zri =1 = f(Zrixi): Zrif(xi)
1 1 1

is called an affine transformation (or affine map, or affinity). 0
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We should mention that some authors require that f be bijective
in order to be an affine map. The following theorem is the analog of
Theorem 15.2.

Theorem 15.11 If char(F) # 2, then the following are equivalent for a
function f:V—-V.
1) f preserves affine combinations of any two of its points, that is,

f(rx + (1-1)y) = rf(x) + (1-r)f(y)

2) f preserves affine combinations, that is,

Zrizl = f(Zrixi): Erif(xi) ]

i i

Thus, if char(F) # 2, then a map f is an affine transformation if
and only if it sends the line through x and y to the line through f(x)
and f(y). It is clear that linear transformations are affine
transformations. So are the following maps.
Definition Let v € V. The affine map T_:V—V defined by

T,(x) =x+v

for all x € V, is called translation by v. 0

It is not hard to see that any map of the form T o7, where
7 € L(V), is affine. Conversely, any affine map must have this form.

Theorem 15.12 A function f:V—V is an affine transformation if and
only if f=T_,or, where veV and 7€ L(V).

Proof. We leave proof that T, o7 is an affine transformation to the
reader. Conversely, suppose that f is an affine map. Then

f(rx+sy) = f(rx + sy + (1 ~ 1 =5)0) = £f(x) +si(y) + (1 — 1 =5)f(0)
Rearranging gives
f(rx -+ sy) — £(0) = tlf(x) — (0)] +s[t(y) — £(0)]
which is equivalent to
(T g0y o DX+ 5¥) = H(T_g) o )(3) +5(T_g0) 0 )
andso 7= T—i(o) of is linear. Thus, f= Tf(o) or. 1
Corollary 15.13

1) The composition of two affine transformations is an affine
transformation.
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2)  An affine transformation f=T, o7 is bijective if and only if 7
is bijective.

3) The set Aff(V) of all bijective affine transformations on V is a
group under composition of maps, called the affine group of V. 1

Let us make a few remarks for those familiar with the basics of
group theory. The set Trans(V) of all translations of V is a
subgroup of Aff(V). We can define a function ¢:AfV)—L(V) by

#T,or)=1

It is not hard to see that ¢ is a well-defined group homomorphism
from AffV) onto £(V), with kernel Trans(V). Hence, Trans(V) is
a normal subgroup of Aff{V) and

ARV)

Trans(V) ~ (V)

Projective Geometry

If dim(V) =2, then the join of any two distinct points in V is a
line. On the other hand, it is not the case that the intersection of any
two lines is a point. Thus, we see a certain asymmetry between the
concepts of points and lines in V. This asymmetry can be removed by
constructing the so-called projective plane. Qur plan here is to very
briefly describe one possible construction of projective geometries of all
dimensions.

By way of motivation, let us consider Figure 15.1.

/ ~

Figure 15.1



15 Affine Geometry 325

Note that H is a hyperplane in a 3-dimensional vector space V and
that 0¢ H. Now, the set A(H) of all flats of V that liein H isan
affine geometry of dimension 2. (According to our definition of affine
geometry, H must be a vector space in order to define A(H).
However, we hereby extend the definition of affine geometry to include
the collection of all flats contained in a flat of V.)

To each flat X in H, we associate the subspace (X) of V
generated by X. This defines a function

P:AH)-9(V), P(X) = (X)

where (V) is the set of all subspaces of V. Note that P is not onto
¥(V), but only because im(P) does not contain any subspaces of the
subspace K that contains the origin and is parallel to H. Figure 15.1
shows a one-dimensional flat X, and its image P(X) = (X), as well as
a zero-dimensional flat Y, and its image (Y). Note that, for any flat
X in H, we have dim(P(X)) = dim(X) + L.

Note also that if L; and L, are any two distinct lines in H, the
corresponding planes P(L;) and P(L,) have the property that their
intersection is a line through the origin. We are now ready to define

projective geometries.

Definition Let V be a vector space. The set P(V) of all subspaces of
V is called the projective geometry of V. If S is a subspace of V, its
projective dimension, denoted by pdim(S) is equal to dim(S)—1. The
projective dimension of P(V) is defined to be pdim(V) = dim(V) - 1.
A subspace of projective dimension 0, 1 or 2 is called a projective
point, projective line, or projective plane, respectively. {1

Thus, referring to Figure 15.1, a projective point is a line through
the origin and, provided that it is not contained in the plane K
described earlier, it meets H in an (affine) point. Similarly, a
projective line is a plane through the origin and, provided that it is not
K, it will meet H in a line. (This holds in higher dimensions as well.)
In short,
P(point) = projective point, P(line) = projective line

P(plane) = projective plane
and so on.

Given a vector space V of any dimension, and any hyperplane H
in V not containing the origin, we can define the function
P:A(H)—P(V), as shown in Figure 15.1 for dim(V)=3. It is also
clear from this figure that a projective geometry of projective dimension
n is an “extension” of an affine geometry of (affine) dimension n,
formed in such a way that all “objects” intersect. More specifically, the
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map P:A(H)—P(V) satisfies the properties described in the following
theorem.

Theorem 1514 The map P:A(H)—%P(V) from the affine geometry
A(H) to the projective geometry P(V) satisfies the following.
1) P isinjective, with inverse given by
P"{(U)=UNnH
2)  im(P) is the set of all subspaces of V that are not contained in
the subspace K parallel to H
3) XCY ifandonlyif P(X)CP(Y)
4) If X; areflatsin H with nonempty intersection, then

P( N Xi)= ) P(X;)
ieK ieK

5)  For any collection of flats in H,

P(.v. X))= & P(X,

(ieK ) icK %)

6) P preserves dimension, in the sense that

pdim(P(X)) = dim(X)
7)  X||Y if and only if one of P(X)NK and P(Y)NK is contained

in the other.

Proof. To prove part (1), let x+S be a flat in H. Then x € H, and
so H =x+ K, which implies that S C K. Note also that P(x+S) =
(x)+S, and

z€P(x+S)NH=((x)+S)N(x+K) = z=rx+s=x+k

for some s€S, ke K and re&F. This implies that (1-r)x €K,
which implies that either x €K or r=1. But x€ H implies x ¢ K,
and so r =1, which implies that z=x+s8€ x+S. In other words,

P(x+S)NHCx+S
Since the reverse inclusion is clear, we have
P(x+S)NH=x+S

This establishes (1).
To prove (2), let U be a subspace of V that is not contained in
K. We wish to show that U is in the image of %. Note first that
since U ¢ K, and dim(K) = dim(V) -1, we have U+ K =V, and so
dim(U N K) = dim(U) + dim(K) — dim(U + K) = dim(U) — 1

Now, let 0#x€U—K. Then
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x¢K=>x)+K=V
= r1x+k€eH forsome 0 #reF, ke K=>rxeH

Thus, rx€ UNH for some 0#reF. Hence, the flat rx+(UNK)
lies in H, and

dim(rx+ (UNK)) = dim(UNK) = dim(U) - 1

which implies that P(rx+ (UNK))=(rx)+(UNK) lies in U, and
has the same dimension as U. In other words,

P(rx+(UNK)) = (rx) +(UNK)=U

We leave proof of the remaining parts of the theorem as exercises. 1

EXERCISES

1. Show that if x,...,x, €V, then the set S = {¥rx;|Xr;=10} is
a subspace of V.

2. Prove that hull{xy,...,x } = x; + (X, —X;,..., X, — X;).

3. Prove that the set X ={(0,0), (1,0), (0,1)} in (Fy)* is closed
under the formation of lines, but not affine hulls.

4.  Prove that a flat contains the origin 0 if and only if it is a
subspace.

5. Prove that a flat X 1is a subspace if and only if for some xe€ X
we have rx € X for some 1 #r€F.

6.  Show that the join of a collection C= {x;+S;|i€ K} of flats in
V is the intersection of all flats that contain all flats in C.

7. Is the collection of all flats in V a lattice under set inclusion? If
not, how can you “fix” this?

8.  Prove that if dim(X) = dim(Y) and X||Y then S =T, where
X=x+S and Y=y+T.

9.  Suppose that X =x+S and Y=y+ T are disjoint hyperplanes
in V. Show that S=T.

10. (The parallel postulate) Let X be aflatin V, and v ¢ X. Show
that there is exactly one flat containing v, parallel to X, and
having the same dimension as X.

11. a) Find an example to show that the join XVY of two flats
may not be the set of all lines connecting all points in the
union of these flats.

b) Show that if X and Y are flats with XNY #0, then
X VY is the union of all lines Xy where x€X and y€Y.

12. Show that if X||Y and XNY=0 then dim(XVY)=
max{dim(X),dim(Y)} + 1.

13. Let dim(V)=2. Prove the following.

a) The join of any two distinct points is a line.
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14.

15.

16.
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b) The intersection of any two nonparallel lines is a point.

Let dim(V) =3. Prove the following.

a) The join of any two distinct points is a line.

b) The intersection of any two nonparallel planes is a line.

c) The join of any two lines whose intersection is a point is a
plane.

d) The intersection of two coplanar nonparallel lines is a point.

e) The join of any two distinct parallel lines is a plane.

f) The join of a line and a point not on that line is a plane.

g) The intersection of a plane and a line not on that plane is a
point.

Prove that fV—V is an affine transformation if and only if f=

70T, forsome weV and 1€ L(V).

Verify the group-theoretic remarks about the group

homomorphism ¢:Af(V)—L(V), and the subgroup Trans(V) of

Aff(V).
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In this chapter, we give a brief introduction to a relatively new
subject, called the umbral calculus. This is an algebraic theory used to
study certain types of polynomial functions that play an important role
in applied mathematics. We give only a brief introduction to the
subject — emphasizing the algebraic aspects rather than the applications.
For more on the umbral calculus, we suggest The Umbral Calculus, by
Roman [1984].

Formal Power Series

We begin with a few remarks concerning formal power series. Let
F denote the algebra of formal power series in the variable t, with
complex coefficients. Thus, F is the set of all formal sums of the form

(16.1) f(t) = iaktk

k=0
where a; € C. Addition and multiplication are purely formal

0 X [e.°]
D etk + ) btk =) (o + btk

and =0 k=0 =0
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( Z akth Z bktk) ( Z a; bk_J) ¢k

The order o(f) of f is the smallest exponent of t that appears
with a nonzero coefficient. The order of the zero series is +oco. A series
f has a multiplicative inverse, denoted by f~!, if and only if o(f)y = 0.
We leave it to the reader to show that

o(fg) = o(f) + o(g)

o(f + g) > min{o(f),0(g)}

and

If f, is asequence in F with o(fi)—c0 as k—0, then for any

gt)= S btk

k=0

series

we may form the series
o0
h(t) = ) byfy(t)
k=0
This sum is well-defined since the coefficient of each power of t is a
finite sum. In particular, if o(f)>1, then o(f)—oo, and so the
composition

(gof)(t) Zbk

k=0

is well-defined. It is easy to see that o(gof) = o(g)o(f).

If of)=1, then f has a compositional inverse, denoted by f
and satisfying (fof)(t) = (fof)(t) =t. A series f with o(f)=1 is
called a delta series.

The sequence of powers fX of a delta series f forms a
pseudobasis for ¥, in the sense that for any g € ¥, there exists a
unique sequence of constants a; for which

gt = 3 adk)

k=0
Finally, we note that the formal derivative of the series (16.1) is

given by 00
Bf(t) =F(t) = ) _kaytk!
k=1

The operator J, is a derivation, that is,

0,(fg) = 8,(f)g +10,(g)
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The Umbral Algebra

Let P =C[x] denote the algebra of polynomials in a single
variable x over the complex field. One of the starting points of the
umbral calculus is the fact that any formal power series in F can play
three different roles — as a formal power series, as a linear functional on
%®, and as a linear operator on %P. Let us first explore the connection
between formal power series and linear functionals.

Let 9* denote the vector space of all linear functionals on .
Note that 9P* is the algebraic dual space of %P, as defined in
Chapter 2. It will be convenient to denote the action of L € $* on

p(x) €P by
(L|p(x))

The vector space operations on P* then take the form

(L+M|p(x)) = (L|p(x)) + (M| p(x))

(rL | p(x)) =r(L|p(x)), reC

Note also that since any linear functional on % is uniquely determined
by its values on a basis for ¥, L € 9?* is uniquely determined by the
values (L |x") for n>0.

Now, any formal series in ¥ can be written in the form

S 2k
k=0
and we can use this to define a linear functional f(t) by setting

(f(t) | x") = a,
for n > 0. In other words, the linear functional f(t) is defined by the

condition .
2 {f(t) | x
iy = $ EW XY L! )ik

and

k=0
Note in particular that
(t5|x") =nl6, |
where 6, is the Kronecker delta function. This implies that

(t%] p(x)) = p™)(0)

and so is the functional “kth derivative at 0.” Also,
evaluation at 0.

As it happens, any linear functional L € #* has the form f(t).
To see this, we simply note that if

00 xk
o= S

k=0

tk 0 s
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then
(f(t) [x™) = (L |x")

for all n >0, and so as linear functionals, L =f(t).
Thus, we can define a map ¢:P*—%F by ¢(L) = fi (t).

Theorem 16.1 The map ¢:P*—%F defined by ¢(L) =f;(t) is a vector
space isomorphism from %* onto .

Proof. To see that ¢ is injective, note that
fi,(t) = fy(t) = (L|x") = (M |x") forall n>0=L=M

Moreover, the map ¢ is surjective, since for any f€ ¥, the linear
functional L =f(t) has the property that #(L) =f}(t) =f(t). Finally,

00 k
é(rL +sM) = Z(I.—L—i—f%Lx—ztk

k=0

S 3o OIS kg 4ss0n

k=0

From now on, we shall identify the vector space %P* with the
vector space ¥, using the isomorphism ¢:%P*—%F. Thus, we think of
linear functionals on P simply as formal power series. The advantage
of this approach is that ¥ is more than just a vector space — it is an
algebra. Hence, we have automatically defined a multiplication of
linear functionals, namely, the product of formal power series. The
algebra ¥, when thought of as both the algebra of formal power series
and the algebra of linear functionals on @, is called the umbral algebra.

Let us consider an example.

Example 16.1 For a € C, the evaluation functional ¢, € P* is defined

by
{ea | P(x)) = p(a)

In particular, (e, |x")=a", and so the formal power series
representation for this functional is

oo (¢ |xk> 0 Kk
£ ()= Z< 2l — Soatk - o

k=0 ' k=

which is the exponential series. If eP* is evaluation at b, then
catebt _ (a+b)t

and so the product of evaluation at a and evaluation at b is
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evaluation at a+b. [

When we are thinking of a delta series f€ ¥ as a linear
functional, we refer to it as a delta functional. Similarly, an invertible
series f€ F is referred to as an invertible functional. Here are some
simple consequences of the development so far.

Theorem 16.2
1) Forany fe9%,

o) Xk
f(t) — Z (f(t)k! )tk

k=0
2) Forany pe?®,

3) Forany fged, .
(T(t)e(t) |5 = Y (B)rCe) | ) g(e) [ xnH) ik

k=0

4)  o(f(t)) > deg p(x) = (f(t)[p(x)) =
5) If o(fy) =k for all k >0, then

< iakfk(t) !P(X)> =Y a(fi(t) | p(x))
k=0 k>0

where the sum on the right is a ﬁnite—one.
6) If o(fy) =k forall k>0, then

{fi(t) | p(x)) = (fic(t) | a(x)) for all k >0 = p(x) = q(x)
7) If deg py(x) =k for all k >0, then

(£(t) | p(x)) = (8(t) | py(x)) forall k>0 = f(t) =g(t)
Proof. We prove only part (3). Let

f(t) = Zk'tk and g(t) = io:—;'
=O
Then 0o m
f0e) = Y (L) (Mabui )™
m=0 k=0

and applying both sides of this (as linear functionals) to x" gives

0 15" = 3 (Db,

k=0
The result now follows from the fact that part (1) implies a, =
(f(t) | x5y and b, _; = (g(t) | x*7%). 1
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We can now present our first “umbral” result.

Theorem 16.3 For any f(t) € ¥ and p(x) € P,
(f(t) [ xp(x)) = (Bf(t) | p(x))

Proof. By linearity, we need only establish this for p(x) = x™. But, if

then
(O,£(t) [ x") =

S
N
—
Tle
—_
=
o
—
|
-
»
=
~_

ket = B = (01 247) '

i
M8
= =4

Let us consider a few examples of important linear functionals and
their power series representations.

Example 16.2
1) We have already encountered the evaluation functional e®t,

satisfying
(e* | p(x)) = p(a)

2) The forward difference functional is the delta functional ' —1,

satisfying
(e* = 1]p(x)) = p(a) — p(0)
3)  The Abel functional is the delta functional te?*, satisfying

(te* | p(x)) = p'(a)
4)  The invertible functional (1—t)~! satisfies

o0

(1= 15000 = | plwpe~u

0
as can ble seen by setting p(x) = x", and expanding the expression
(1-t)~".
5)  To determine the linear functional f satisfying

a

(1) 1) = | () du

0
we observe that

f(t) — io: (f(t‘) |xk> tk — kio: (El,k-}-1 . tk — (‘)at -1
=0

1
i k!
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The inverse t/(e* —1) of this functional is associated with the
so-called Bernoulli polynomials, which play a very important role
in mathematics and its applications. In fact, the numbers

_ t
b= ()

are known as the Bernoulli numbers. [

Formal Power Series as Linear Operators
We now turn to the connection between formal power series and
linear operators on ?P. Let us denote the k-th derivative operator on ?

by tk, Thus,
tp(x) = pM(x)

We can then extend this to formal series in t

(16.2) )= 3 ik
k=0""

by defining the linear operator f(t):?—% by

(R = 3 Elikp0) = 33 p(x)
k=0 k>0

the latter sum being a finite one. Note in particular that
n

(16.3) f(t)x® = Z(ﬂ) ax"k

k=0

With this definition, we see that each formal power series f€ ¥
plays three roles in the umbral calculus, namely, as a formal power
series, as a linear functional, and as a linear operator. The differing
notations (f(t) | p(x)) and f(t)p(x) will make it clear whether we are
thinking of f as a functional or as an operator.

It is important to note that f=g in ¥F if and only if f=g as
linear functionals, which holds if and only if f=g as linear operators.
It is also worth noting that

[f(t)g(t)]p(x) = f(t)[g(t)p(x)]

and so we may write f(t)g(t)p(x) without ambiguity. In addition,

f(t)g(t)p(x) = g(O)(t)p(x)

forall g€ ¥ and pe P.
When we are thinking of a delta series f as an operator, we call it
a delta operator. The following theorem describes the key relationship
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between linear functionals and linear operators of the form f(t).

Theorem 16.4 If f,g € F, then

(f(t)e(t) | p(x)) = (f(t) | &(t)p(x))
for all polynomials p(x) € 2.
Proof. If f has the form (16.2), then by (16.3),

(16.4)  (©]10x) = (10| k";(;;) ax™ %) = a, = (1(t) | x")

n

By linearity, this holds for x" replaced by any polynomial p(x).
Hence, applying this to the product fg gives

(f(£)g(t) | p(x)) = (t°| f(t)g(t)p(x))
= (2 (&) [g(t)p(x)]) = (£(t) | 8(t)p(x)) '

Equation (16.4) shows that applying the linear functional f(t) is
equivalent to applying the operator f(t), and then following by
evaluation at x = 0.

Here are the operator versions of the functionals in Example 16.2.

Example 16.3
1)  The operator e?
(0.9 k n
edtyn — a_iken _ E(n) akxn—k — (x+ aJ)n

k=0 k! k=0 k

t satisfies

and so
e*p(x) = p(x +a)

for all p €®. Thus e*' is a translation operator.
2) The forward difference operator is the delta operator e2'—1,
where

(e~ 1)p(x) = p(x +a) — p(a)
3)  The Abel operator is the delta operator te®', where
tep(x) = p/(x +2)
4)  The invertible operator (1 —t)~! satisfies

[0

(1=97p60 = | plx+w)edu
0
5) The operator (2" —1)/t is easily seen to satisfy

eat—l x+a
: p(x)=j p(u) du i
X
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We have seen that all linear functionals on % have the form f(t),
for f€ ¥. However, not all linear operators on % have this form. To
see this, observe that

deg [f(t)p(x)] < deg p(x)

but the linear operator ¢:P—%P defined by ¢(p(x)) = xp(x) does not
have this property. Proof of the following characterization of operators
that do have the form f(t) can be found in Roman [1984].

Theorem 16.5 The following are equivalent for a linear operator

T:P-P.

1) r has the form f(t), that is, there exists an f€F for which
T =1(t), as linear operators.

2) 1 commutes with the derivative operator, that is, 7t = tr.

3) 7 commutes with any delta operator g(t), that is, 7g(t) = g(t)r.

4) 1 commutes with any translation operator, that is, Te?* = e?'r. 1

Sheffer Sequences

We can now define the principal object of study in the umbral
calculus. When referring to a sequence s (x) in P, we shall always
imply that deg s (x)=n for all n>0. The proof of the following
result is straightforward, but in the interest of space, it will be omitted.

Theorem 16.6 Let f be a delta series, let g be an invertible series,
and consider the geometric sequence
g sf, gf?, gf%,...

in ¥. Then there is a unique sequence s, (x) in P satisfying the
orthogonality conditions

(16.5) (BOFE() [5,(0)) =nl6,
for all n,k>0. 1

Definition The sequence s (x) in (16.5) is called the Sheffer sequence
for the ordered pair (g(t),f(t)). We shorten this by saying that s (x)
0

is Sheffer for (g(t),f(t)).
Two special types of Sheffer sequences deserve explicit mention.

Definition The Sheffer sequence for a pair of the form (1,f(t)) is called
the associated sequence for f(t). The Sheffer sequence for a pair of the
form (g(t),t) is called the Appell sequence for g(t). O
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Before considering examples, we wish to describe several
characterizations of Sheffer sequences. First, we require a key result.

Theorem 16.7 (The expansion theorems) Let s (x) be Sheffer for

(8(t),£(t)).
1) Forany he9F,

h(t) kz (h(t) II(Sk(x» (t)fk(t)
=0
2) Forany pe?,
WO SXCULOITIO
K>0
Proof. Part (1) follows from parts (5) and (7) of Theorem 16.2, since

< io: (h(t) lSk(X)) (t)fk(t) 11( )> Z (h(t) ISk(X)> .511,](
k=0 k=0

= (h(t) | s4(x))

Part (2) follows in a similar way from part (6) of Theorem 16.2. 1

We can now begin our characterization of Sheffer sequences,
starting with the generating function. The idea of a generating function
is quite simple. If r (x) is a sequence of polynomials, we may define a
formal power series of the form

g(t,x) = Erklf.x)

k=0

This is referred to as the (exponential) generating function for the
sequence I, (x). (The term ezponential refers to the presence of k! in
this series. When this is not present, we have an ordinary generating
function.) Since the series is a formal one, knowing g(t) is equivalent
(in theory, if not always in practice) to knowing the polynomials r,(x).
Moreover, a knowledge of the generating function of a sequence of
polynomials can often lead to a deeper understanding of the sequence
itself, that might not be otherwise easily accessible. For this reason,
generating functions are studied quite extensively.

For the proofs of the following characterizations, we refer the
reader to Roman [1984].

Theorem 16.8 (Generating function)
1) Let pp(x) be the associated sequence for f(t). The generating
function of p (x) is



16 The Umbral Calculus 339

eyf(t Z pk(y

k=0
where f(t) is the compositional inverse of f(t).
2) Let s (x) be Sheffer for (g(t), f(t)). The generating function of
s,(x) is

1 i) Sk(Y)
O 1;0 Kl '

Theorem 16.9 (Conjugate representation)
1) A sequence p,(x) is the associated sequence for f(t) if and only

if n
Pu(x) = Y o (Bt [t
k=0"
2) A sequence s (x) is Sheffer for (g(t),f(t)) if and only if

500 = S (s00) e '
=0

Theorem 16.10 (Operator characterization)

1) A sequence p,(x) is the associated sequence for f(t) if and only
if
a) py(0) =
b) f(t)pn(x) = npn 1(x) for n>0

2) A sequence s (x) is Sheffer for (g(t),f(t)), for some g(t), if and

only if
f(t)s,(x) =ns, _;(x)
forall n>0. 8

Theorem 16.11

1) (The binomial identity) A sequence p (x) is the associated
sequence for a delta series f(t) if and only if it is of binomial
type, that is, if and only if it satisfies the identity

n

pu(x+y) = Z ({:) Pk(¥)Py k(%)

k=0
for all y e C.
2)  (The Sheffer identity) A sequence s, (x) is Sheffer for (g(t),f(t)),
for some g(t) if and only if

n

s,(x+y) = Z(E)Pk(y )sn—_k(X)

for all y € C, where p,(x) is the associated sequence for f(t). 1
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Examples of Sheffer Sequences

We can now give some examples of Sheffer sequences. While it is
often a relatively straightforward matter to verify that a given sequence
is Sheffer for a given pair (g(t),f(t)), it is quite another matter to find
the Sheffer sequence for a given pair. The umbral calculus provides two
formulas for this purpose, one of which is direct, but requires the
usually very difficult computation of the series (f(t)/t)™. The other is
a recurrence relation that expresses each s (x) in terms of previous
terms in the Sheffer sequence. Unfortunately, space does not permit us
to discuss these formulas in detail. However, we will discuss the
recurrence formula for associated sequences later in this chapter.

Example 16.4 The sequence p (x) =x" is the associated sequence for
the delta series f(t) =t. The generating function for this sequence is

_ &y

e¥t = Ltk
1
&= k!
and the binomial identity is precisely that:
n
x+y) =Y (E)xkyn-—k
k=0

Example 16.5 The lower factorial polynomials
(x), =x(x=1)-(x=n+1)
form the associated sequence for the forward difference functional
f(t) =e* -1

discussed in Example 16.2. To see this, we simply compute, using
Theorem 16.10. Since (0), is defined to be 1, we have (0), =46, .
Also, ’

(e = )y = (x+ 1)y — (¥)y,
=(x+Dx(x—1)-(x-n+2)—x(x—1)(x—n+1)
=x(x—1)-(x=n+2)[(x+1)— (x—n+1)]
=nx(x—1)--«(x—n+2)
=1n(x),_4

The generating function for the lower factorial polynomials is

o los(144) _ i%tk

1
& k!

which can be rewritten in the more familiar form
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(1+t)Y = i(i)tk

k=0
Of course, this is a formal identity, so there is no need to make any
restrictions on t. The binomial identity in this case is

490 = 30 (00 Wi

k=0
which can also be written in the form

+ n
F)- 500
This is known as the Vandermonde convolution formula.

Example 16.6 The Abel polynomials
A_(x;a) = x(x —an)"!
form the associated sequence for the Abel functional
f(t) = te?*

also discussed in Example 16.2. We leave verification of this to the
reader. The generating function for the Abel polynomials is

0o k-1
vi(t) _ y(y —ak) k
ey w
Taking the formal derivative of this with respect to y gives
_ - 2 Ly — —ak k-1
f(t)eyf(t) = Z (y a)(l)(" ak) £k
k=0 )

which, for y =0, gives a formula for the compositional inverse of the
series f(t) = te2",
f(t) _ i ("a')kkk_l tk
- = (k-1)!

Example 16.7 The famous Hermite polynomials H (x) form the
Appell sequence for the invertible functional

g(1) = /2

We ask the reader to show that s (x) is the Appell sequence for g(t)
if and only if s (x) = g(t)"!x". Using this fact, we get

Hn(x) = e—t2/2xn = Z (—%)k(nk)tz—kxﬂ—k
k>0 :

The generating function for the Hermite polynomials is
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eyt—t2/2 _ Z Hk()’)

k=0 k!

and the Sheffer identity is

BGc+y) = 30 () Goy™

k=0
We should remark that the Hermite polynomials, as defined in the
literature, often differ from our definition by a multiplicative
constant. []

Example 168 The well-known and important Laguerre polynomials
(a (x) of order a form the Sheffer sequence for the pair

g() = (1 -7, (1) = g

It is possible to show (although we will not do so here) that

L) = D B F ok
k=0

The generating function of the Laguerre polynomials is

swl-1) - SUO0
1 !
(1 t)a+ k=0 k!

As with the Hermite polynomials, some definitions of the Laguerre
polynomials differ by a multiplicative constant. [

We presume that the few examples we have given here indicate
that the umbral calculus applies to a significant range of important
polynomial sequences. In Roman [1984], we discuss approximately 30
different sequences of polynomials that are (or are closely related to)
Sheffer sequences. '

Umbral Operators and Umbral Shifts

We have now established the basic framework of the umbral
calculus. As we have seen, the umbral algebra plays three roles — as the
algebra of formal power series in a single variable, as the algebra of all
linear functionals on %, and as the algebra of all linear operators on %P
that commute with the derivative operator. Moreover, since ¥ is an
algebra, we can consider geometric sequences in ¥

g ef, gf’, gf°,...
where o(g) =0 and of)=1. We have seen by example that the
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orthogonality conditions

(B(OI(t) | 8,()) = nlé,
define important families of polynomial sequences.

While the machinery that we have developed so far does unify a
number of topics from the classical study of polynomial sequences (for
example, special cases of the expansion theorem include Taylor’s
expansion, the Euler-MacLaurin formula and Boole’s summation
formula), it does not provide much new insight into their study. Our
plan now is to take a brief look at some of the deeper results in the
umbral calculus, which center around the interplay between operators
on % and their adjoints, which are operators on the umbral algebra
F = P*,

We begin by defining two important operators on P associated
to each Sheffer sequence.

Definition Let s (x) be Sheffer for (g(t),f(t)). The linear operator
/\g,f:fP—a‘:'P defined by

/\g,f(xn) =s,(x)
is called the Sheffer operator for the pair (g(t),f(t)), or for the sequence
s,(x). If p,(x) is the associated sequence for f(t), the Sheffer operator

Ax") = pu(x)
is called the umbral operator for f(t), or for p (x). O

Definition Let s (x) be Sheffer for (g(t),f(t)). The linear operator
0gyf:‘fp~—>“3’ defined by

gg,f[sn(x)] = Sn+1(x)
is called the Sheffer shift for the pair (g(t),f(t)), or for the sequence
s,(x). If p,(x) is the associated sequence for f(t), the Sheffer operator

gf[pn(x)] = p11+1(x)
is called the umbral shift for f(t), or for p, (x). O

We will confine our attention in this brief introduction to umbral
operators and umbral shifts, rather than the more general Sheffer
operators and Sheffer shifts. It is clear that each Sheffer sequence
uniquely determines a Sheffer operator and vice-versa. Hence, knowing
the Sheffer operator of a sequence is equivalent to knowing the
sequence.
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Continuous Operators on the Umbral Algebra
It is clearly desirable that an operator T € L(¥) on the umbral
algebra pass under infinite sums, that is,

(16.6) T(iakfk(t)) = gakT[fk(t)]

k=0
whenever the sum on the left is defined, which is precisely when
o(f(t))—o0 as k—oo. Not all operators on ¥ have this property,
which leads to the following definition.

Definition A linear operator T on the umbral algebra F is
continuous if it satisfies (16.6). [

The term continuous can be justified by defining a topology on %.
However, since no additional topological concepts will be needed, we
will not do so here. Note that in order for (16.6) to make sense, we
must have o(T[fi(t)])—oco. It turns out that this condition is also
sufficient.

Theorem 16.12 A linear operator T on ¥ is continuous if and only if

(16.7) o(fi )= = o(T(fy))—

Proof. The necessity is clear. Suppose that (16.7) holds, and that
m

o(f)—oco. For any m >0, we have
o0

(168) (T af(t)] ) =(TY afi(t) x")
k=0 k=0

Since o(Xy 5 Laifi(t))—oo0, (16.7) implies that we may choose m large

enough so that
o0
k>m

o(T[fi(t)]) >n for k >m

X + <TkE afi(t)

>m

as well as

Hence, (16.8) gives

(T 3 af(t) |x) = <T§:{:)akfk(t)

k=0
= {3 Tl 0]

k=0
which implies the desired result. 1

m

x“> = <EakT[fk(t)] l x“>

k=0
xn>
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Operator Adjoints
If 7:P—%P is a linear operator on P, then its (operator) adjoint
7> is an operator on ¥* = F defined by

*[h(t)] = h(t)or
In the symbolism of the umbral calculus, this is

{r"h(t) | p(x)) = (h(t) | 7p(x))

(We have reduced the number of parentheses used to aid clarity.)
Let us recall the basic properties of the adjoint from Chapter 3.

Theorem 16.13 For 7,0 € (%),

1) (r4o)=1"+0"

2) (r)*=17* forany r€C

3)  (ro)*=o*r"

4) (771 = ()" for any invertible T € L(%P) |

Thus, the map ¢:2(P)—L(F) that sends 7:P—P to its adjoint
7:F>F is a linear transformation from 2(%®) to £(¥). Moreover,
since 7°=0 implies that (h(t)|7p(x))=0 for all h(t)€F and
p(x) € ?, which in turn implies that 7 =0, we deduce that ¢ is
injective. The next theorem describes the range of ¢.

Theorem 16.14 A linear operator T € £(¥F) is the adjoint of a linear
operator £ € £(®) if and only if T is continuous.

Proof. First, suppose that T=71* for some 7€2(P). If
o(f (t))—co, then for any n >0, there is a k,, for which
k>k, = o(fi(t)) > deg 7(x') forall 0<i<n
Hence,
k >k, = (rfi (t) | x!) = (f,(t) | 7x') =0 forall 0<i<n
= o(t*fi (t)) >n
which shows that o(7™fy (t))—oo, and hence that 7™ is continuous.

For the converse, assume that T is continuous. We can define a
linear operator 7 on P by setting

This makes sense since o(TtX)—oco as k—oo, and so the sum on the
right is a finite one. Then

(Txtm I xn) — (tl'll | TXn) — n) (tm l xk) — (Ttl'll l XII)
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which implies that Tt™ = 7*t™ for all m > 0. Finally, since T and
¥ are both continuous, we have T =171%.

Automorphisms of the Umbral Algebra

Figure 16.1 shows the map ¢, which is an isomorphism from the
vector space L(%P) onto the space of all continuous linear operators on
F. We are interested in determining the images of the set of all umbral
operators, and the set of all umbral shifts, under this isomorphism.

e

) 2 e
_,f/ i Umbral WE - _._._/ZL) J\
I \ _Operators " L) 5 )(/ L

[ b Y =
\\ \__shits ) / <
Continuous iJnear
\\ﬂfl//

peralors on E-

. ?.(_r) P

Figure 16.1

Let us begin with umbral operators. Suppose that JA; is the
umbral operator for the associated sequence p, (x), associated to the
delta series f(t) € F. Then

(FEER | %) = (1(6)* | Ape™) = (1(6)* | p () = nl6, 5 = (65| x®)
for all k and n. Hence, )\}‘f(t)k = tX, which implies, since Af s
continuous, that )
Atk =T(t)k

More generally, for any h(t) € &,
(16.9) A¥h(t) = h(i(t))
In words, A{ is composition by f(t).
From (16.9), we deduce that Af is a vector space isomorphism,
and that ) )
Aflg(t)h(t)] = g(f(t))h(I(t)) = Afg(t)Arh(t)

Hence, Af is an automorphism of the umbral algebra F. It is a
pleasant fact that this characterizes umbral operators. The first step in
the proof of this is the following, whose proof is left as an exercise.
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Theorem 16.15 If T is an automorphism of the umbral algebra, then
T preserves order, that is, o(Tf(t)) = o(f(t)). In particular, T is
continuous. 1

Theorem 16.16 A linear operator A on % is an umbral operator if
and only if its adjoint is an automorphism of the umbral algebra .
Moreover, if A; is an umbral operator, then

Afh(t) = h(i(t)
for all h(t) € F. In particular, Aff(t) =t.

Proof. We have already shown that the adjoint of X; is an
automorphism satisfying (16.9). For the converse, suppose that A* is
an automorphism of %¥. Theorem 16.15 implies the existence of a
unique delta series f(t) for which Mf(t)=t. If p,(x) is the
associated sequence for f(t), then

(B(1)* | ™) = (AE(0) [ x") = ()T <)
= (%] x") = 018, = (1(6)* | p,(x)

and so part (6) of Theorem 16.2 implies that Ax" =p, (x). Thus, A is
an umbral operator. I

Theorem 16.16 allows us to fill in one of the blank boxes on the
right side of Figure 16.1, as shown in Figure 16.2.

/.

/ Umbral \ \ / / N utomorphmms

| Operators | \ & of F
)l hhhhhhh

/W \ Isomorphism )\ Sur;ectlve
Derwanons

\ {  Shifts \__onF__
' = Continuous linear
c.fi(rfp)_/// operaiorson E

£(§) e

Figure 16.2

Let us see how we might use Theorem 16.16 to advantage in the
study of associated sequences. Since the set  Aui(F) of all
automorphisms of & is a group under composition, so is the set of
umbral operators. More specifically, let

Agx"—p,(x)  and /\g:x“——)qn(x)
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be umbral operators. Then
(Ago A=A oAy
is an automorphism of ¥, and so ’\g°’\f is an umbral operator. In
fact, since
(A @ A F(g(t)) = X 0 N(g(1)) = AFf(t) = ¢
we deduce that AzoA=Ag, .. Also, since
/\?o/\fz /\“2: A=t
we have Af 1= '\f'
NOW, if n
pn(x) = Epn,kxk
k=0

then /\g o A; is the umbral operator for the associated sequence

n n
(Ag ° Af)xn = Agpn(x) = an’k)‘gxk = Z pn,qu(x)
k=0 k=0
This sequence, denoted by

(16.10) pa(a(x)) = ki:pn,qu(X)
=0

is called the umbral composition of p (x) with q(x). Let us
summarize.

Theorem 16.17 Let p (x) and q,(x) be associated sequences, with

umbral operators A; and A, respectively.

1) AoX=X,, and Al=X

2) The set of associated sequences forms a group under umbral
composition, as defined by (16.10). In particular, the umbral
composition  p (q(x)) is the associated sequence for the
composition fog. The identity is the sequence x", and the
inverse of p, (x) is the associated sequence for the compositional
inverse f(t). 1

Derivations of the Umbral Algebra

We have seen that an operator on 9 is an umbral operator if and
only if its adjoint is an automorphism of %. Now suppose that
0;€ L(P) is the umbral shift for the associated sequence p, (x),
associated to the delta series f(t) € F. Then

(O | po(x)) = () | 0, (x)) = (E(6)* | Py yq (X))
= (n+1)!6n+l,k = (n+1)n!6n,k—1 = (kf(t’)k_l lpn(x))
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?;lgf ?) OF(t)* = kf(t)k

This implies

(16.12) OF[R(4)0(tY') = OF[E(6)NIECEY + £(6) OF[£(t)']
and further, by continuity, that

(16.13) O5(a(h(v)] = [BFe(VIB) + () e(v)]

Let us pause for a definition.

Definition Let A be any algebra. A linear operator 8 on A is a
derivation if

d(ab) = (0a)b + adb
forall a,be A. O

Thus, we have shown that the adjoint of an umbral shift is a
derivation of the umbral algebra ¥. Moreover, the expansion theorem
and (16.11) show that f is surjective. As with umbral operators, this
characterizes umbral shifts. First we need a preliminary result on
surjective derivations.

Theorem 16.18 Let 0 be a surjective derivation on the umbral algebra
F. Then Jdc =0 for any constant ¢ € F and o(0f(t)) = o(f(t)) — 1, if
o(f(t)) > 1. In particular, @ is continuous.

Proof. We begin by noting that 91 = 912 = 01 + 81 = 281, and so
dc =c81 =0 for all constants c€ F. Since J is surjective, there
must exists an h(t) € ¥ for which

oh(t) =1
Writing h(t) = hy + th;(t), we have
1 = 0[hg + th(t)] = (dt)h,(t) + tOh(t)

which implies that o(dt) = 0. Finally, if o(h(t)) =k > 1, then h(t) =
tkhl(t), where o(hy(t)) =0, and so

o[Ah(t)] = o[At*h, (t)] = oftXdh(t) + kt¥ " h,(t)dt] =k -1 |

Theorem 16.19 A linear operator # on % is an umbral shift if and
only if its adjoint is a surjective derivation of the umbral algebra .
Moreover, if 0; is an umbral shift, then 0f =3J; is derivation with
respect to f(t), that is,

O¥(t)k = ki(t)k !
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for all k > 0. In particular, 67f(t) = 1.

Proof. We have already seen that 6F is derivation with respect to
f(t). For the converse, suppose that 6* 1is a surjective derivation.
Theorem 16.18 implies that there is a delta functional f(t) such that
0*f(t) = 1. If p,(x) is the associated sequence for f(t), then

(E(t)* | 0, () = (*1(6) | o (x)) = (kE(t)*074(t) | p,(x))
= (K6} | py(0)) = (M+1)!6, 1 1 = (16 | P ()

Hence, 0p,(x) =p,4(x), that is, 6=40; is the umbral shift for
Pu(x). 1

Figure 16.2 is now justified. Let us summarize.

Theorem 16.20 The isomorphism ¢ from £(?) onto the continuous
linear operators on ¥ is a bijection from the set of all umbral
operators to the set of all automorphisms of %, as well as a bijection
from the set of all umbral shifts to the set of all surjective derivations
on F. 1

We have seen that the fact that the set of all automorphisms on
F is a group under composition shows that the set of all associated
sequences is a group under umbral composition. The set of all
surjective derivations on ¥ does not form a group. However, we do
have the chain rule for derivations!

Theorem 16.21 (The chain rule) Let J; and 6g be surjective
derivations on ¥F. Then

8g = (agf(t))af
Proof. This follows from

Bf(t)* = K(£)*10,f(t) = (9,8(t))Agf(t)*

and so continuity implies the result. I
The chain rule leads to the following umbral result.

Theorem 16.22 If 6; and Gg are umbral shifts, then
=0, 0 dyg(t)
Proof. The chain rule gives

0;‘ = (afg(t))0;
and so
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(h(t) | fgp(x)) = (65h(t) | p(x)) = ((9ge(t))85h(t) | p(x))
= (0gh(t) | pg(t)p(x)) = (h(t) | 8 0 gg(t)p(x))
for all p(x) € P and all h(t) € ¥, which implies the result. 1§
We leave it as an exercise to show that 0,f(t) = [Og(t)]™. Now,

by taking g(t) =t in Theorem 16.22, and observing that 6 x" = xnHl
and so @, is multiplication by x, we get

0= x0pt = X[ f(O] ! = x[r(1)] !
Applying this to the associated sequence p (x) for f(t) gives the

following important recurrence relation for p, (x).

Theorem 16.23  (The recurrence formula) Let p (x) be the
associated sequence for f(t). Then

Pat1(0) = x[((1)] 7 py(x) 1

Example 16.9  The recurrence relation can be used to find the
associated sequence for the forward difference functional f(t) =e*—1.
Since f'(t) = e, the recurrence relation is

pn+1(x) = xe*'“pn(x) =xp,(x—1)
Using the fact that py(x) = 1, we have
P(x) =%, py(x) =x(x = 1), pg(x) =x(x~1)(x - 2)
and so on, leading easily to the lower factorial polynomials

pn(x) :X(X— l)---(x—n+ 1) = (x)u a

Example 16.10 Consider the delta functional
f(t) = log(1 +t)

Since f(t) =e*—1 is the forward difference functional, Theorem 16.17
implies that the associated sequence ¢ (x) for f(t) is the inverse,
under umbral composition, of the lower factorial polynomials. Thus, if
we write

Balx) = S (nk)xk
then k=0

X' = i S(n,k)(x),
k=0

The coefficients S(n,k) in this equation are known as the Stirling
numbers of the second kind and have great combinatorial significance.
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In fact, S(n,k) is the number of partitions of a set of size n into k
blocks. The polynomials ¢ _(x) are called the exponential polynomials.
The recurrence relation for the exponential polynomials is

$nt1(X) = X(1+ )y (%) = x(8,(x) + 6(x))

Equating coefficients of xX on both sides of this gives the well-known
formula for the Stirling numbers

S(n+1,k) = S(n,k-1) + kS(n k)

Many other properties of the Stirling numbers can be derived by umbral
means. [}

EXERCISES

Prove that o(fg) = o(f) + o(g), for any f,g €.

Prove that o(f +g) > min{o(f),0(g)}, for any f,g € F.

Show that any delta series has a compositional inverse.

Show that for any delta series f, the sequence f kisa pseudobasis.

Prove that 0, is a derivation.

Show that f€ ¥ is a delta functional if and only if (f|1)=

and (f|x) #0

Show that f€ F is invertible if and only if (f|1) #0.

Show that (f(at) | p(x)) = (f(t) | p(ax)) for any a€C,feF and

pe?.

9.  Show that (te**|p(x)) =p'(a) for any polynomial p(x) € ?.

10. Show that f=g in ¥ if and only if f=g as linear functionals,
which holds if and only if f=g as linear operators.

11. Prove that if s (x) is Sheffer for (g(t), fg:;)), then f(t)s,(x) =
ns,_;(x). Hint: Apply the functionals g(t)f*(t) to both sides.

12.  Verify that the Abel polynomials form the associated sequence for
the Abel functional.

13.  Show that a sequence s (x) is the Appell sequence for g(t) if
and only if s (x) =g(t)~ —ten

14. If f is a delta series, show that the adjoint Ay of the umbral
operator A; is a vector space isomorphism of .

15.  Prove that if T is an automorphism of the umbral algebra, then
T preserves order, that is, o(Tf(t)) = o(f(t)). In particular, T is
continuous.

16. Show that an umbral operator maps associated sequences to
associated sequences.

17. Let p,(x) and qu(x) be associated sequences. Define a linear
operator o by a:p,(x)—q,(x). Show that a is an umbral
operator.

18. Prove that if J; and 6 are surjective derivations on %, then

0,f(t) = [3fg(t)]”

S o g0 1o

%o =N
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affinely independent, 322
affinity, 322
algebra, 46
algebraically closed, 140, 220
algebraically reflexive, 73
annihilator, 74, 110
Appolonius' identity, 173
ascending chain condition, on ideals, 102
on modules, 101
associates, 21

Barycentric coordinates, 322
basis, dual, 70
for a module, 90

for a vector space, 37
Hamel, 165
Hilbert, 165, 274
ordered, 41
orthogonal, 217
orthogonal Hamel, 166
orthonormal, 219
orthonormal Hamel, 166
standard, 37, 50, 93
Bessel's identity, 167
Bessel's inequality, 167, 275, 277, 283
best approximation, 271
bijection, 5
bilinearity, 158
binomial identity, 339

Cancellation law, 17
canonical form, 6, 123
Jordon, 142
rational, 131
canonical injection, 292
canonical map, 72
cardinality, 10
cartesian product, 12, 294
Cauchy sequence, 249
Cauchy-Schwarz inequality, 159, 241, 264
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chain rule, 350
characteristic, 24
characteristic equation, 139
characteristic value (see eigenvalue)
characteristic vector (see eigenvector)
closed, 242
closed ball, 242
closure, 244
codimension, 68
complement, 33, 86

orthogonal, 164
congruent, modulo a subspace, 63
conjugate linear map, 173
conjugate linearity, 158
conjugate space, 287
convergence, 244
convex set, 270
coset (see also flat), 64, 315
coset representative, 64, 316
countable, 10
countably infinite, 10

Dense, 246
derivation, 349
diagonalizability, simultaneous, 156
diagram, commutative, 293
diameter, 258
dimension, 39
Hamel, 166
Hilbert, 165, 284
projective, 325
direct product, 31
direct sum, 32
external, 32
universal property of, 296
internal, 33
orthogonal, 169, 214
direct summand, 33
distance, 161
divides, 20
division algorithm, 3
dot product, 158
dual space, algebraic, 69, 211
continuous, 287
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double, 72

Eigenspace, 138
eigenvalue, 137, 138
algebraic multiplicity of, 143
geometric multiplicity of, 143
eigenvector, 138
elementary divisors, 117, 128
endomorphism, of modules, 90
of vector spaces, 46
epimorphism, of modules, 90
of vector spaces, 46
equivalence class, 5
equivalence relation, 5
Euclidean space, 158
evaluation at v, 72
extension map, 306

exterior product, universal property of, 312

exterior product space, 312

Field, 23
finite, 10
flat, 315
dimension of, 316
generated by a set, 318
hyperplane, 316
line, 316
parallel, 316
plane, 316
point, 316
flat representative, 316
form, bilinear, 205, 297
discriminant of, 209
rank of, 209
universal, 222
multilinear, 308

formal power series, composition of, 330

delta series, 330

order of, 330
Fourier coefficient, 167
Fourier expansion, 167, 276, 282
function, bijective, 5

bilinear, 297
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continuous, 248

domain of, 4

image of, 4

injective, 4

multilinear, 308

n-linear, 308

range of, 4

restriction of, 5

square summable, 285

surjective, 5
functional (see linear functional)
functional calculus, 195

Gaussian coefficient, 81
generate, 35, 87
generating function, 338
Gram-Schmidt orthogonalization, 170, 171
greatest lower bound, 9
group, 15
abelian, 15
commutative, 15
zero element of, 15

Hamming distance, 258
Hilbert space, 265
total subset of, 274
Holder's inequality, 241, 261
homomorphism, of modules, 90
of vector spaces, 46
hyperbolic pair, 216
hyperbolic plane, 216
hyperbolic space, 216
maximal, 233ff.

Ideal, 18
maximal, 21, 98
order, 111
prime, 105
principal, 18

index set, 49
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net convergence of, 277
partial sum of, 268
unconditional convergence of, 276
injection, 4
inner product, 157, 206
standard, 158
inner product space, 158
integral domain, 17
invariant, 6
complete, 6
complete system of, 6
invariant factor, 118
irreducible, 21
isometric, metric spaces, 253
metric vector spaces, 225
isometry, of inner product spaces, 162, 264
of metric spaces, 253
of metric vector spaces, 225
isomorphic, isometrically, 162, 264
vector spaces, 48
isomorphism, isometric, 162, 264
of modules, 90
of vector spaces, 46, 48

Jordon block, 141
Jordon canonical form, 142

Kronecker delta function, 70

Lattice, 31

least upper bound, 9

limit, 244

limit point, 245

linear combination, 28

linear functional, 69
Abel, 334
delta, 333
evaluation, 332
forward difference, 334
invertible, 333

infinite series, absolutely convergence of, 268 linear operator, 45

convergence of, 268, 277

Abel, 336
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adjoint of, 77, 175, 176
delta, 335
diagonalizable, 123
direct sum of, 60
forward difference, 336
Hermitian, 180, 1814
involution, 155
minimal polynomial of, 124
nilpotent, 154
nonderogatory, 154
nonnegative, 197
normal, 180, 185f.

orthogonal spectral resolution of, 194, 195
orthogonally diagonalizable, 179, 186f.

polar decomposition of, 199
positive, 197
projection (see projection)
self-adjoint, 180, 1814
Sheffer, 343
spectral resolution of, 153
spectrum of, 153
square root of, 197
translation, 336
umbral, 343
unitary, 180, 183f.

linear transformation, 45
adjoint of, 77, 175, 176
bounded, 287
external direct sum of, 61
image of, 48
kernel of, 48
matrix of, 54
nullity of, 48
operator adjoint of, 77
orthogonal, 225

determinant of, 227

rank of, 48
reflection, 227
restriction of, 47
rotation, 227
symmetry, 227
symplectic, 226
tensor product of, 303
unipotent, 237

linearly dependent, 35, 89

Index

linearly independent, 35, 89
linearly ordered set, 9

Matrix, adjoint of, 3
alternate, 208
block, 129
block diagonal, 129
change of basis, 53
column rank of, 40
column space of, 40
companion, 126
congruent, 8, 208
conjugate transpose of, 177
coordinate, 42
elementary, 2
equivalent, 7, 58
Hermitian, 181
leading entry, 2
minimal polynomial of, 125
normal, 181
of a bilinear form, 208
of a linear transformation, 54
orthogonal, 181
rank of, 41
reduced row echelon form, 2
Tow equivalent, 2
row rank of, 40
row space of, 40
similar, 8, 59, 122
skew-Hermitian, 181
skew-symmetric, 1, 181
standard, 52
symmetric, 1, 181
trace of, 155
transpose of, 1-2
unitary, 181

maximal element, 9

maximal ideal, 21

metric, 239
Euclidean, 240
sup, 240
unitary, 240

metric space, 161, 239
bounded subset of, 259
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complete, 250
complete subspace of, 250
completion of, 254
convergence in, 243
dense subset of, 246
distance between subsets in, 259
separable, 246
subspace of, 242
metric vector space, 206
anisotropic, 214
group of, 225
isometric, 225
isotropic, 214
nondegenerate, 206, 214
nonsingular, 206, 214
radical of, 213, 214
totally isotropic, 214
Minkowski space, 206
Minkowski's inequality, 241, 261
modular law, 43
module, 84
basis for, 90
complement of, 86
direct sum of, 86
direct summand of, 86
finitely generated, 87
free, 91
noetherian, 101
primary, 111
quotient, 97
rank of, 93
torsion, 108
torsion element of, 95
torsion free, 108
monomorphism, of modules, 90
of vector spaces, 46

Natural map, 72
neighborhood, open, 242
net convergence, 277
norm, 159, 161

p-norm, 241
normed linear space, 161
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Open, 242, 243

open ball, 242

operator (see linear operator)

order, 111

orthogonal, 164

orthogonal complement, 164

orthogonal geometry, 206

orthogonal set, 164

orthogonal transformation, 225
determinant of, 227

orthonormal set, 164

Parallelogram law, 160, 264
Parseval's identity, 167, 283
partial order, 8
partially ordered set, 8
partition, 5
blocks of, 5
permutation, 310
parity of, 311
sign of, 311
p-norm
polarization identities, 161
polynomial(s), Abel, 341
characteristic, 136, 137
degree of, 3
exponential, 352
greatest common divisor of, 4
Hermite, 174, 341
irreducible, 4
Laguerre, 342
leading coefficient of, 3
Legendre, 172
lower factorial, 340
minimal, 124, 125
monic, 3
relatively prime, 4
split, 140
power set, 11
prime, 21
principal ideal, 18
principal ideal domain, 19
projection(s), 62, 145
canonical, 65
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modulo a subspace, 65

natural, 65

onto a subspace, 68, 145

orthogonal, 147, 190
projective dimension, 325
projective geometry, 325
projective line, 325
projective plane, 325
projective point, 325
pseudobasis, 330

Quadratic form, 210
quotient space, 64
dimension of, 68

Rank, of a bilinear form, 209
of a linear transformation, 48
of a matrix, 40,41
of a module, 93

rational canonical form, 131

recurrence formula, 351

reflection, 227

resolution of the identity, 150
orthogonal, 193

ring, 16
characteristic of, 24
commutative, 16
noetherian, 103
quotient, 98
subring, 16
with identity, 16

rotation, 227

Scalar, 27, 84
sequence, Appell, 337
associated, 337
conjugate representation of, 339
generating function of, 338
operator characterization of, 339
recurrence relation for, 351
Cauchy, 249
Sheffer, 337

Index

conjugate representation of, 339
generating function of, 339
operator characterization of, 339
sesquilinearity, 158
Sheffer identity, 339
Sheffer operator, 343
Sheffer sequence, 337
Sheffer shift, 343
similarity class, 59, 122
span, 35, 87
spectral resolution (see linear operator)
spectrum, 153
sphere, 242
standard basis, 37, 50, 93
standard vector, 37
Stirling numbers, 351
subfield, 43
submodule, 85
cyclic, 87
subring, 16
subspace(s), 29
affine, 43
complement of, 33
cyclic, 127
direct sum of, 33
invariant, 60
number of, 81
orthogonal, 213
orthogonal complement of, 164, 213
sum of, 31
zero 30
support, of a binary sequence, 73
of a function, 32
surjection, 4
Sylverster's law of inertia, 221
symmetry, 227
symplectic geometry, 206
symplectic transformation, 226

Tensor product, 298, 303, 308
universal property of, 299, 308

theorem, Cantor's, 11
Cayley-Hamilton, 140

cyclic decomposition, 112, 117, 118, 128
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expansion, 338
first isomorphism, 67
Hilbert basis, 104
primary decomposition, 111
projection, 168, 272
rank plus nullity, 51
Riesz representation, 172, 211, 288
Schrdder-Bernstein, 11
second isomorphism, 68
spectral for normal operators, 194
spectral resolution for self-adjoint
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